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$5 opinions of the Moderns, concerning 
the Author of the Elements of Geometry, 
which go under Euclid's name, are very different, 
and contrary to one another, Peter Ramus 
aſcribes the Propoſitions, as well as their Demon- 
ſtrations, to Theon ; others think the Propoſitions 
to be Euclid's, but that the Demonſtrations are 
Theon's; and others maintain, that all the Pro- 
poſitions and their Demonſtrations are Euclid's 
own. John Buteo and Sir Henry Savile are the 
authors of greateſt note who aſſert this laſt, and 
the greater part of Geometers have ever ſince 
been of this opinion, as they thought it rhe moſt 
probable. Sir Henry Savile, after the ſeveral 
arguments he brings to prove it, makes this 
concluſion, (p. 13. Prælect.) That, excepting a 
very few Interpolations, Explications, and Ad- 
„ ditions, Theon altered nothing in Euchd.” 

A But, 
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But, by often conſidering and comparing together 
the Definitions and Demonſtrations, as they are 
in the Greek editions we now have, I found that 
Theon, or whoever was the Editor of the preſent 
Greek text, by adding ſome things, ſuppreſſing 
others, and mixing his own with Euclid's De- 
monſtrations, had changed more things to the 
worſe than is commonly ſuppoſed, and thole not 
of ſmall moment, eſpecially in the Fifth and Ele- 
venth Books of the Elements, which this Editor 
has greatly vitiated ; for inſtance, by ſubſtituting 
a ſhorter, but in ſufficient Demonſtration of the 
18th Propoſition of the 5th Book, in place of the 
legitimate one which Euchd had given ; and by 
taking out of this Book, beſides other things, the 
good Definition which Eudoxus or Euclid had 
given of Compound Ratio, and giving an abſurd 
one in place of it, in the 5th Definition of the 
6th Book, which neither Euclid, Archimedes, 
Appollonius, nor any Geometer before Theon's 
time, ever made uſe of, and of which there 1s 
not to be found the leaſt appearance in any of 
their writings ; and, as this Definition did much 
embarraſs beginners, and is quite ulele!s, it is now 
thrown out of the Elements, and another, which, 
without doubt, Euclid had given, is put in its 
proper place among the Definitions of the 5th 


Book, by which the doctrine of Compound Ra- 
tios is rendered plain and eaſy. Beſides, among 


the 
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the Definitions of the 11th Book, there is this, 


which is the 10th, viz. © Equal and fimilar ſolid 
Figures are thoſe which are contained by fimilar 
„Planes of the fame number and magnitude.” 
Now, this Propoſition is a Theorem, not a De- 
finition ; becauſe the equality of figures of any 
kind muſt be demonſtrated, and not aſſumed; and 
therefore, though this were a true Propoſition, 1: 
ought to have been demonſtrated. But, indeed, 
this Propoſition, which makes the roth Definition 
of the 11th Book, is not true univerſally, except 
in the caſe in which each of the ſolid angles of 
the figures is contained by no more than three 
plane angles; for, in other caſes, two ſolid figures 
may be contained by ſimilar planes of the fame 
number and magnitude, and yet be unequal to 
one another; as ſhall be made evident in the 
Notes ſubjoined to theſe Elements. In like man- 
ner, in the Demonſtration of the 26th Propoſition 
of the 11th Book, it is taken for granted, that 
thoſe ſolid angles are equal to one another which 
are contained by plane angles of the ſame num- 
ber and magnitude, placed in the fame order ; 
but neither is this univerſally true, except in the 


caſe in which the ſolid angles are contained by 
no more than three plane angles; nor of this caſe 
is there any Demonſtration in the Elements we 


now have, though it be quite neceſſary there 
ſhould be one. Now, upon the,toth Definition 
of 


V1 Da SIMSO N's 


of this Book depend the 25th and 28th Propoſi- 


tions of it; and upon the 25th and 26th depend 
other eight, viz. the 27th, 31ſt, 32d, 33d, 34th, 
36th, zyth, and 40th of the fame Book; and the 
12th of the 12th Book depends upon the 8th 
of the ſame; and this 8tn, and the Corollary of 
Propoſirion 17th and Propoſition 18th of the 
12th Book, depend upon the gth Definition of 
the 11th Book, which is not a right Definition; 
becaaſe there may be ſolids contained by the 
ſame number of ſimilar plane figures, which are 
not ſimilar to one another, in the true ſenſe of 
ſimilarity received by all Geometers ; and all rheſe 
Propoſitions have, ior theie reaſons, been in{ut- 
beten demonſtrated ſince Theon's time hither- 
to. Beſides, there are ſeveral other things which 
have nothing of Euclid's accuracy, and which 
plainly ſhew, that his Elements have been much 
corrupted by untkiltul Geometers; and, though 
thele are not ſo groſs as the others now men- 

oned, they ought by no means to remain un- 
correcied. 

Upon theſe accounts, it appeared neceſlary, 
and I hope will prove acceptable to all lovers of 
accurate reaſoning, and of Mathematical learning, 
to remove ſuch blemiſhes, and reſtore the prin- 
cipal Looks of the Elements to their original ac- 
enrecy, as far as I was able; eſpecially ſince theſe 
Elements are ghe foundation of a Science by 
which 
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which the inveſtigation and diſcovery of uſeful 
truths, at leaſt in Mathematical learning, is pro- 
moted as far as the limited powers of the mind 
allow; and which likewiſe is of the greateit uſe 
in the arts both of peace and war, to many of 
which Geometry is abſolutely neceſſary. This 1 
have endeavoured to do, by taking away the in- 
accurate and falſe reaſonings which unſkilful Edi- 
tors have put into the place of ſome of the ge- 
nuine Demonſtrations of Euchd, who has ever 
been juſtly celebrated as the 2 accurate of 
Geometers, and by reſtoring to him thoſe things 


{7 


which Theon or others have {uppreſ: and 


ed, 


which have theſe many ages been buried in ob- 


Jivion. 
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Nthe preceding Preſace, Ur Simſon has ſhown how 
much the Elements of Euclid have ſuffered from 

the Greek Editors; and in the Work, he has cor- 
reted many errors, and reſtored ſeveral of Euclid's 
Demonſtrations; by which means, the Elements are 
in a great meaſure reſtored to their original accuracy. 
But there are ſome things of great importance over- 
looked by him, which need correction; and others, 
though corrected, are not reſtored to their original 
accuracy, becauſe his corrections are leſs extenſive 
than the blemiſhes, or are not adapted to Euclid's 
deſign. For inſtance, he did not obſerve, that the 
Pb don of the 28th Propoſition of the Ele- 
venth Book was inſufficient, though that Propoſi- 
tion be the foundation of the principal part of ſolid 
Geometry; and in correcting the 26th of the ſame 
Book, he overlooked the deſign of the Propoſition, 
and inſtead of changing the Enunciation, as he ought 
to have done, he attempted to accommodate the De- 
monſtration to the Enunciation, as it is in the Greek, 
in which he did not ſucceed: likewiſe, in correcting 
the Definition of ſimilar ſolids, he has gone too far 
em the text, and changed the order of the Defini- 


A tions. 
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tions, which he would have had no occaſion to do, 
if he had properly attended to Euclid. Again, he 
very properly changed the Demonſtration of the 1 3th 
Propoſition of the Third Book, but he did not take 
notice, that the alteration he complains of there, is 
only one of a ſeries of alterations made in every Pro- 
polition from the gth to it: and in the ſame manner, 
when he corrected the 5th Propoſition of the Fourth 
Book, he did not obſerve, that the want which he 
blames in it, is common to it, with many other Pro- 
politions throughout the Elements. In the Notes, 
it ſhall be made evident, that ſome corrections arc 
neceſſary in all theſe inſtances. They are according- 
ly corrected here, together with ſeveral other er- 
rors. 

To attempt ſuch alterations as theſe, does not ſeem 
to need an apology; their neceſſity and uſefulneſs 
are ſufficiently obvious; and in making them, the 
author walks in a beaten path. But there is another 
claſs of alterations introduced, that is, the explana- 
tion of obſcurities, which, though not leſs uſeful, 
are not thought to be ſo neceſſary as the former. 
As to theſe, it ſceins to be enough, if the expreſſion 
be more peripicuous than before, and no other ob- 
jection lie againſt it than what jay againſt the for- 
mer; and this, it is hoped, is the cafe at preſent. 
Thus, the Enunciations of the 7th Propoſition of 
the Firſt Book, and of the 27th, 28th, and 29th of 
the Sixth Book, are changed; as are alſo the ſecond 
Deſinition of the Sixth Book, and the 5th and 7th 
Deſinitions of the Fifth Book, beſides ſeveral others 
of leis importance. Now, in all theſe places men- 
tioned, the literal tranſlation from the Greek 1s ac- 
knowledged to be very obſcure, ſo that an alteration 
dan ſcarcely be objected to : and the meaning of the 
preſent 
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dreſent mode of expreſſion is very nearly the ſame 
with that of the former, and the intention and uſe 
are exactly the ſame. In the Fifth Book, however, 
the change of expreſſion made in the Definitions, 
cauſes a ſimilar change in their application, on which 


account, in the Demonſtrations, there is ſometimes 


which created conſiderable trouble before. 


a different ſtep neceſſary in order to connect them 
with the Definitions, and ſometimes a difference in 
the conſtruction, but it is generally made more {imple 
than before. Beſides, in this Book, the form of the 
conſtructions is altered, the multiples being now ex- 
hibited, by increaling the magnitudes, inſtead of being 
made d:!Terent magnitudes, as they were before; and 
thoſe, of them that are equimultiples, are marked 

71th the ſame letters: By which means, their de- 


pendence upon their magnitudes will be more evi- 


dent, and the Student will find no difficulty, either 


in diſcovering the multiples of magnitudes, or in 


knowing which of them are equimultiples ; —things 
In other 
reſpects, this Book is the ſame as before, except 
that the 1ſt, 2d, and 6th Propoſitions are more ge- 
neral, and that the Demonſtrations near the begin- 
ning are very fully expreſſed. 

It will be ſhown in the Notes, that the Definition 


of proportionals now given, is almoſt the fame with 
the ancient definition ; and it is obvious, that it 


agrees with the modern definition, and 1s a much 


better expreſſion of it, than that which is commonly 


given: and it is as eaſily applied as either of them 


to the purpoſe of demonſtrating the properties of 
Proportionals; fo that there does not appear to be- 
any valid objection againſt it. | 


It was at firſt intended to have given the 12th 


Book of Euclid entire, and to have annexed ſome 
; A 2 | utctul 
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uſeful Propoſitions to it: but this deſign is dropt at 
preſent, becauſe that Book is very prolix, and ſeldow 
read by beginners; and the additional Propokitions 
could not be ealily deduced from it; and to demon- 
ſtrate them, independent of it, would have ſwelle! 
the Book too much. It is therefore thought to be 
more convenient, eſpecially for beginners, for whoſe 
uſe this Book is chiefly intended, to demonſtrate 
the relations of the parallelopiped and priſm to the 
ſolids, which are the ſubje& of this Book, and from 
them to deduce the principal Propoſitions of the 


12th Book, which eatily flow from them; thus 


forming a plain and fhort abridgement of it. In 
the conſtructions of this Book, the figures inſcribed 
in the circles are compoſed of rectangles made in the 
manner of the moderns, but the Demonſtrations are 
conducted in the manner of the ancients : by which 
means it is maniſeſt, that the principal difference be- 
tween the ancient and modern methods of exhau- 
{tions, does not lie in the methods themſelves, but 
in the inaccurate mode of expreſſion uſed by many 
of the moderns. 

The 2d of the 12th Bock of Euclid is the 3d ot 
this; and the 5th, 6th, and 7th, are contained in the 
5th, and its corollaries; and the 1oth, 11th, and 
12th, in the 6th and 7th, and theic corollaries ; and 
the 18th is the 1cth of this; all the other Propoſition: 
of this Book of Euclid are only ſubſidiary ones. 

Beſides theſe alterations, there are ſeveral parti: 
cular errors corrected in this Work, and many of 
the Demonſtrations which were formerly given in 
different caſes, are now made more general, and 
many others are ſhortened. Likewiſe, a number of 
uſeful Definitions and Propoſitions are added to the 
Elements, and ſome uſeleſs ones thrown out. But 


for 
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for a more particular account of theſe things, the 


reader is referred to the Notes, in which he will alſo 
find the nature of Geometrical accuracy treated pretty 
fully; and in the Notes on the 29th Propoſition of 


the Firſt Book, the 12th Axiom is demonſtrated 
without any aſſumption, and the other Axioms, which 


the moderns have attempted to ſubſtitute for it, are 
particularly conſidered : and in the Notes on the 
Fifth Book, the Definition of proportionals is de- 
duced from the manner of obtaining our firſt idea; 
of proportion. 

In the Elements of Plane and Spherical Trigono- 
metry, annexed to ſome of the Editions of DrSimſon's 
Euclid, ſeveral things were aſſumed without proof, 
which gave conſiderable trouble to beginners. "Theſe 
Elements are now made more accurate and com- 
plete; and a new Lemma is prefixed, which is the 
foundation of the application of Arithmetic to Geo- 
metry. Likewiſe, the nature and uſe of the Trigo- 
nometrical Tables are explained after the 2d Propo- 
dition, and their conſtruction is given at the end of 
Plane Trigonometry, to which allo there is added a 
method of finding the ratio of the circumterence of 
a circle to its diameter ; for without the knowledge 
of theſe things, Trigonometry cannot be fully un- 
derſtood. And in Spherical Trigonometry, the Pro- 


portions for reſolving the caſes, which were former- 
ly ſo numerous as to be a burden to the memory, 
are now reduced to a few general ones, that are as 
eaſily underſtood and demonſtrated, as any of the 


Particular ones; and ealy rules are given for pre- 
venting the ambiguity of the Solutions. There are 
allo many new Demonſtrations given in 'Trigonome- 
try, much more {imple than the former ones. 


It is acknowledged, that in this performance the 


brevity 
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brevity affected by ſome modern writers is indu- 
ſtriouſly avoided, becauſe it is well known, from 
experience, that inſtead of furthering, it greatly re- 
tards the progreſs of Students; and for the ſame 
reaſon, Algebraic ſymbols are avoided. The Edi- 
tor is of the ſame opinion with Dr Keil, that © the 
Elements of all Sciences ought to be handled in the 
moſt ſimple manner, and not to be involved in Sym- 
bols, Notes, or obſcure Principles.” 

But though words be not uſed ſo ſparingly here 
as by ſome others, there are very few that could 
be wanted, without producing obſcurity : and as to 
tediouſneſs, ſo often complained of, it is rather in 
appearance than reality; for the arrangement is ſo 


happily contrived, as almoſt always to admit the 


ſimpleſt conſtructions and demonitrations that can 
be given: and in all the firſt Six Books, there are not 
above half a dozen of Propoſitions that could be 
omitted, without a loſs to Geometry. Nor is the 
method of handling ſolids in the 11th Book fo te- 
dious as 1s alledged : for if we omit the 22d, 23d, 
26th, and 27th, together with all thoſe after the 
24th, as 1s uſually done by the moderns, the reſt 
are {till accurately demonſtrated without them; and 
thus, the number of the Propoſitions concerning ſo- 
ids is reduced to ten, with two Corollaries, a num- 
ber as ſmall as has ever been uſed, or can reaſonably 
be expected in treating ſuch a copious ſubject, 

At the end, there is added a Treatiſe of Practical 
Geometry, a ſubject to which the attention of Stu- 
dents is almoſt always directed, immediately after 
they have read the Elements. 


By Fractical Geometry is here meant, the method 


of exp:ciitng the magnitude of lines, ſuperficies, &c. 
by means of the meaſures in common uſe, ſuch as 
inches, 
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aches, feet, &c. for which purpoſe, it is aſſumed, 


that the magnitudes concerned are all commen- 
ſurable, or rather, that they exceed commenſurable 


magnitudes, by differences too inconſiderable to be 
taken notice of; ſo that, when a meaſure is applied, 
for example, to a line, that line is ſuppoſed to 
contain the meaſure, or ſome part of it, a certain 
number of times, without any remainder deſer- 
ving notice. In this Treatiſe, the Demonſtrations 
are as accurate as in the Elements, but they are 
not quite ſo full, becauſe the Student is now bet- 


ter acquainted with the nature of Demonſtration, 
and its peculiar mode of expreſſion, than when he 


was reading the Elements. It is very ſhort, being 
only an introduction to Menſuration, Surveying, 
Guaging, &c. and is not intended to ſuperſede 
the peruſal of more complete Treatiſes on theſe 


Pry 
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Page 18. line 24. from the foot, omitted (margin) a 5. r. 


. 
— 136. 
—— 196. 
—— 196. 
233. 
235. 
437. 
37 
241. 
242. 
247. 
266. 
277. 
299. 
326. 


3. from the top, for AC is read AG is 
12. from the foot, for tirangle read triangle 
15. from the foot, for ; read: 
13. from the foot, for HBC. And read HBC, and 
31. from the top, for propoſitions, read propcſition 
from the foot, for ſides read fide 
from the top, for any angle read 2n angle 
. from the top, for DGE. read DGF 
from the foot, for of P. 4. read by P. 4. 
fram the foot, for 2 circle read the circle 
from the top, Vor ET. (margin) read P. T. 
from the top, for AE read AF 
16. og. from the top, for Proctus read Procli: 
17. from the top, For altogether. read all together. 
— 4. from the foot, for 32d read 2. Cor. 15. 


— 
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Beſides theſe, in the 4th line of the Note to PRO B. IX. in 
p. 320. there is ADE, inſtead of ADB, and Pl. I. Fig. 16. is 
omitted in the margin oppoſite to PROB. X.; and in p. 325. in 
the firſt line of the laſt column of the Table, there is 13, inſtead 


of 18. 
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DEFINITIONS, 
I. 


clu 
my w | 
4 PoiwnT has ſituation, but not magnitude. 
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tead 


II. 
A line is length without breadth. 
III. 
The extremities of a line are points. 
IV. 
A ftraight line is that which hes evenly between its extreme 


points. 
V. 


A ſuperficies is that which hath only __ and breadth, 
| VI. 

The extremities of a ſuperficies are lines, 

VII. 
A plane ſuperficies is that in which any two points being taken, 

the ſtraight line between them les wholly in that ſuperſicies, 
VIII. Omitted. 
IX. 


A lane rectilineal angle is the inclination of two ſtraight lines 


one another, Which meet together, but are not in the ſame 
Araight line, 


See Notes. 
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N. B. When ſeveral angles are at one point B, any o 
of them is expreſſed by three letters, of which the letter th: 
is at the vertex of the angle, that is, at the point in whi: 
the ſtraight lines that contain the angle meet one another, 
put between the other two letters, and one of theſe two An 
ſomewhere upon one of thoſe ſtraight lines, and the oth: 
upon the other line: Thus, the angle which is contained An 
the ſtraight lines AB, CB is named the angle ABC, or CB. . 
that which is contained by AB, DB is named the angle A! 
or DBA; and that which 1s contained by DB, CB is call: 
the angle DBC, or CBD ; but, if there be only one angle; 
a point, 1t may be expreſſed by a letter placed at that poin' 
as the angle at E.“ A 
2 4 | | 
When a ſtraight line ſtanding on ano- 
ther ſtraight line makes the adjacent | 
angles equal to one another, each of | Re 
the angles is called a right angle; 
and the ſtraight line which ſtands 
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on the other 1s called a perpendicular : T 
to it. 

XI 2 

An obtuſe angle is that which is greater than a right angle. M 

O 

XII. A 


An acute angle is that which is leſs than a right angle. 
XIII. Omitted, 
XIV. 


A figure 1s that whigh 1s incloſed by one or more boundaries. 


xy 


XV. Book. I. 
A circle is a plane figure contained by 2 
one line, which is called the cir- | Ft 
cumference, and is ſuch that all / 
ſtraight lines drawn from a certain | 


point within the figure to the cir- E f — — 
cumference, are equal to one ano- | ö 
ther: | / 
ly 0 | 
er th: 
whi: 
her, XVI. 
two. And this point is called the centre of the circle. 
oth: Definition A. 
nec | Any traight line drawn from the center to the circumference of 
CB a circle, is called a Radius. 
AB! XVII. 
call: A diameter of a circle is a ſtraight line drawn through the centre, 
agle: and terminated both ways by the circumference. 
poin XVIII. 
A ſemicircle is the figure contained by a diameter and the part 
of the circumference cut off by the diameter, 
XIX. Omitted, 
XX. 
Rectilineal figures are thoſe which are contained by ſtraight 
lines, 
XXI. 
— Trilateral ſigures, or triangles, by three ſtraight lines, 
XXII. 
nadrilateral, by four ſtraight lines. 
2 2 XXIII. 
Multilateral figures, or polygons, by more than four ſtraight 
lines, 
XXIV, 
Of three-fided figures, an equilateral. triangle is that which has 
three equal ſides. 
| XXV. 
An Iſoſceles triangle, is that which has only two ſides equal. 
es. 
X\ 


4 | XXVI. 
A ſcalene triangle, is that which has three unequal ſides. 
5 B 2 | XXVII. 


Book I. 
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XXVII. 


A A right angled triangle, is that which has a right angle. 


XXVIII. 
An obtuſe angled triangle, is that which has an obtuſe angle. 


1 


XXIX. 
An acute angled triangle, is that which has three acute augles. 
| XXX. 


Of four-ſided figures, a ſquare is that which has all its fides 
equal, and all its angles right angles. 


| 7 | | 


| | | 
| — — | 1 
XXXI. 


An oblong, is that which has all its angles right angles, but has 
not all its ſides equal. 


XXXII. i 
A rhombus, is that which has all its ſides equal, but its angles 
are not right angles. 


22 —————_ 


ms. 


— 


bo a 
A rhomboid, is that which has its oppoſite ſides equal to one 


another, but all its ſides are not equal, nor its angles right 
angles. 


| XXXIV. 
All other four: ſided figures, beſides theſe, are called Trapeziums. 
XXXV. | 
Parallel ſtraight lines, are ſuch as are in — 
the ſame plane, and which, being pro- 
duced ever ſo far both ways, do not | = 
meet. 


as 


| 
To 


os 
Ut 


The whole is greater than its part. 
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POSTULATES. 


Fg it be granted that a ſtraight line may be drawn from 


any one point to any other point. 


5 II. 
That a terminated ſtraight line may be produced to any length 
in a ſtraight line. 


III. 
And that a circle may be deſcribed from any centre, at any 


d iſt ance from that centre. 


AXI OMS. 
1. 
HINGS which are equal to the ſame, are equal to one an- 
other. 
II. 
If equals be added to equals, the wholes are equal. 
; III. 
If equals be taken from equals, the remainders are equal, 
| IV. 


11 equals be added to unequals, the wholes are unequal. 


If equals be taken from unequals, the remainders are unequal. 


VI. 


Things which are double of the ſame, are equal to one another, 


VII. 


Things which are halves of the ſame, are equal to one another. 


VIII. 


Magnitudes which coincide with one another, that is, which 


exactly fill the ſame ſpace, are equal to one another. 


4259 


X. 


Straight lines which do not coincide, cannot meet one another in 
maore than one point. 


; 4 ut XI. 


Wright angles are equal to one another. 


XII. 


* two interior angles on the ſame ſide of it taken together, 
* leſs than two right angles, theſe ſtraight lines, being con- 
* unuaily produced, ſhall at length meet upon that fide on 


Pf a firaight line meets two ſtraight lines, ſo as to make the 


* which are the angles which are leſs than two right angles. 


dee the notes on Prop. 29. of Book 1.” 
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THE ELEMENTS 


PROPOSITION I. PROBLEM. 


"Tr | BY i 
O delcribe an equilateral triangle upon a give 
finite ſtraight line. | 


Let AB be the given ſtraight line; it is required to deſcrilr 
an equilateral triangle upon it. 


From the centre A, at the di- 
lance AB, deſcribe à the circle 
BCD; and from the centre B, at 
the diltance Ba, deſcribe the 
circle ACE; and from the point 
C, in which the circles cut one 
another, draw the ſtraight lines b 
CA, CB to the points A, B; ABC 
ſhall be an equilateral triangle, 

Becauſe the point A 1s the centre of the circle BCD, AC :: 
equal © to AB; and becauſe the point B is the centre of th: 
circle ACE, BC is equal to BA: But it has been proved, that 
CA is equal to AB; therefore CA, CB are each of them equal 
to AB; but things which are equal to the ſame, are equal to o 
another d; therefore CA is equal to CB; wherefore CA, AB, 
EC, are equal to one another; and the triangle ABC is there- 
fore equilateral, and it is deſeribed upon the given ſtraight line 
AB. Which was required to be done, 


PROP. II. PROB. 


ROM a given point to draw a ſtraight line equal tv, 
a given ſtraight line. | 

Let A be the given point, and BC the given ſtraight line; it i; 
required to draw from the point A a ſtraight line equal to BC. 

From the point A to B draw a 
the ſtraight line AB; and upon it 
deſcribe Þ the equilateral triangle 
DAB, and produce © the ſtraight 
lines DA, DB, to E and F; from 
the centre B, at the diſtance BC, 
deſcribe 4 the circle CGH; and 
from the centre D, at the diſtance 


DG, deſcribe the circle GKL. AL 
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"Becauſe the point B is the centre of the circle CGH, BC is Book I. 
equal © to BG ; and becauſe D is the centre of the circle GKL, R 
DL is equal to DG, and DA, DB, parts of them, are equal; e 15. Det, 
therefore the remainder AL is equal to the remainder f BG : x 3. Ax. 


But it has been ſhewn, that BC is equal to BG; wherefore AL 
and BC are each of them equal to BG; and things that are 

al to the ſame, are equal to one another; therefore the 
ſtraight line AL is equal to BC, Wherefore from the given 
point A a ſtfaight line AL has been drawn equal to the given 
ſtraight line BC. Which was to be done. 


PROP. III. PROB. 


ROM the greater of two given ſtraight lines to 
cut off a part equal to the els. 


Let AB and C be the two given 
ſtraight lines, whereof AB is the greater: 
It is required to cut off from AB, the 
greater, a part equal to C, the leſs, 

From the point A draw a the ſtraight 
tine AD equal to C; and from the 
centre A, at the diſtance AD, deſcribe b 
the circle DEF: And becauſe A is the centre of the circle DEF, 
AE is equal to AD; bat the ſtraight line C is likewiſe equal 
to AD; whence AE and Care each of them equal to AD; 


Wherefore the ſtraight line AE is equal to e C, and from AB, 


te greater of two ſtraight lines, a part AE has been cat off 
equal to U the leſs. Which was to be done. 


* PROP. IV. THEOREM, 


þ two triangles have two fides of the one equal 
Y to two ſides of the other, each to each; and 
dave likewiſe the angles contained by thoſe ſides 


Wes to one another; they ſhall likewiſe have their 


ales, or third ſides, equal; and the two triangles 


mall be equal; and their other angles ſhall be equal, 
Fach to each, viz. thole to which the equal ſides are 
pꝓppoſite. 

4 Let ABC, DEF be two triangles, which have the two ſides 
1 B, AC equal to the two ſides DE, DF, each to each, 


VIZ. 


AB 


a 2. I, 


b z. Poſt, 


S . A®. 
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AB to DE, and AC to A D 
DF; and the angle BAC 
equal to the angle EDF; 
the baſe BU ſhall be equal 
to the baſe EF; and the 
triangle ABC to the tri- 
angle DEF; and the other 
angles, to which the equal 
des are oppoſite, ſhall be 
equal each to each, viz. 
the angle ABC to the angle 
DEF, and the angle ACB 
to DFE. 

For, if the triangle ABC be applied to DEF, ſo that the 
point A may be on D, and the ſtraight line AB upon DE, the 
point B ſhall coincide with the point E, becauſe AB is equal to 
DE; and AB coinciding with DE, AC hall coincide with DF, 
becauſe the angle BAC is equal to the angle EDF; wherefore 
alſo the point C ſhall coincide with the point F, becauſe the 
ſtraight line AC is equal to DF: But the point B coincides with 
the point E. Therefore the baſe BC ſhall coincide with the 
baſe EF 2, and be equal to it b Wherefore the whole triangle 
ABC ſhall coincide with the whole triangle DEF, and be equal 
to it b; and the other angles of the one {hall coincide with the 
remaining angles of the other, and be <qual to them, viz. the 
angle ABC to the angle DEF, and the angle ACB to DFE, 
Therefore, if two triangles have two files of the one equal to 
two fides of the »ther, each to each, and have likewiſe the angles. 
contained by thoſe ſides equal to one another, their baſes ih! 
likewiſe be equal, and the triangles be equal, and their othe: 
angles to which the equal fides are oppoſite, thall be equal, eac!: 
to each. Which was to be demonſtrated. 


PROP. V. THEOR. 


[HE angles at the baſe of an Iſoſceles triangle are 


equal to one another; and, if the equal ſides be 


produced, the angles upon the other fide of the bale. 


{hall be equal. 


Let ABC be an Iſoſceles triangle, of which the fide AB is 
equal to AC, and let the ſtraight lines AB, AC be produced to 
D and E, the angle ABC ſhall be equal to the angie ACB, and 
the angle CBD to the angle BCE. 


In BD, take any point F, and from AE, the greater, cut off 


AG equal a to AF, the leſs, and join FC, GB, 


Becauſe 
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9 PROP. VI. 
I two angles of a triungle be equal to one another, 


. the leſs, and join DC ; therefore, becaule 
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Becauſe AF is equal to AG, and AB to AC, the two ſides Pos l. 


they contain the angle FAG common to 
the two triangles AFC, XB; therelore 
the baſe FC is equal Þ to the baſe GB, and 
the triangle AFC to the triangle AGB; 
and the remaining angles of the one are 
dual b to the remaining angles of the 
other, each to each, to which the equal 
des ar oppoſite, viz. the angle ACF to 
the angle KBG, and the angle AFC to the F c 
ang!- AGB: And b-cauſ- the whole AF is EN 
equ4l to the whole AG, of which the parts 

AB. AC are equal; the remainder BF ſhall be equal © to the 
reniainder CG; and FC was proved to be equal to GB; there- 
fore the two fides BF, FC are (qual to the two CG, GB, each 
to each; and t''e angle BFC is equal to the angle CGB, and the 
baſe BC is common to the two triangles BFC, CGB ; where= 
fore the triangles are equai Þ, and their remaining angles, each 
to each, to which the equal f1:s are oppolite ; therefore the 
angle FBC is equal to the angle GCB, and the angle BCF to the 
gpole CBG: And fince it has been demonſtrated, that the 
whole angle ABG is equal to the whole ACE, the parts of 
which, the angles CBG, BCE are alfo equal; the remaining 


"mgle ABC is therefore equal to the remaining angle ACB, 


which are the angles at the baſe of the triangle ABC; And it 
has alſo been proved, that the angle FBC 1s cqual to the angle 
GCB, which are the angles upon tlie otber ſide of the baſe, 
Therefore the angles at the baſe, &c. Q. E. D. 

3 CoroLLaky., Hence every equilateral triangle is alſo equi. 
Wpular. . 

4 THEOR. 


the ſides alſo which ſubtend, or ar? g to, the 


Equal angles, ihall be equal ro one another. 


Let ABC be a triangle having the angle ABC equal to the 


-mgle ACB; the fide AB is equal to the fide 4 C. 
For if AB be not equal ro AC, one of them 


1 


A 
D 


Let AB 


Eater, and from it cut à off DB equal to 


greater than the other: be the 


he triangles DBC, - 


B, D3 is equal to 


AT, and BC common to both, the two des 


BB, BC are equal to the two AC, CB, each 


each; and the angle DBG is equal to the 
le ACB; therefore the baſe DC is equal 
che baſe AB, and the triangle DBC is qual B 
Gs C 


do 


FA, AC are equal to the two GA, AB, each to eich; aud 


b 4. Is 


e 3. Ax. 


4 3 I, 
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Book I. to the triangle b ACB, the leſs to the greater; which 1s abſur!, 
LY Therefore AB is not unequal to AC, that is, it is equal to tt, 
b. 4. 1. Whetefore, if two angles, &c. Q. E. D. 
Cor. Hence every equiangular triangle 1s alſo equilateral, 


PROP. VII. THEOR. 


See N. WH there be two trians!es upon the fame baſe, an. 
on the ſame fide of it, that have their lide 
1 * .* . . .. — 
which are terminated in one extremity of the base 
7 7 N * a 15 - * ” III 
equal to one another, they {hall not have their ſide, 
equal, which are terminated in the other extremity. 


Let there be two triangles ACB, ADB, upon the ſame b of 
AB, and upon the ſame ſide of it, which have their ſides C.. 
DA, terminated in the extremity A of the baſe, equal to on. 
another; their fides CB, DB, that are terminated in B, ſhall nc; A 


be equal. 2 
Join CD; then in the caſe in which C D 2 
the vertex of each of the triangles is ba 


without the other triangle, becauſe AC 
is equal to AD, the angle ACD is 
equal 2 to the angle ADC: But the by 
angle ACD is greater than the angle 
BCD; therefore the angle ADC is 
greater alſo than BCD; much more 
then is the angle BDC greater than te \ 
angle BCD. Bur if CB were equal to A - 
DB, the angle BDC, would be equal a : 
to the angle BUD; and it has been demonſtrated to be greats: 
than it; winch is impolſible; therefore CB cannot be equal 
to DB. | 
But, if one of the vertices, as D, be within the other tri- 
angle ACB; produce AC, AD 
to E, F; therefore, becauſe 
AC is equal to AD, in the 
triangle ACD, the angles ECD, 
FDC upon the other fide of 
the baſe CD, are equal à to 
one another; but the angle 
OD is greater than the angle 
BCD; wherefore the angle 
FDC is likewiſe greater than BCD; much more then is the 
angle BDC greater than the angle BCD. But if CB were 
equal to DB, the angle BDC would be equal à to the angle 
BCD; and BDC has been proved to be greater than the ſame 
BCD ; = 


Q. E. D. 


# it. 


OF EUCLID. 
BCD; which is impoſſible. Therefore CB cannot be equal to 


DB. The caſe in which the vertex of one triangle is upon a 
fide of the other, needs no demonſtration, Wherefore, it there 


be two triangles, &c. Q. E. D. 


PROP. VIII. THEOR. 


F two triangles have two ſides of the one equa! 
to two ſides of the other, each to each, and have 
likewiſe their baſes equal; the angle which is con- 


" tained by the two ſides of the one, ſhall be equal 


to the angle contained by the two tides equal to them 
of the other. 


Let ABC, DEF be two triangles, having the two fides AB, 
equal to the two ſides DE, DF, each to each, viz. AB to 
DE, and AC to DF; and allo A 
the baſe BC equal to the baſe EF. 
The angle BAC is equal to the 
angle EDF. 

For, if the triangle ABC be 
applied to DEF, ſo that the point 
B be on E. and the ſtraight line 
BC upon EF; the point C ſhall 4 
alſo coincide with the point F, B ">2 > 
becauſe BC is equal to EF; 
therefore BC coinciding with EF, BA, and AC ſhall coincide 
with ED and DF; for, if the baſe BC coincides with the baſe 
EF, but the ſides BA, CA do not coincide with the ſides ED, 
ED, but have a different ſituation, as EG, FG; then, upon 
the ſame baſe EF, and upon the ſame fide of it, there can be 
two triangles that have their ſides, which are terminated in one 
EXtremity of the baſe, equal to one another, and likewiſe their 
Mes terminated in the other extremity ; but this is impoſſible a: 
Therefore, if the baſe BC 
tides BA, AC cannot but coincide with the ſides ED, DF; 
wherefore, likewife the angle BAC coincides with the angle 
EDF, and is equal Þ to it. Therefore, if two triangles; &c. 


1) 


G 


PROP. IX. PROB. 


O biſect a given rectilineal angle, that is, to divide 
it into two equal angles. 


Let BAC be the given rectilineal angle, it is required to bi- 


C2 Take 


coincides with the baſe EF, the 
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Take any point D in AB, and from AC cut 2 of AZ 


SY Ones to AD; join DE, and upon it de- A 


ES 


61 


1. I 
D 9. 1. 


C 4. Is 


u 3+ 1 
bu. x, 


6 9. I», 


ſcribe b an equilateral triangle DEF; then join 
AF; the ſtraight line AF biſe&s the angle 
BAC. 

Becauſe AD is equal to AF, and AF is com- D 
mon to the two triangles DAF. EAF; the two 
ſides DA, AF are equal to the two fides EA 
AF, each to each; and the bale DF is ati» B 1* CG 
equal to the bale EF ; therefore the angle DAF is uy C to 
the angle EAF; wherefore the given rectilmeal arg! BAC 1s 
bilected by the ſtraight Iine AF. Which was to be done. 


PROP. X. PRO B. 


b : O biſect a given finite ſtraight line, that is, to di- 


de it into tuo equal parts. 


Let AB be the given ſtraighi line; it is required to divide it 
into two equal parts. 
Deſcribe à upon it an equilateral triangle XBOC, ard kiſca 


þ he an gle ACE by the ſtraight line CD. AB is cut in 


io IVO 

equal parts in the point D. 

Becauſe AC is eq] to CB. and CD #7 
common to the TWO LTtang ies ACD, BCD; N 
the two ſides AC, CD are equ 40 BC, 
CD, each to each; ; and the nigh ACD 15 
alſo equal to the angle BUD; thers "Ore 
the bate AD is equal to the bat DB. 
and the ſtraight line AB is, divided into | 2 5 
two equal paits in the edi D. w hich &. 2 8 


was to be done. 


FPROP. XI. FRO 


* B. 


O draw a ſtraight line at right angles, to a given 


ſtraight line, from a given point in the ſane. 


Let AB be a given ſtraight line, and C a point given in it; 
it is required, to draw a Araight line from the point C, at right 
angles to AB. 

Jake any point D in AC, and à make CE que! to CD, an 
upon DE deſcribe h the equilateral triangle DFE, and join FC i 
the ſtraight line FC drawn from the given point C, 15 at riglt 
angles to the given ſtraight line AB. 


Pecauſe DC is equal to CE, and FC common to the two tri- 


engles DCF, ECF; the two fides DC, CF ze equal to the 


two EC, CF, each to each; and the baſe DF is alſo equa? to 


the baſe EF; therefore the angle DCF is eqgal © to the angle 38 
CF; 


„ 1 
0 
4.4 


ECF; and they are adjacent angles. But, ” Bonk T. 
when the adjacent angles which one WY 
firaight line makes with another ſtraight 
line, are equal to one another, each of ; 
them is called a right d angle 1 therefore d 19, Def. 
each of the angles DCF, ECF is a fight — — — 
angle. W from the given point R C EB 
C, in the given ſtraight line AB, FC has been drawn at right 
angles to AB. Which was to be done. 


PROP. XII. PRO B. 
O draw a ſtraight line perpendicular to a given 
A firaicht line of an unlimited length, from a given 
point without it. 


Let AB be the given ſtraight line, which may be produced to 
un length both ways, and let C be a point without it. It 
is required to draw a firaight line 
perpendicular to AB fron: the point C. 
Take any point D upon the oth r 
ſide of AB. and from the centre C, 
at the diſtante CD, deſeribe 2 the 
circle EGF meeting AB in F. G; NJ 
and biſ-& b FG in H, and join CF, x Fo | 
CH, CG; the fi:aight line CH, 42 5 B bu x, 
drawn from the given point C, 1s. perpendicular to the given 
ſtraight line AB. 
Becauſe FI is cqual to HG, and HC common to the two tri- 
angles FHC. GHC, the two ſides FH, HC are equal to the 
two GH, HC, each to each; and the baſe CF is alſo equal © to e 15. Def, 
the baſe CG, therefore the angle CHF is equal © to the angle 4. 
CH; and they are adjacent angles; but when a ftraight line 25 
ſſtanding on a ſtraight line makes the adjacent angles equal to 
one another, each of them is a right angle, and the ſtraight 
line which ſtands upon the other, is called a perpendicular to 
it; therefore from the given point C, a perpendicular CH 
has been drawn to the given ſtraight line AB. Which was 
to be done. | 


a 3. Poſt. 


To 
by 


4 PROP. XIII. THEOR. 
HE angles which one ſtraight line makes with 
4 another upon the one ſide of it, are either 


two right angles, or are together equal to two right 
Loet the ſtraight line AB make with CD, upon one fide of it, 
uh | the 


THE ELEMENTS 


the angles CBA, ABD; theſe are either two right angles, or 


en are together equal to two right angles. 


For, it the angle CBA be equal to ABD, each of them is a 


A 1 A. 


1 


—— 


D R CD Þ CG 


>; but, if not, from the point B draw BE at right 
angle 8 b to GO; therefore the angles CBE, EBD are two rig! 
angles a; and becauſe CBE is equal to the two angles CBA, ABE 
together, add the angle EBD to each of theſe equals ; therefore 
the angles CBE, EBD are equal © to the three angles 3 
ABE, EBD. Again, becauſe the angle DBA, is equal to 8 
two angles DBE EB. \, add to theſe equals the angle AB 
therefore the angles DB A, ABC are equal to the thre 8 5 


DBE, ERA, ARC; but the angles CBE, EBD have been de- 


monſtrated to be equal to the ſame three angles; and things 


2 ght 2 ang! 


x, that are equal to the fame, are equal d to one another; therefore 


8 : angles CBE, EBD are equal to the angles DBA, ABC: : but 
3E, EBD are two right angles; therefore, DBA, ABC are 
together equ? to two right angles. wW herefore, when a ſtraig 


ine, Cc. Q. E. D 
PROP. XIV. THEOR. 


F. at a point in a ſtraight line, two other ftraight 
lines, upon the opponte ſides of it, make the ad- 
jacent angle: 3 topether equal to two right angles, thetc 
two ſlraigl. f lines ſtall be in one and the fame ſtralght 
Ine. 

At the point B in the ſtraight line A 
AB, let the two ſtraight lines BC, BD, 


upon the oppoſite fides of AB, make 
the adjacent angles ABC, ABD equal 


a 

* & a ( 

tagetlier to two right angles. BD 1s 5 
1 the ſame ſtraight line with CB Ra =" E 
For, if BD be not in the ſame NB 1) 


ſtraight line with CB, let BE be in 


the ſame ſtraight line with it; therefore, becauſe the ſtraight 
line AB makes angles with the ſtraight line CBE, upon one 
ſide of it, the angles ABC, ABE are together equal a to two 
right angles; but the angles ABC, ABD are likewiſe together 


© qual 


OG 2 298 


Ay 


rs oe e. 


Q © 


— * 
Oo 
235 


Al, 


AED have been demonſtrated to be equal to two right angles; 


deut one 
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al to two right angles; therefore the angles CBA, ARE are 
equal to the angles CBA, ABD: Take awiy the common 
angle ABC, and the remaining angle ABE is equal » to the 
remaining angle ABD, the leſs to the greater, which 15 im- 

Mble; therefore BE is not in the ſame ſtraight line with BC. 
And, in like manner, it may be demonſtrated, that no other 
can be in the ſame ſtraight line with it but BD, which there. 
fore is in the ſame ſtraight line with CB. Wherefore, if at a 


point, Cc. Q. E. D. 
PROP. XV. THEOR. 


F two ftraight lines cut one another, 
: l 


8 the vertical, or 
ot all be equal. 


— 
Fl 


5 7 7 Reit a 
af # x 4, 


Ze C, Jes it 


Let the two ſtraight lines AB, CD cut one another in the 

int L; the angle AEC ſhall be equal to the angle DEB, aid 
GCE 3 to AED. 

Becauſe the ſtraight line AE makes C 
with CD the angles CEA, AED, 
theſe angles are together equal * to two 
right angles. Again, becaule the ſtraight 
Inc DE makes with AB the angles 
EB, theſe alſo are together 
equal a to two right angles; and CEA, D 


? 
4 4 ö T 4 1 
8 les A E. 1 » 


*. 


Wlicrefure the angles CEA, AED are equal to the ang 

EB. Take away the common angle AED, and the remainin 
gl CEA is equal to the remaining angle DEB. Int 
me manner, it can be demonſtrated, that the angles CEB, 
bo are cqual. Therefore, if two ſtraight lines, &c, 


Q. =. D. 


= Cos. 1. From this it is manifeſt, that, if two ſtraight lines 
another, the angles they make at the point where they 
gut, are together equal to four right angles. 

Cook. 2. And conſequently, that all the angles made by any 
Humber of lines meeting in one point, are together equal to four 


* * 
Met angles. 


Can. 3. Likewiſe, if two ſtraight lines CE, ED, on oppo- 
We fides of a ſtraight line AB, mect at a point E in it, and 
Hake the vertical angles AEC, BED equal to one another, 
ey are in the ſame ſtraight line. For the angles DEB, BEC 
ge cqual © to AEC, CEB, that is, to two right angles d; 
Weretore CE is in the ſame ſtraight line e with ED. 
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THE ELEMENTS 


PROP. XVI. THEOR. 


F one fide of a triangle be produced, the exteric; 
angle is greater than either of the interior oppolit, 
angles, , * 


Let ABC be a triangle, and let its fide BC be produced to D 
the exterior angle ACD is greater than either of the inteic; 
oppoſite angles CBA, BAC. 

Biſect 2 AC in E, join BE, and * 
produce it to F, and make EF equal 7 
to BE; join alſo FC, and produce 
AC to G. 

Becauſe AE is equal to EQ, and 
BE to EF; AE, EB are equal to 
CE, EF, each to each; and the 
angle AEB is alſo equal b to the 


angle CEF, becauſe they are vertical the 
angles; therefore the baſe AB is © AC 
equal to the baſe CF, and the triangle AC 


AEB to the triangle CEF, and the - 
remaining angles to the remaining angles, each to each, to whic“ 
the equal ſides are oppoſite ; wherefore the angle BAE is equz! 7 
to the angle ECF; but the angle ECD is greater than the ang“ 
ECF; therefore the angle ACD is greater than BAE: In th: % 
ſame manner, if the fide BC be biſected, it may be demonſtrate!, #* 
that the angle BCG, that is d, the angle ACD, is greater th: 
the angle ABC, Therefore, if one fide, &c. Q. E. D. 


PROP. XVII.  THEOR. 


NY two angles of a triangle are together le: 
than two right angles. 


Let ABC be any triangle; any two 
of its angles together are les than two | A 
right angles. | 
Produce BC to D; and becauſe 
ACD is the exterior angle of the 
triangle ABC, ACD is greater à than 
the interior and oppoſite angle ABC; ————— FE 
to each of theſe, add the angle ACB; B HIS | 
therefore the angles ACD, ACB are greater than the angles y 
ABC, ACB; but ACD, ACB are together equal Þ to two 
right angles; therefore the angles ABC, BCA are leſs than t- o 
right angles. In like manner, it may be demonſtrated, tba: 
BAC, 4 


| 


fire to it. 


+» 


| ACB; but it 1s not; therefore AC is 
ot qual to AB: neither is it leſs; / 


ha 
- hp 
7 * 
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BAC, ACB, as alſo CAB, ABC ave leſs than two right angles. Book I 
Therefore any two angles, &c. Q. E. D. SYN 


* PROP. XVIII. THE OR. 


Mk greater ſide of every triangle 13 oppoſite to 
the greater angle. 


Let ABC be a triangle, of which 
the fide AC is greater than the fide 
AB; the angle ABC is allo greater 
than the angle BCA. 

* Becauſe AC is greater than AB, 
make * AD equal to AB, and join 
BD; and becauſe ADB is the exte- 1; | G 
Hor angle of the triangle BDC, it is wt 
Sreater b than the interior and oppoſite angle DCB ; but A b 16. 7. 
equal e to ABD, becauſe the fide AB is cqual to the ſide AD; c 5. 1. 
therefore the angle ABD is likewiſe greater than the angle 
ACB; wherefore much more is the angle ABC greater than 


ACB. Therefore the greater fide, &c. Q. E. D. 


PROP. XIX. IHEOR. 


HE greater angle of eveiy triangle is ſubtended 
by the greater ſide, or bas the greater fide Ho- 


Let ABC be a triangle, of which the angle ABC 1s greater 
an the angle BCA; tue ſide AC is likewiſe greater than the 


ade AB. 


For, if it be not greater, AC muſt A 
either be equal to AB, or lefs than it ; 
t is not equal, becauſe then the angle 
ABC would be equal 2 to the angle 


Rcauſe then the angle ABC would be ——8 
Ess Þ than the angle ACB; but it is not; therefore the fide AC b 18. 1. 


bl 


not leſs than AB : and it has been ſhewn, that it is pot equal 
© AB; therefore AC is greater than AB. Wherefore the 
—F-cater angle, &c. Q. E. D. 


PROP. XX. THEOR. 


ZA NY two ſides of a triangle are together greater 
than the third fide. 


D Let 


26 


Book I. 


A 3. I. 


b S. I. 


| 19. 1. 


4 20. 1. 


b 2. Ax. 


& 16. 1. 


: 
THE ELEMENTS 


Let ABC be a triangle; any two ſides of it together an gte 
greater than the third fide, viz. the ſides BA, AC greater thx ad 
the fide BC; and AB, BC greater than AC; and BC, Ui n 
greater than AB, 

Produce BA to D, and make » AD 
equal co AC; and join DC. 

Becauſe DA is equal to AC, the 
angle ADC is likewiſe equal b to ACD; 
but the angle BCD is greater than ACD; 
therefore BCD is alſo greater than ADC; 
and becauſe the angle BCD of the tri- 
angle DCB is greater than its angle B 
BDC, and that the greater e fide is oppoſite to the great: wha 
angle; therefore the fide DB is greater than the fide BC ; bu 0 
DB is equal to BA and AC; therefore the ſides BA, AC ar , 
greater than BC. In the ſame manner, it may be demonſtrated, 2 ' 
that the ſides AB, BC are greater than CA, and BC, CA greats 
than AB. Therefore any two fides, &c. Q. E. D. 


Pl 
— — —— — Eng 


ma 

FC 

PROP. XXI. THEO R. A 

F, from the ends of the fide of a triangle, ther: D 
be drawn two ſtraight lines to a point witlur % 


the triangle, theſe ſhall be leſs than the other tw 
tides of the triangle. but ſhall contain a greater angle. Ma 


Let the two ſtraight lines BD, CD be drawn from B, C '3 
the ends of the ſide BC of the triangle ABC, to the point J I 
within it; BD and DC are leſs than the other two ſides BA WF 
AC of the triangle, but contain an angle BDC greater than tl: 
angle BAC. . if 

Produce BD to E; and becauſe two fides of a triangle ar: . 
greater than the third (ide a, the two ſides BA, AE of the tri i" 


angle ABE are greater than BE : To each of theſe, add EC 6h 
therefore the ſides BA, AC are 8 4 
greater than BE, EC b. Again, 5 
becauſe the two fides CE, ED of 7 
the triangle CED are greater than BA 
CD, add DB to each of theſe; th 
therefore the fides CE, EB are & 
greater than CD, DB; but it has I 


been ſhewn, that BA, AC are great- 
er than BE, EC; much more then 
are BA, AC greater than BD, DC. 
Again, becanſe the exterior angle of a triangle is greater tha: 
the interior and oppoſite angle ©, the exterior angle BDC of thi 
triangle CDE is greater than CED; for the ſame reaſon, th! * 
exterl' = 
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alt 


A 


V4 then the angle CEB; much more then is the angle BDC greater 
chan the angle BAG. Therefore, if from the ends of, &c. 


„ Q =. D. 
1 PROP. XXII. PROB. 

O make a triangle of which the ſides ſhall be 

equal to three given ſtraight lines, but any two 


U 


| Whatever of theie muſt be greater than the third a. 


Let A, B, C be the three given firaight lines, of which any 
wo whate ver are greater than the third, viz. A and B greater 
cx! gan C; A and C preater than B; and B and C than A: It is 
anired to make a triangle of which the ſides {hall be equal to 
A, B, C, each to each. 
ated, uy Take a ſtraig ht line DE terminated at the point D, but un- 
eat mited towards E, and 

make = DF equal to A. K 

FG to B, and GH equal 

to C; therefore any 
le o of the ſtraight lines 
my DF. FG, GH are great- 
7 r than the third: "Fre om 
a the centre F, at the di- 
— ta nce FD, deſcribe b C 

0 ne circle DKL; it ſuall cut FH, for FD is leſs than FH : alſo 

16 1 From the centre G, at the diftziice GH, deſcribe another circle 
Ba MKL; and it ſhall cut GD, for GH is leſs than GD: and the 
9 wo circles cut one another, becauſe DF, GH are together 
greater than FG let them cut one another in K, and join KF, 
KG; the triangle KFC has its fides equal to the three bright 
| =, A, B, C. 
7C 1 Recuule. the point F 3s the centre of the ecke DEL, FD is 


27 


exterior angle CEB of the triangle ABE is greater than BAC; Book. I. 
anc it has been demonſtrated, that the a. gle BDC is greater WWW 


See N. 


a 20. I. 


b 3. Poſt. 


equal © to FK; but FD is equal to the ſtraight line A; there- c 15, Det. 


fore FK is equal to A: Again, becauſe G is the centre of the 
eircle LKH, GH is cqual e to GK; but GH is equal to C; 

bu therefore alſo GK is equal to C; ind FG is equal to B; therd: 

fore the three ſtraight lines KF, FG, GK are equal to the three 

A, B, C: And therefore the triangle KFG has its three ſides 
KF, FG, GK, cqual to the three given ſtraight lines A, B, C. 

RW Which. was to be done. 


0 3 PROP. XXIII. PROB. 
IM 2 T a given point in a given ſtraight line, to make a 
* 4 rectilineal angle equal to a given rectilinsal 


Zang 
en gle. 
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| DC, CE are equal to FA, AG, 


. DE, make 


THE ELEMENTS 


Let AB be the given ſtraight line, and A the given point in it, 8 c 
WMV ard DCE the given rectilineal angle; ; it is required to make an 80 t 


angle at the given point A, in the given ſtraight line AB, that ſide 


ſhall be equ-l to the given rectili. 
neal angle DCE. 

Tike in CD, CE. any points 
D E, and join DE; and make a 
the triangle AFG, the ſides of 
which ſhall be equal to the three 
ſtraight lines CD, DE. CE. fo 
that CD be equal to AF, CE to 
AG, ani DE to FG; and becauſe 


G 


D 


B 
each to each, and the baſe DE to the bafe FG; the angle DCE 


is equal b to the angle FAG: Therefore, at the given point A, 
in th: given ſtraight line AB, the angle FAG is made equal t9 
the given rectilineal ngle DCE. Which was to be done. 


PROP. XXIV. THEOR. 


F two triangles have two ſides of the one equal to 
two ſides of the other, each to each, but the 
angle contained by the two tides of one of them, 
greater than the angle contained by the two ſides 
equal to them, of the other; the baſe of that which 


has the gieater angle, ſhall be greater than the baſe 
of the other. 


Let ABC, DEF be two triangles which have the two ſides 
AB, AC equal to the two DE, DF, each to each, viz. AB 
equal to DE, and AC to DF; 
than the angle EDF; the baſe BC is alſo greater than the 
baſe EF. 

Of the two fides DE, DF, let DE be the {ide which is not 
greater than the other, and at the point D, in the ſtraight line 
a the angle EDG equal to the angle BAC; and 
make DG equal b to AC or DF, and join EG, GE. 

Becauſe AB is equal to DE, and AC to DG, the two fides 


BA. AC are equal to the two ED, DG, each to each, and the 


ang]: 


BAC 1s alſo equal to the angle EDG; therefore the baſe 


BC is «qual © to the baſe EG; and becau 0 DG i is equal to DF, J # 
the angle DFG is equal d to the angle DGF; but the angle 
therefore the angle 


DGF is greater than the angle EGF; 


DFG is greater than EGF; and much more is the angle 
EFG greater then EGF; 


the triangle EFG 1s greater chan its angle EGF, and that 
the 


but the angle BAC greater 


and becauſe the angle EFG off 


than 
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the greater © fide is oppoſite A 
to the greater angle; the | 
fide: EC 15 therefore greater 
than the fide EF; but EG 

is equal to BC; wi there- 
2 alſo BC is greater than 
EE; | herefore, if two tri- 


= GEO N E. D. 


5 * 


PROP. XXV. THE OR. 


= I 
* 
* 


F two triangles have two ſides of the one equal to 
two ſides of the other, sach to each, but the bal 
of the one greater than the baſe of the other ; the 
atte le allo contained by the fides of that u hich has 
the greater baſe, {hall be greater than the angle con- 
taincd by the des equal to them, of the other. 


Let ABC, DEF be two triangles which have the two fides 


AB, AC equal to the two fides DE, DF, each to each, viz. 


AB <qual! to DE, and AC to DF; but the baſe CB is greater 


than the baſe EF; the angle B AC i is likewiſe greater than the 


For, it it t be not greater, it muſt either be equal to it, or 
le ; but the angle BAC is not <qual to the angle ED, be- 
Wc then the baſe BC 

would be equal T iO EF; A D 

but it is not; therefore 

the angle BAC is not equal 


to the angle DEF: net- 
ther is it. leſs; becauſe 
the: the baſe BC would 


be 1s b than the baſe EF; / 


but it 15 not; therefor 33 1 6 2 
the angle BAC i is not leſs t3 : ” VM F 


than the angle EDF: and 


4&6 'as ſhewn that it is not equal to it; therefore the angle BAC 


; is greater than tne angle F. DF. Wherefore, if TWO triangles, 


ww. Q. E. D. 
= = = 
* 3 


PROP. 


Boox I. 


THE ELEMENTS 


PROP. XXVI. 


1* two triangles have two angles of the one equal 
two angles of the other, 
equal to one fide, viz. 


450 
11d 


THE OR. 


each to each; aud on 
either the ſides . 


to the equal angles. or the fides oppoſite to eq: 
angles in each: then ſnall the other ſides be —_ 2 


each to each; and allo the third angle of the «: 
to the third angle of the other. 


Let ABC, DEF be-two triangles which have the angles An 


BCA equal to the angles DEF, EFD, viz. ABC to DEF, 


BCA to EFD; alſo one fide equal to one fide ; 


tides be equal which are adjacent to the angles that are equal ß 


A 


the two triangles, viz. BC to 
EF; the other fides ſhall be 
ah, each to each, viz. AB 


to DE, and AC to DF; and 


« 1» 


thet hird angle BAC to the 
third angle E DF. 

For, it AB be not equal to 
DE, one of them muſt be the 
greater. Let AB be the greater 
of the two, and make BG 
equal to DE, and join GC; 


and firſt let i 


D 


—— TT — 


therefore, becauſe BG is equal 


DE, and BC to EF, the two fides GB, BC are equal to tl 


two DE, EF, each to each; and the angle GBC is alſo equal 

therefore the baſe GC 1s equal a to the bi; 
DF, and the triangle GBC to the triangle DEF, and the othe if 
angles to the other angles, each to each, to which the equi 
thereſore the angle GCB is equal to t 
by the hypotheſis, equal to the ang! 
BCA; wherefore alſo the angle BCG is equal to the anc 
BCA, the leſs to the greater, which is impoſſible; ; therefor Pp 
AB 1s not unequal to DE, that 1s, 1t 1s equal to it ; = 
therefore tie two AB, BC are equal to the tt * 
and the angle ABC is equal to the anf! 
DEF ; the baſe therefork AC is equal à to the baſe DF, and W . 


the angle DEF; 


ſides are oppoſite; 
angle DFE; but DFE i is, 


equal to EF; 
DE, EF, — to each; 


thi:d angle BAC to the third angle EDF. 


Next, let the ſides which are oppoſite to equal angles in ead 
triangle be equal to one another, viz. AB to DE; likewiſe 
this caſe, the other ſides ſhall be equal, AC to DF, and BC i: 
and alſo the third #ngle BAC to the third EDF. = 
For, if BC be not equal Fo EF, let BC be the greater of then 
and make BH equal to EF, and join All; and becauſe BH! 
equz 9 5 


7 


EF; 


the 
the 
eacl 
1 
18 < 
che 
mR 
ang 
eac! 
are 
EF 
ang 
ang 
op! 
not 
9 . 
the 
to 


„ 
I 


and BCi 


N 


' / bg 
1 1 
* 8 


4 


arallel b to one another. 


Pberefore, if a ſtraight line, &c. Q. E. D. 


. 150 : 4 
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equal to EF, and AB to DE; 
the two AB, BH are equal to 


A 


the two DE, EF, each to 

each ; and they contain equal 

angles; therefore the baſe AH 

equal to the baſe DF, and 

the triangle ABH to the tri- \ 

le DEF, and the other \ 
les ſhall be equal, each to 5 7 

- MN to which he equal ſides v UG P | 

are oppoſite ; therefore the angle BHA is equal to the angle 

EFD ; but EFD is equal to the angle BCA; therefore alſo the 

angle BHA is equal to the angle BCA, that is, the exterior 

angle BHA of the triangle AC is equal to its interior and 


14 oppoſite angle BCA; which is impoſſible b; whereſore EC is 


mot uncqual to EF, that is, it is equal to it; and AB is equal 
to DE ; thercfore the two AB, BC are equal to the two DE, 
EF, each to cach ; and they contain equal angles; whetrefore 
the baſe AC is equal to the baſe DF, aud the third angle BAC 


% the third angle EDF. Therefore, if two triangles, &c. 
Q. E. D. 
WE. 


PROP. XXVII. THEOR. 


IF a ſtraight line falling upon two other ftraight 
A lines, makes the alternate angles equal to one ano- 
Ter, theſe two ſtraight lines ſhall be parallel. 


1 Let the ſtraiglit line EF, which falls upon the two f{raight 


ies AB, CD, make the alternate angles AEF, EFD equal to 
be he another; AB is parallel to CD. 

For, if it be not parallel, AB and CD being produced, hall 
peet either towards B, D, or towards A, C; let them be pro- 


ced and meet towards B, D in the point G; therefore GEF 
a triangle, and its exterior angle AEF is greater ® than the 


Pterior and oppoſite angle 
; but. ic is alſo equal 
it, which is impoſſible; 
„ Perefore AB and CD be- 
Ws produced, do not meet 

wards B, D. 
Panner, it may be demon- 
„rated, that they do not meet towards A, C; but thoſe ſtraight 
hes which meet neither way, though produced ever ſo far, are 
AB therefore is parallel to CD. b 3s. Det. 


In like 


PROP. 


Book I. 


b 16. 1. 


a 10. . 
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PROP. XXVIII. THEOR. 


1 a ſtraight line falling upon two other ſtraight wh 

makes the exterior angle equal to the interior 
oppolite upon the fame ſide ot the line; or make: the 
interior angles upon the ſame tide together equal t 
two right angles; the two ſtraight lines ſhail be pare!. 
lel to one another. 


Let the ſtraight line EF, which 


falls upon the two ſtraight lines Fg ">: RP 
AB, CD, make the exterior augle 

EGB equal to the interior and + OS 

oppoſite angle GiiD upon the 5 

ſame fide; or make the interior C KS :D 
angles on the ſame fide BGH. ly 


GHD together equal to two right angles; AB is parallel 
to CD. 
Becauſe the angle EGB is equal to the angle GHD, and tb: 


5. 1. angle EGB equal a to the angle AGH, the angle AGH i is equa] 


to the angle GHD ; and they are the Aline angles; therefore 


c By Hyp. AB is parallel b to CD. Again, becauſe the angles BGH, Gi1D* 


are equal e to two right angles, and that AGH. BGH are all- 


d 13. 1. equal d to two right angles; the angles AGH, BGH are equal 


to the angles BGH, GUD: Take aw: ay the common angle 
BGIl; therefore the rem ;aining angle AGH is equal to the re. 
maining angle HD; and they are alternate angles; there- 


fore AB 1s parallel to CD. Wherefore, if a ſtraight line, &c, 
Q. E. D. 


PROP. XXIX. THEOR. 
F a ftraight line fall upon two parallel ſtraight 


lines, it makes the alternate angles equal to one 


another; and the exterior angle equal to the inte- 
rior and oppoſite upon the tame tide; and likewiic 
the two interior angles upon the ſame iide together 
equal to two rizht angles. 


Let the ſtraight line EF fall upon the parallel ſtraight lines 


another; and the exterior angle EGB is equal to the interior 
and oppoſite, upon the fame fide, GHD; and the two interior 


angles BGH, GHD, upon the ſame fide, are together equal to 


two right angles. 
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AB, CD; the alternate angles AGH, GHD are equal to one, 22 
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For, if AGH be not equal to E Book I. 
end . ee eee 


HD, one of them muſt be great- 5 "INT YN 
ine ET than the other; let AGH be 5 
” the greater ; and becauſe the angle 
und | 3 USES 
' *AGH is greater than the anglexv — 
„ Sb, add to each of them the © H\pD 


1 to Angle BGH; therefore the angles 
ral. KG, BGH are greater than the angles BGH, GHD: but the 
angles AGH, BGH are equal a to two right angles; therefore 2 73+ 3+ 
the angles BGH, GHD are leſs than two right angles: but 
thoſe itraight lines which, with another ſtraight line falling upon 
[3 them, make the interior angles on the ſame ſide leſs than two 
right angles, do meet“ together, if continually produced; there- * 12. Ax, 
wre the ſtraight lines AB, CD, if produced far enough, ſhall See the 
W<eet : but they never meet, ſince they are parallel by the hypo- gd 
D) thelis; therefore the angle AGH is not unequal to the angle paste 
GD, chat is, it is equal to it; but the angle AGH is equal b bro. 1. 
alle! *o the angle EGB; therefore likewiſe EGB is equal to GHD; 
add to each of theſe the angle BGH; therefore the angles EGB, 
| th: BGH are equal to the angles BH, GHD: but EGB, BGH 
qua! are equal © to two right angles; therefore alſo BGH, GHD are c 13. :. 
for: qual to two right angles. Wherefore, if a ſtraight line, &c. 
ID E. D. 
by 
8 


PROP. XXX. THEOR. 


qua! 

nale TRxaflchr lines which are parallel to the ſame 
re. ſtraight line are parallel to one another. 

erte * 


&c. Let AB, CD be each of them parallel to EF; AB is alſo 
parallel to CD. | 
Let the ſtraight line GHE cut AB, EF, CD; and becauſe 
SiHK cuts the parallel traight lines AB, EF, the angle AGH 
is equal a to the angle GHF. Again, , 


ght ecauſe the ſtraight line GR cuts the E 
one Parallel ſtraight lines EF, CD, the F 1 

te- Angle GHF is equal ® to the angle — of 

vie KD: and it was ſhewn, that the R | | 

her Pele AGK is equal to the angle / 5 


FF; therefore allo AGE is equal 
KD; and they are alternate angles; therefore AB is paral- 
lines e ro CD. Wherefore, ſtraiglit lines, &c, Q. E. D. b 27. 1. 


PROP. XXXI. PROB. 


O draw a ſtraight line through a given point pa- 
2 rallel to a given ſtraight line. 
For, A g pf 1 E Let 


— * * 
—— > 


———— —— ͥ — ig Be . ⁵˙ ne n 
- — 2 - Y * = = 
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4 31. 7. 


b 29. 1. 


|S: 13. 1. 


THE ELEMENTS 


Let A be the given point, and BC the given ſtraight line ; {+ 
is required to draw a ſtraight line 
through the point A, parallel tothe A 3 


ſtraight line BC. ; . 


In BC take any point D, and join 
AD; and at the point A in the 1 3 CE 
ſtraight line AD make ® the angle B D C 


DAE equal to the angle ADC ; and 
produce the ſtraight line EA to F. 

Becauſe the {traight line AD, winch mects the two ſtraight 
lines BC, EF, makes the alteraate angles EAD, ADC equal to 
one another, EF is parallel b to BG. Therefore the ſtraight 
line EAF is drawn through the given point A parallek to the 
given ſtraight line BG. Which was to be done. 


PROP. XXXII. THE OR. 


F a fide of any triangle be produced, the exteric: 
[ angle is equal to the two interior and oppolit: 
angles; and the three interior angles of every triangle 
are equal to two right angles. 


Let ABC be a triangle, and let one of its ſides BC be pry. 
duced to D; the exterior angle ACD is equal to the two inte- 
rior and oppoſite angles CAB, ABG; and the three interior 
angles of the triangle, VIZ, ABC, BCA, CAB are together 
equal to two right angles. 

Through the point C draw A 
CE parallel à to the ſtraight 
line AB; and becauſe AB > - 
15 parallel to CE, and AC 
meets them, the alternate 
angles BAC, ACE are e- 8 a A 
qual b. Again, becauſe AB B 0 D 


3 


F = 1 * 8 | 8 Ss 
as 


883.43 8.8 


8 


S DE S. S8 B >> 


Pramas. 


is parallel to CE, and BD falls upon them, the exterior angle t 


ECD is equal to the interior and oppoſite angle ABC; but the 
angle ACE was ſhown to be equal to the angle BAC ; therefore 
the whole exterior angle AC is equal to the two interior and 


oppoſite angles CAB, ABC; to theſe equals add the angle A Cb, 
and the angles ACP, ACB are equal to the three angles CBA, . 


BAC, ACB; but the angles AC D, ACB* are equal © to two 8 


right angles ; therefore alſo the angles CBA, BAC, ACB are 
equal to two right angles. Wherefore, if a fide of a triangle, 
&c. Q. E. D. 

Cor. r. All the interior angles of any rectilineal figure, to- 


angles as the figure has ſides. 


gether with four right angles, are equal to twice as many right 8 


_ wh p4 
FER 

v 

9; = 

f "YL 9.8 
1 

1 2 

"#; 


1 


DCB, the two fides AB, BC are 


1 
„ 
a > 


ih the angle ABC is alſo cqual to the angle BCD ; therefore 
$ E 2 the 


Dells. 35 
For any rectilineal figure ABCDE 9 Book. I. 
can be divided into as many triangles „ 5 
as the figure has ſides, by drawing . ; 
ſtraight lines from a point F within E Pr E C 
the figure to each of its angles. 2 
And, by the preceding propoſition, „ is 0 
all the angles of theſe triangles are 
equal to twice as many right angles | | Nt 
as there are triangles, that is, as A PB 
there are ſides of the figure; and the fame angles are equal to the 
angles of the figure, together with the angles at the point F, 
which is the common vertex of the triangles ; that is ?, together à 2. Cor. 
with four right angles. Therefore all the angles of the figure, 1. 1. 
together with four right angles, are equal to twice as many right 
angles as the figure has ſides. 
Con. 2. All the exterior angles of any rectilineal figure, are 
together equal to four right angles. 
© Becauſe every interior angle 223 
ABC, with its adjacent exterior Et, 
ABD, is equal d to two right A . b 
angles ; therefore all the interior, = 5 
topether with all the exterior angles 
& the figure, are equal to twice 
a many right angles as there are Do 
Ades of the figure ; that is, by the T3 B 1106 
foregoing corollary, they are equal | 
t all the interior angles of the figure, together with four right 
Wgles; therefore all the exterior angles are equal to four right 
angles. 
1 PROP. XXXIH. THEOR. 
HE firaight lines which join the extremities of 
1 two equal and parallel ſtraight lines, towards 
he ſame parts, are alſo themſelves equal and parallel. 
Let AB, CD be equal and pa- a B 
mllel ſtraight lines, and joined to- 2 
Wards the ſame parts by the ſtraight 
Wes AC, BD; AC, BD are alſo 
ual and parallel. , | 
Join BC; and becanfe AB is pa- . — 
lel to CD, and BC meets them, C D 
alternate angles ABC, BCD are equal *: and becauſe AB a 29. 1. 


equal to CD, and BC common to the two triangles ABC, 
equal to the two DC, CB; 


+4 
( 
jp 
| 
1 
11 
1 
*9 
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Book I. the baſe AC is equal ® to the baſe BD, and the triangle ABC to 
LLYSS the triangle BCD, and the other angles to the other angles“, 
b 4. 1. each to each, to which the equal ſides are oppchite ; therefore 


the angle ACB is equal to the angle CBD ; and becauſe rhe 
ſtraight line BC meets the two ſtraight lines AC, BD, and makes 
the alternate angles ACB, CBD equal to one another, AC 1s pa. 


© 27. 1. rallel e to BD; and it was ſhown to be equal to it. Iherefore 


a 29. 1. 


5 6. 1. 


C 4+ 


I. 


ſtraight lines, &c. Q. E D. 


PROP. XXXIV. THEOR. 


IHE oppolite ſides and angles of parallelograms arc 
equal to one another, and the diameter bulect: 
them, that is, divides them in two equal parts. + 


N. B. Aparallelogram is a four-fided figure, of which 
the oppoſite fides are parallel; and the diameter is th: 


ſtraight line joining two of its oppyfite angles. 


Let ACDB be a parallelogram, of which BC 1s a diameter; 
the oppolite fides and angles of the figure are equal to one an- 
other ; and the diameter BC biſeRs it. | 

Becauſe AB is parallel to CD, & B 
and BC meets them, the alternate \ 
angles ABC, BCD are equal * to 
one another; and becauſe AC 1s 
parallel to BD, and BC meets them, 
the alternate angles ACB, CBD 1 
are cqual * to one another; wherefore the two triangles ABC, 
CBD have two angles ABC, BCA in one, equal to two angle: 


BCD, CBD in the other, each to each, and one fide BC com- 


mon to the two triangles, which is adjacent to their equal angles 
therefore their other ſides ſhall be equal, each to each, and the 


third angie of the one to the third angle of the other b, v1z, to 


the fide AB to the fide CD, and AC to BD, and the angle 
BAC equal to the angle BDC: And becauſe the angle ABC 
is equal to the angle BCD, and the angle CBD to the angle 


ACB, the whole angle ABD is equal to the whole angle ACD: | 0 


And the angle BAC has been ſhown to be equal to the angle A 


BDC; therefore the oppoſite ſides and angles of parallelograms 


are equal to one another; alſo, their diameter biſects them; for 


AB being equal to CD, and BC common, the two AB, BC are 


equal to the two DC, CB, each to each; and the angle ABC is 


equal to the angle BCD; therefore the triangle ABC is equal“ 8 
to the triangle BCD, and the diameter BC divides the paralle- 8 


logram ACDB into two equal parts. O. E. D. 


S | 
* L 
4 * 1 
* 0 
I RO? . "8 
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* 


BC, 
19les 
COT. 
gles; 
d the 

VII. 
angle 


et ABCD, EFGH be pa- 


H 
rall-lograms upon equal baſes 

BC, FG, and between the 

me parallels AH, BG; the . 
en. ABCD is equal 6 
FG. 

Join BE, CH; and becanſe \ — 


OF EUCLID. 
| * 
TW Aral .ELOGRAMS upon the ſame baſe, and between 
the ſame parallels, are equal to one another. 


PROP. XXXV. THEOR. 


Let the parallelograms ABCD, EB CF, be upon the ſame 
baſe BC, and between the ſame parallels AF, BC; the paralle- 
logram ABCD ſhall be equal to the parallelogram EBCF. 

Becauſe ABCD is a parallelggram, AD is equal to BQ: 
For the ſame reaſon EF is equal to BC ; therefore AD 1s equal 
bto EF: Take each of theſe equals from the whole AF; and 
the remainder DF is equal © to the remainder AE ;. DC allo is 
equal to AB; therefore the two FD, DC are equal to the two 
EA, AB, each to each; and the FY Dv KE F 

tcrior angle FDC is equal © to 
the interior EAB; therefore the 
baſe FC is equal © to the baſe EB, 
and the triangle FDC equal to the 
triangle EAB : Take each of theſe 
al triangles from the whole — U 
* 


re AB CF, and the remainders B C 
parallclogram EBCF. Wherefore parallelograms, &. Q E. D. 


2.4 


PROP. XXXVI. THEOR. 


ARALLELOGRAMS upon equal baſes, and between 
the jame parallels, are equal to one another. 
3 


B C 


mis equal to FG, and FG 


EH. BC is equal to EH; and they are parallels, and joined 
ards the ſame parts by the firaight lines BE, CH: But 
Maight lines which join equal and parallel ſtraight lines to- 


rds the ſame parts, are themſelves equal and parallel b; there- 
age EB. CH are both equal and parallel, and EBCH is a paral- 
ram; and it is equal © to ABCD, becauſe it is upon the 
e biſe BC, and between the ſame parallels BC, AD: For 
the like reaſon, the parallelogram EFGH 1s equal to the ſame 


SCH; therefore alſo the parallelogram ABCD is equal to 
At GH. Wherefore parallelograms, &c. Q. E. D. 


PROP. 
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equal © ; that is, the parallelogram ABCD is equal to the 


b 33. 1. 


e 35. 1. 


@ 33. 1 


b 35. 1. 


E 0. . 


Or 


d 7. Ax. 


—— — 


— — 


—— — — — e 1 
0 — o 2 — * 4 * 


a 35. 1. 


b 34. 1. 


THE ELEMENTS 


PROP. XXXVII. TIEOR. 


R1iaxGcLEes upon the ſame baſe, and between th: 
lame parallels, are equal to one another. 


Let the triangles ABC, DBC be upon the ſame baſe BC, 4 
between the fame parallels Wt A 5 
AD, BC: The triangle ABC 8 
is equal to the triar ole DBC. 

Produce AD both ways to 
the points E, F, and make 
EA, DF ach of them equal 
to BC, and join BE, CF; —— 
and becauſe EA is equal an 4 2 
parallel to BC, the ſtraight lines BE, CA which join them a: 
equal and peraliel *, and therefore EBCA is a parallclogram: 
For the ſame reaſon, DBCF is a parallelogram: and EBCA ts 
equal “ to DZCP, becuaſe they are upon the ſame baſe BC, and 
between the fame parallels BC, EF; and the triangle ABC is 


the half of the parallelogram EBCA, becauſe the diameter AB 
biſects © 1t; and the triangle DBC is the half of the parallelo- 909 
gram DBCF, becauſe the diameter DC biſedts it: But ne 


halves of equal things are equal © ; therefore the triangle AB 


is equal to the triangle PBC. Wherefore triangles, MM th: 


Q. E. D. 
PROP. XXXVIII. THEOR.. 


RiaN ES upon equal baſes, and between the ſame 


parallels, are equa! to one another. 


A; 


Let tlie triangles ABC, DEF be upon equal baſes BC, EF, a 


and between the ſame oarellels BF, AD: The triangle ABC i: x 


equal to the triangle DEF. 


Produce AD both ways to the points G, H, and make _ = 


equal to BC, and DH to EF, and join BG, FH; and it may b 
demonſt rated, as in the preceding, 8 1 8 


that each of the figures G BCA, PODS ae x 


DEFH 1s a parallelogram ; and / 5 N 


they are equal * to one another, ö 
becauſe they are upon equal ba- | 
ſes BC, EF, and between the | 
ſame parallel BF, CH: and | n \ 

the triangle ABC is the half“ B C E F 


of the pariLielogram GBCA, becauſe tlie diameter AB biſects 4 
it; and the triangle DEF is the half b of the parallelogram MW 


DEFH, 8 


OF EUCLID. 


DEF, becauſe the diameter DF biſects it: But the halves 
of equal things are equal © ; therefore the triangle ABC is equal 
7% * the triangle DEF. Wherefore triangles, &c. Q E. D. 


= PROP. XXXIX. THEOR. 
mg A triangles upon the fame baſe, and upon 


the ſame ſide of it, are between the ſame 
x par. Ulels. 


Let the equal triangles ABC, DBC be upon the fame baſe 
Ie. and upon the ſame ſide of it; they are between the ſame 
pa. allels. 

Join AD; AD is parali] to BC; for, if it is not, through 
Se point A draw * AE para mel to BC, and becauſe AB meet 


ar: e parallels BC, AE, the interior angles CBA, BAE are equal” 

in: @ two right angle s; therefore the angles DBA, BA. are Is 2 
\ 's than two right angles; and becauſe AB meets BD, AE, and 
and Pakes the interior angles DBA, BAE together leſs than two 
4 15 "Boht angles, BD, AE ſhall meet one another ©; let them meet 


AD = E. and join EC: The triangle ABC is equal 4 to the triangle 
:lo- BC, becauſe it is upon the fame baſe BC, and between * 
=o] ne parallals BC, AE: But the triangle 

Bd is equal to the triangle BDC; A. 
2 Perefore allo the triangle BDC is equal 
the triangle EBC. the greater to the | 5 

cs, which is impoſſible: Therefore AE 

is not parallel to BC. In the fame mar: 
Er, it can be demon 1{trated, that no other - 


NiC % y — 

5 "Wie but AD is parallel to BC; AD is B '+ 

Perefore parallel to it. Wherefore equal triangles upon, &c. 
EF, . E. D. 


1 Cox. Hence it is manifeſt, that the ſtraight line, which meets 
WW other ſtraight line, ſhall alſo, if produced, meet any ftraight 
AG! bi parallel to that other. 


be 
2 3 PROP. - © THEOR, 
9 QUAL triangles upon equal bates, in the ſame 
4 ttraight line, and towards the ſame parts, are 
Fc ween the ſame parallels. 


et the equal triangles ABC, DEF be upon equal baſes BC, 
„. in the fame ſtraight line BF, and towards the ſame parts ; 
Mey are between the ſame parallels. 

ects E-.. Join AD; AD is parallel to BC: For, if it is not, through 
ram t draw AG parallel to EF; and becauſe ED meets BF, it 
FH, : | Aal 
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THE ELEMENTS 
Book I. ſhall alſo meet Þ AG, which is A D in 
LV paralldl to BF; let it mect it | CG 
bCor.z39-1-in G, and join GF: The tri- dra 
angle ABC is qual © to the tri- EF, 
angle GEF. becauſe they are is a 
c 38. 1+ upon equal haſes BC, EF, and equ 
between the ſame para 115 BF, — Il. 
AG: But the triangle ABC is 3 C ru My the. 
equal to the triangle DEF; bet: 
therefore alſo the triangle DEF j is equal to the triangle GE We: 
the greater to the I-{s, which is impoſſible : Therefore At; i; WF 
not parallel to BF: And in the ſame manner, it can be demor. Of 
ſtrated, that there is no other parallel to it but AD; AD ad 
therefore parallc] to BE. Wherefore equal triay; "les, oc, BB 
.. a 
| 
PROP. -XLI.-. IHEOR. Hb 
F a parallelogram and a triangle be upon the ſam: =” 
baſe, and between the ſame parallels ; the para“! 
lelogram ſhall be double of the triangle. pa 
Let the parall-logram ABCD and the triangle EBC be up: 
the ſame baſe BC, and between the ſame parall-ls BC, ard 2 
the parallelogram ABCD is double af the triangle EBC. Wo”: 
Join AC; then the triangle ABC A DD 1 
a 37. 1. is equal * to the tria gle EBC, be- bs 
cauſe they are upon the ſame baſe 
BC, and between the fame parallels 
BC, AE. But the parellelegrem 
b 33. 1. ABCD is double d of the triangle 
ABC, becauſe the diameter AC di- 
vides it into two equal parts; where- MN 
fore ABC) is alſo double of the triangle EBC. Therefore, irn of | 
paralleiogram, &c. Q. E. D. 5 
PROP. XLII. PROB. | 
8 ts deſcribe a parallelogram that ſhall be equal of 
a given triangle, and have one of its angle 
equal to a given rectilineal angle. * IJ 
Let ABC be the given triangle, and D the given reQilinl] | 
angle: It is required to de'cribe a parallelogram that hall ( 
equal to the given triangle ABC, and have one of its an. >; 
equal to D. I 
A 10. f. 


Biſect > BC in E, join AE, and at the point E in the 228 6 


OF EUCLID. 


line EC make b the angle CEF equal to D, and through C draw 

CG parallel to EF, and through A A Þ * 

draw AG parallel to BC, merting 4 — . FINE 

EF, CG in F, G: Therefore FECG 

Is parallelogram : And becauſe BE. 15 
\ equa to EC, the triangle \ BE is like- 
equal © to the triangle AEC, ſince 

V they are upon equal bates BE, EC, and 

S&:ween the ſame parallels BO, AG; B E C 

Er Mrefore the triangle ABC is double of 


2A 


„ triangle AEC: Aud the parallelogram FECG is likewiſe 


. 


\ 
\ 


non. ble f of the triangle AEC, becauſe it is upon the ſame baſe, 
D between the ſame parallels; therefore the parallelogram 


CG is equal to the triangle ABC: and it has one of its angles 
F cqual to the given angle D: Wherefore there has been de- 
bed a parallelogram FE CG equal to a given triangle ABC, 

ing one of its angles CEF equal to the given angle D. Which 
1 Was to be done. 


ral. PROP. XLIII. THEOR, 
1 HE complements of the parallelograms which are 
up about the diameter uf any parallelogram, are 


AE; £qual to one another, 


To Met ABCD be a parallelogram, of which the diameter is 
K and EH, FG the parallelograms D 


Hut AC, that is, through which — — 
AC paſſes, and BK, KD the other SE © F 
parallelograms which make up the — 8 
Pole figure ABCD, which are there- 
e called the Complements: The 
Inplement BK is equal to the com- 
ie Mmcnt K D. 5 
*ZBecauſe ABCD is a parallelogram, 
A its diameter, the triangle ABC is equal * to the triangle 
ADC: And, becauſe EKHA is a parallelogram, the diameter 
SE which is AK, the triangle AEK is equal to the triangle 
al ti HK: For the ſame reaſon, the triangle KGC is equal to the 
gl Mugle KFC: Theu, becauſe the triangle AEK is equal to the 
gl AHK, and the triangle KGC to KFC; the triangle 
, together with the triangle KGC, is equal to the triangle 
line K together with the triangle KFC: But the whole triangle 
nc is qual to the whole ADC; therefore the remaining 
an. Wn plement BK is equal to the remaining complement KD. 
erctore the complements, &c. Q. E. D. 


F FOP. 
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f 41. 1. 
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a 42. 1. 


b 31. 
c Cor. 39.1. 


e 43. 1. 


f 15. 1, 


See N. 


A 42. 1. 


Þ 44. 1 


1. through A draw > AH parallel to BG or EF, meeting © FH _ 


F? deſcribe a parallelogram equal to a given real 


THE ELEMENTS 
PROP. XLIV. PROB. 1 
O a given ſtraight line to apply a parallelogram e 
which ſhall be equal to a given triangle, and 
have one of its angles equal to a given rectilinead 7 
angle. 0 


Let AB be the given ſtraight line, and C the given triangle r 
and D the given rectilincal angle. It is required to apply u 
the ſtraight line AB a parallelogram equal to the — C, and . 
having an angle equal to D. I 

Make * the paral- 2 e 
lelogram BEFG equal 1 
to the triangle C. and | Y 

8 'l 


having the angle EBG 

equal to the angle D, 
ſo that BE be in the 
ſame ſtraight line with 
AB, and produce FE, 
FG to K, H; and 


H; and join HB; it ſhall, if produced, meet © FR, which i 
parallel ro GB; let them meet in K, and through K draw KLE 
parallel to EA or FH, and produce HA, GB to the points L. 
M : Then HLKF is a parallelogram, of which the diameter i 3 
HK, and AG, ME are the parallelograms about HK; and LB 
BF are the complements ; therefore LB is equal © to BF: Bu 
BF is equal to the triangle C; wherefore LB is equal to th. . 
triangle C: And becauſe the angle GBE is equal * to the ange 
ABM, and likewiſe to the angle D; the angle ABM is equi? 
to the angle D: Therefore the parallelogram LB is applied s 
the ſtraight line AB, is equal to the triangle C, and has the angel | 
ABM equal to the angle D. Which was to be done. 4B 


PROP. XLV. PROB. 


lineal figure, and having an angle equal to 4 15 
given rectilinea angle. YZ 


Let ABCD be the given rectilineal figure, and E the give 
rectilineal angle: It is required to deſeribe a parallelogram a 
to ABCD, and having an angle equal to E. 

Join D3, and deſcribe * the parallelogram FH equal to the 
triangle ADB, and having the angle HKF equal to the * 
E; and produce KH to M; and to the ſtraight line GH «ppl; 


Te 


d 


a 


_ 
£ N 
9 F EUCLID 
"0 22 O . 


. * 


j 0 be parallelogram GM equal to the triangle DBC, having GHM Book I. 


r one of its angles: and becauſe the ſtraight line GH meets 
an ual e: add to each of theſe the angle NGL; therefore the 
and gles MHG, HCL are equal to the angles HGF, HGL: But 
1ca HG, HGL are equal © to two right angles; therefore alſo 

. HGL are equal to two right angles: and becauſe the two 
raight lines FG, GL, on oppoſite ſides of GH, make the ad- 
7 Neent angles HGF, HGL equal to two right angles, FG is in 


and ke ſame ſtraight line 9 


C 
Fith GL: And becauſe Da — 7 . 
kx KF 5s parallel to HG, 
7 id HG to ML; KF 
parallel © to ML: | K 
And KM, FL are paral- 
/ Els; wherefore KFLM 
* Ja parallelogram ; and 


Hecauſe the triangle A. B K H M 
ABD is equal to the parallelogram HF, and the triangle DBC 
i the parallelogram GM; the whole reQilineal figure ABCD is 
Z@ual to the whole parallelogram KFLM ; therefore the paralle- 
gram KFLM has been deſcribed equal to the given rectilineal 
pure ABCD, having the angle FKM equal to the given angle 
. Which was to be done. 
Con. From this it is manifeſt, how to a given ſtraight line to 
II Poly a parallelogram, which ſhall have an agle equal to a given 
By Ciilineal angle, and ſhall be equal to a given rectilineal figure, 
z. by apply:ng d to the given ſtraight line, a patallelogram 


igl. 


i ual to the firſt triangle ABD, and having an angle equal to 
Je given angle. 

equi 

wo PROP. XLVI. PROB. 


O deſcribe a ſquare upon a given ſtraight line. 


7 
1 


De” 
3 
7 
x 
LA. 
1 


Let AB be the given ſtraight line; it is required to deſeribe 


ec quare upon AB. 
to! From the point A draw * AC at right angles to AB; and 
Wake > AD equal to AB, and through the point D draw DE 
Prallel © to AB, and through B draw BE parallel to AD; chere- 
give ire ADEB is a parallelogram ; whence AB is equal d to DE, 
equi d AD to BE: But BA is equal to AD; therefore the four 
aight lines BA, AD, DE, EB are equal to one another, and 
to ti parallelogram ADEB is equilateral : likewiſe all its angles 


angle > right angles; becauſe the ſtraight line AD meeting the pa- 
pply els AB, DE, the angles BAD, ADE are equal © to two 
Wo F 2 right 


43 


e parallels KM, FG, the alternate angles MHG, HGF are 


C 29. 1. 


d 14. 1. 


E 30. Ie 


b 44. 1. 


Aa 11. 1. 
b 3. 1. 
c 31. 1. 
d 34. Is 


e 29. 1. 


Book J. right angles; but BAD is a right angle; therefore alſo ADE 


LYNRS 
d 34. 1. 


a 45. I, 
b 31. 1. 


c 30. Def. 


d 16. 1. 


e 2. Ax. 


146.1 
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a right angle; but the oppoſite angles of C. 
d. F. 
parallelograms are equal 4; therefore each wy: 
of the oppoſite angles KBE, BED is a right | 
angle ; wherefore the figure ADEzB 1s rec- 
tangular ; and it has been demonſtrated, that | 
it is equilateral ; it is therefore a ſqu are, 
and it is deſcribed upon the given ſtraight 


line AB. Which was to be done. — My the 
Cor. Hence every parallelogram that 4 the 
has one right angle, has all its angles right angles. Th 


PROP. XLVII. THEOR. 


N any right W F7 triangle, the ſquare which is Ge 

ſcribed upon the ſide ſubtending the right angle, 

equal to the ſquares deſcribed upon the ſides which co 
tain the right angle. 


"4 * 


Let ABC be a right angled triangle having the right an; 
BAC; the ſquare deſcribed upon the fide BC is equal to t. 
ſquares deſcribed upon BA, AC. 

On BC deſcribe “ the ſquare BDEC, and on BA, AC: 
ſquares GB, HC; and through A draw ® AL parallel to ED « a . 
CE, and join AD, FC: then, becauſe each of = angles BAC 
BAG is a right angle ©, G a 
the two ſtraight lines AC, I 
AG upon the oppoſite ſides 
of AB, make with it at F \ A. 
the point A the adjacent * 
angles equal to two o right 
angles ; therefore CA is in N 
the ſame ſtraight line d with B 
AG; for the ſame reaſon, _ 
AB and AH ere in the ſame 
ſtraight line: and becauſe . 
the angle DBC is equal to 1 
the angle FBA, each of | — 4A 
them being a right angle, D 1. 
add to each the angle ABC, 
and the whole angle DBA; is equal © to the whole FBC; 
becauſe the two ſides AB, BD are equal to the two FB, 50 
each to each, and the angle DBA equal to the angle FBC þ | 
therefore the baſe AD is equal to the baſe FC, and the triangs 6. 
ABD to the triangle FBC : Now the parallelogram BL is don 

Sof the triangle ABD, becauſe they are upon the ſame b b 2 oh 
BD, and between the ſame parallels, BD, AL; and the ſq" 


S.. 


N 


bs | 
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Psexrallelogram BL is equal to the ſquare GB: And in the ſame 
anner, by joining Ak, BS, it may be demonſtrated, that the 
Parallelogram CL is equal to the ſquare HC; therefore the 
Whole ſquare BDEC is equal to the two ſquares GB, HOC: and 
| "the ſquare BDEC is deſcribed upon the ſtraight line BC, and 
3 the ſquares GB, HC upon BA, AC: Wherefore the {quare upon 
"the fide BC is equal to the ſquares upon the ſides BA, AC. 
Therelore, in any right angled triangle, &c. Q. E. D. 


5 PROP. XLVIII. THE OR. 


2M F the ſquare deſcribed upon one of the ſides of a tri- 

„angle, be equal to the ſquaies deſeribed upon the 

cv" ther two ſides of it; the angle contained by theſe two 
Aides is a right angle. 


a: Ik the ſquare deſeribed upon BC, one of the ſides of the tri- 
Mingle ABC, be equal to the ſquares upon the other ſides BA, 
ZAC ; the angle BAC is a right angle. 
From the point A draw * AD at right angles to AC, end 
ake AD equal to BA, and join DC: Then, becauſe DA is 
qual to AB, the ſquare of DA is equal to „ 
ie ſquare of AB: To each of theſe add the 
Euare of AC; therefore the iquares of DA, 
Care equal to the ſquares of BA, AC: 
Put the ſquare of DC is equal b to the ſquares 
— f DA, AC, becauſe DC is a right angle; 
n iind the {ſquare of BC, by hypotheſis, is equal — 
the ſquares of BA, AC; therefore the B 4 
uare of DC is equal to the ſquare of BC; and therefore alſo 
Nie fide DC is equal to the fide BC. And becauſe the fide DA 
equal to AB, and AC common to the two triangles DAC, 
PAC, the two DA, AC are equal to the two BA, AC; and the 
Paſe DC is alſo equal to the baſe BC ; therefore the angle DAC 
equal © to the angle BAC: But DAC is a right angle; there- 
Z 1 N is a right angle. Therefore, if the ſquare, &c. 
+ 9 


THE 


45 


E GB is double of the triangle FBC, becauſe theſe alſo are upon Book I. 
. the {ime baſe FB, and between the ſame parallels FB, GC : But Ng 
— he doubles of equals are equal h to one another; therefore the h 6. Ax. 


C3 fs 
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O F 


DEFINITIONS. 


I. 4 
Boox II. VERY right angled parallelogram is called a rectangle, 
— and it N ſaid to be contained by any two of the ſtraight . 
lines which contain one ot the right angles. 1 
In every parallelogram, any of the parallelograms about a dia. 
meter, together with the two com- A 11 ND 
plements, is called a Gnomon. bj 
Thus the parallelogram HG, to- * 1 
gether with the complements AF, E 2 
* FC, is the gnomon, which is | 6' 
more briefly expreſſed by the let- 1 
* ters AGK, or EHC, which are | | ww 
Dat the oppoſite angles of the pa- g RF CY 
© rallelograms which make the 2 
* gnomon.”? 


PROP. I. THEOR. 


F there be two ſtraight lines, one of which 1s divided 
into any number of parts; the rectangle contained 

by the two ſtraight lines, is equal to the ale. 3 
contained by the undivided line, and the ſeveral parts 
of the divided line. 


1 
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Let A and BC be two ſtraight lines; and let BC be divided Book. II. 
Into any parts in the points D, E; the rectangle contained by WWW 
"the ſtraight lines A, BC is equal to B _ D E. C 

the rectangle contained by A, BD, 
together with that contained by A, | 

"DE, and that contained by A, EC. | 
From the point B draw * BF at 


"Fight angles to BC, and make BG G 1 3 A 11. 1. 
equal d to A; and through G draw N 11 © 8 
H parallel to BC; and through | A 3. 1. 
D, E, C draw © DK, EL, CH pa- 31. Is 


#pllel to BG; then the reQangle BH is equal to the rectangles 

BK, DL, EH; and BH is contained by A, BC, for it is con- 

ned by GB, BC, and GB is equal to A. and BK is contained 

YA, BD, for it is contained by GB, BD, of which GB is 
"Equal to A; and DL is contained by A, DE, becauſe DK, that 

, * BG, is equal to A; and in like manner, the rectangle EH 

contained by A, EC: Therefore the rectangle contained by A, 

BC is equal to the ſeveral rectangles contained by A, BD, and 

Sy A, DE; and alſo by A, EC. Wherefore, if there be two 

Kraight lines, &c. Q. E. D. 


PROP. II. THE OR. 


F a ftraight line be divided into any two parts, the 
rectangles contained by the whole, and each of the 


Parts, are together equal to the ſquare of the whole 


d 34. 1. 


Let the ſtraight line AB be divided into X C B 
my two parts in the point C; the rect- | Ne 
"gle contained by AB, BC, together with 
he rectangle AB, AC, ſhall be equal to 4 | 
he ſquare of AB. | 


6 pon AB deſcribe * the ſquare ADEB, | | a 46. 7. 
d through C draw ® CF, parallel to AD | 6 a6. s 
E BE; then AE is equal to the reQangles {__ | | AR 
"GC F, CE; and AE is the ſquare of AB; D F F 
d AF is the reQangle contained by BA, 
C. for it is contained by DA, AC, of which AD is equal to 
B; and CE is contained by AB, BC, for BE is equal to AB; 
ded Perefore the rectangle contained by AB, AC, together with the 
ed 
rectangle 
ned | 
ples VN. B. To avoid repeating the word contained too frequently, the rect- 
arts # gle contained by two ſtraight lines AB, AC is ſometimes ſimply called 


e reckangle AB, AC, 
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Boox II. rectangle AB, BC, is equal to the ſquare of AB. If therefo: F 
a a ſtraight line, &c. Q. E. D. 


PROP. III. THEOR. 


F a ſtraight line be divided into any two parts 

the rectangle coutained by the whole, and on: 

of the parts, is equal to the rectangle contained by 

the two parts, together with the {quare of the fore. 
{aid part. 


Let the ſtraight line AB be divided into any two parts in 50 3 
point C; the rectangle AB, AC is equal to the rect angle A 
CB, together with the ſquare of CA. 9 A 
a 46. 1. Upon AC deſcribe * the ſquare B C __A 
CDEA, 2nd produce ED to F, and | ; 
> 31. 7. through B draw ? BY parallel to CD | 
or AE; then the recta gle BE is equal | | 
to the re ctangles BD, CE; and BE 
15 the rectangle contained by AB, AC, i 
for it is contained by AB, AE, ot | bo 

which AE is equal to AC ; and BD 0 - wy 

is contained by AC, CB, for CD is equal to CA; and DA i: 
the ſquare of AC; therefore the rectangle AB, AC is equal ty 10 

the rectangle AC, CB, together with the ſquare of AC. 0 
therefore, a firaight line, &. Q. E. D. 2 


— =" — ñꝑ— — — 
* Mom, 


PROP. IV. THEOR. 


F a ſtraight line be divided into any two part. "Ac 
the ſquare or the whole line is equal to the. 
= {quares of the two parts, together with twice the 
rectangle contained by the parts. 3 


Let the firaight ine AB be divided into any two parts in Cif 3 
the ſqu⸗ re of "AB is equal to the ſqueres of AC, CB, and % 
twice the rectangle contained by AC, CB. 3 ö 
a 46. 1. Upon AB de ſcribe ® the ſquare ADEB, and join BD, an: 3 0 
b 37. 1. through C draw CGF parallel to AD er BE, 2 through 64 | 
draw HK parallel to AB or DE: And becauſe CF 5 parall- 1 09 
C 29. . AD, and BD fails upon them, the exterior angle LGC; is equal 1 I 
d 5. 1. to the interior and oppolite angle ADB; but ADB is equal d tf I 
the angle ABD, becauſe BA is equal co AD, being fides of :| 
ſquare; wherefore the angle CGB is equa! to the angle 68607 
e 6. 1. and therefore the fide BC is equal © to the fide CG: But CB i: 4 
f 34. 1. equal f alſv to GK, and CG to BK; wherefore the 80 SF 
CGEB is equilateral ; It is likewiſe reQungular ; for CG is pa- 


2 
rail 
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e fon 


erefore GCB is a right angle; and A 3 
ercfore alſo the angles * CGK, GKB 
0 polite to theſe are right angles, and 
W113 is rectangular: But it is alſo 
quilateral, as was demonſtrated ; where- 
7 de it is a ſquare, and it is upon the 
: fide CB: For the ſame reaſon, HF alſo is 
quare, and it is upon the fide IG, Ed eee 
w ich 18 equal to AC: Therefore HF, ) Ih 1 
are the ſquares of AC, CB; and becauſe the complement 
Ac is equal 5 to the complement GE, and that AG 18 the rect- 
as contained by AC, CB, tor GC is equal to CB; therefore 
is allo equal to the rectangle AC, CB; wherefore AG, GE 
ate per to twice the rectangle AC, CB: And HF, CK are the 
ares of AC, CB; wherefore the four figures Hb. CK, AG, 


Arts 
OL, 


1 b) 


re 


gle AC, CB: But HF, CK, AG, GE make up the whole 
zure AD EB, which is the ſquare of AB: Therefore the {quare 
AB is equal to the tquares of AC, CB and twice the rectangle 
Ac, Ci3, Wherefore, if a ſtraight line, &. Q. E. D. 

1 Coz. f. From the demonſtration, it is manifeſt, that the paral- 
Mograms about the diameter of a ſquare, are likewiſe ſquares. 
i Cor. 2, Hence it is manifeſt, that the ſquares of two lines 
*AC, CB, and twice the rectangle contained by them, are toge- 

er <qual to the {quare of their ſum AB. 

Cos. 3. And if AC be equal to CB or CG, the fcur figures 
6, GE, HF, CK are ſquares, and are equal to one another ; 

the Pereſore AE is quadruple of CK. Conſequently the ſquaie 

the 3 line is four times the ſquare of the half of that line. 


PROP. V. THEOR. 


Fi 
1 UL, 
d % [Fa ſtraight line be divided into two equal parts, 


©, and allo into two miequal parts; the rectingle 
if ontained by the wnequil parts, together with the 
Wuare of the line between the points of leclivn, 18 
Wa! to the ſquare of halt the line. 


Let the ſtraight line AB be divided into two equal parts in the 
point C, aud into two uncqual parts at the Paint D; the reet- 
3 ile AD, DB, together with the Iquare of C, is equal to the 
wm PEE of C B. 

zur = Upon CB deſcribe * the ſquare CEFB, join BE, and through 
pa- draw > DIIG parallel w CH or BY ; and through II draw 
al — KL 


are equal to the ſquares of AC, CB, and to twice the rect⸗ | 
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el to BK, and CB meets them; the angles KBC, GCB are Boor. IT, 
refore equal to two right angles 1 ; and KBC is a right angle. 


c 29. 1. 
t 34. 1. 


a 46. I, 
b 3. 1. 


58 


Boox II. KLM parallel to CB or EF; and alſo through A draw AK px. 4 4 


WY NS 
C 43. 1. 


d 36, 1. 


e Cor. 4. 2. 


2 46. 1. 
b 31. 1. 


C 36. 1. 


4 42. 2. 


e Cor. 4, 2. rectangle contained by AD, DB, for DM is equal © to DB: 1 
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rallel to CL or BM: And becauſe the complement CH is equ:! WF 
© to the complement HF, to each of theſe add DM; therefore D 
the whole CM 15 equal tO the \ 6 18 


whole DF; but CM is equal 4 is * Te — | AK 
H . 


to AL, We AG 15 equal to 5 
CB; therefore alſo AL is e- IJ "4 
nal to DF: To each of theſe 
add CH, and the whole AH 
is equal to DF and CH: But 2 — 
AH 3s the rectangle contained F. ＋ F. 1 
by AD, DB, for DH i is equal © to DB; and DF, together with 
CH, is the gnomon MO; therefore the gnomon CMG is equ:) 
to the rectangle AD, DB: To each of theſe add LG, which 1; 
equal © to the (qu: re of CD; therefore the gnomon CMG, | 
together with LC, is equal to the rectangle AD: DB, togetber 
with the ſquare of CD: But the gnomon CMG and LG mat; mo 6 
up the whole figure CEFB, which is the [quare of CB: There. il 
fore the rectangle AD, DB, together with the ſquare of CD, 
is equal to the ſ iquare of CB, W herefore, i if a ſtraight line, &c. 
E.. 2 
Cor. From this propoſition it is manifeſt, that the difference c 
the ſquares of two nnequal lines AC, CD is equal to the re& 
angle contained by their lum AD and difference DB. YH 


PROP. VI. THEOR. 


F a firaight line be biſected. and produced to any 
point; the rectangle contained by the whole line 
thus produced, and the part of it produced, toge- 
ther with the {quare | of half of the line biſected, 9 . 
equal to the ſquare of the ſtraiglit line which is made 
up of the half and the part produce 1 


Let the ſtraight line AB he biſeQed in C, and produced to „ | 
point D; the TeQangle AD, DB, together with the ſquare of 
CB, is equal to the ſquare of CD, 5 

Upon CD deſcribe ® the ſquare CEFD, join DE, and throuzhi 
B draw > BHG parallel to CE or DF, and through H draw KL! iy 
parallel to K. or EF, and alſo th; rough. A draw AK parallel o 
CL or DM: And becauſe AC is equal to CB, the- reQangiell 
AL is equal © to CH; but CH is equal d to HF ; therefore al m 
AL is equal to HF: To each of theſe add CM; therefore ti 
whole AM is equal to the gnomon CMG: And AM 3s tl: 


t 
| 


Therefore the gnomon CMG is equal to the reftangle 95 7 f 
Db. 


OF EUCLID. 


DB, together with the ſquare of | g 
E, is equal to the gnomon [__ Fr mn N 
di and the figure LG: But the K L | 
Frnomon CMG and LG make up the | 

A vole figure CEFD, which is the 
auare of CD; therefore the rcct- | | 

B21 AD, DB, together with the F 
auare of CB, is equal to the 


uare of CD. Wherefore, if a ſtraight line, Nc. Q. E. D. 


or PROP. VII. THEOR. 

h F a ſtraight line be divided into any two parts, 
16, Wh the ſquares of the whole line, and of one of the 
"ol arts, are equal to twice the rectangle contained by 
ere. he whole and that part, together with the {quare 
D., t the other part. 


Let the firaight line AB be divided into any two parts in the 

point C; the ſquares of AB, BC are equal to twice the rectangle 

B, BC, together with the ſquare of AC, 

co Upon AB deſcribe * the ſquare ADEB, ard conſtruct the 
agure as in the preceding propoſitions: And becaule AG is 
qual * to GE, add to each of them CK; the whole AK is 

herefore equal to the whole CE; there- A 8 5 


bs 


any EE ore AK, CE are double of AK : But 
K, CE are the gnomon AKF together 


line vith the ſquare CK; therefore the gno- H — 


ge non AKF, together with the ſquare CK, | 
I, % double of AK: But twice the rectangle | 
ade RAB, BC is double of AK, for BK is 
qual © to BC: Therefore the gnomon 
KF, together with the ſquare CK, is D iz 
equal to twice the rectangle AB, BC: 
o each of theſe equals add HF, which is equal to the ſquare of 
; therefore the gnomon AK, together with the ſquares 
uk, HE, is equal to twice the rectangle AB, BC and the ſquare 
\ Lf AC: But the gnomon AKF, together with the ſquares CK, 
cl 1 HF, make up the whole figures ADEB and CK, which are the 
angle 4 quares of AB and BC: Therefore the ſquares of AB and BC 


WO 

4 
o the 
re 0. 
1 _ 4 E. 


_ 
Co 
. 


ouzh 


re equal to twice the rectangle AB, BC, together with the 
e tech f AC. Wheref if a ſtrai i 

etie ſquare o f erefore, if a ſtraight line, &. Q. E. D. 

s 11:8 C H it is manifeſt. th . 

DB OR. Hence it is manifeſt, that the ſquares of two lines AB, 


c are equal to twice the rectangle AB, BC contained by theſe 


AD 
B: 


” 
* 


* 2 
nes, together with the ſquare of their difference AC, 
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ps Aad to each of theſe LG, which is equal to the ſquare of Book II. 
Es; therefore the rectangle AD, A C B b 2 


a 46, 1. 


b 43. Is 


c Cor. 4. 2. 


0 
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Book II. 
2 PROP. VIII. THOR. 


de N. FF a ſtraight line be divided into any two parts, for 
1 times the rectangle contained by the whole line 
and one of the parts, together with the ſquare of th: 
other part, is equal to the ſquare of the itraight ling 
which is made up of the whole and that part. 


Let the ſtraight line AB be divided into any two parts in tt. 


point C; four times the rect angle AB, BC, together br the 
{quare of AC, 1 15 equal to the ſquare of the ſtraight line made 


of AB and BC together. 
Produce AB to D, ſo that BD be equal to CB, and upon - "= 


deſcribe the quare eAEFD ; ; and conſtiuct two figures ſucli as 1 


ane ee preced ing. Becauſe GK is equal to CB, and CB to I 05 

b Cor. 4. 2. GK is qual to BD: and GR, BN are baue deſcribed ui 
them; therefore GR is equal to EN, and the fide KR to t 
fide BK: and becauſe Bl is cqual to KR, t the rectangle AK; 


e 36.1, equal © to MR: but Ak is equa} © to KF; therefore MR Y | 


equal to KT: And becauſe MP is equal 


A. 7 33 Df 
* to PL, for they are the complements 


0 43 1. 


equal to BN, the whole MR is cqual 


to PL, BN together: and AK, KF are | 3] i | R | I 


each of them <qual to MR; therefo: [ 10 14 
PL, BN together, and the three Ak, . | > 


KF, MR, are all equal, and fo are qua- | 
druple of one of them AK: but PL, . 


BN, together with AK, KF, MR, make I e 3 


up the guomon AOH ; therefore the 


gnomon AOH is quadruple of Ah: and becaufe AK is the reC4 | 


angle contained by AB, BC, for BK is equal to BC, four time 
the rectangle AB, BC is quadruple of AK: But the gnomal I 


—_ 


 AOH was Jomonſirated to be quadruple of AK; therefore tou 
4 Cor. 4.2. 


times the rectangle AB, BC is equal to the gnomon AO 
To each of theſe add XH, which is equal 4 to the ſquare d Y 


arall c | yl 1 
of the parallelogram ML; and GR is _ 8 wo | . 


— 


AC: Therefore four times the rectangle AB, BG. eie 1 4 


with the ſquare of AG, is equal to the gnomon AOH and t! 
{quare XII: But the gnomon AOH and XH make up d 


figure ALF D, which 1s the ſquare of AD: Therefore four tima : 
the rectangle AB, BC, together with the iquare of AC, 1 I 


equal to the ſquare of AD, that is, of AB and BC added tod 
gcther in one ſtraight line. Wheref fore, i a ftraicht line, 8 


E, D. 


1 
, "1 
1? 
a \# a+} 


- 


ll 
=. 
* 


| 1 
ad EGF a right angle, for it is — * 
0 ual © to the oppoſite angle ECB, 2 


Con. Hence, four times the reg angle contained by two lines Boox II. 


AB, BC, together with the {ſquare of their difference AC, 1 WW 


| « ; dual to the ſquare of their ſum AD. 


PROP. IX. THEOR. 


ai 
þ Fa ſtraight line be divided into two equal, and alio 


into two unequal parts; the us res of the two un- 


e qual parts are together double of the iquare of half 


ie line, and of the ſquare of the line berw een the 


n 4 points of fection. 


Loet the flraight line AB be divided at the point C into two 


tual, and at D into two unequal parts: The ſquares of AD, 
: 3 PB are together double of the iquares of AC, CD. 


| From the point C draw * CE at right angles to AB, and a 11. 1. 
ake it equal to AC or CB, and join EA, E; - through D draw 
| DF Parallel to CE, and through F draw FG parallel to AB; þ 1 


q 3 join AF: Then, becauſe AC is equal to CE, the angle 


CAC 15 equal © to the angle ALC 3 and becauſe the angle ACE C 5. 1. 
a right angle, the two others AEC, EAC together make one 


= ght angle ©; and they are equal to one another; cach of them 4 32. 1. 
a erefore is half of a right angle. For the ſame reaſon each of 
[1 1 xe angles CEB, EBC is half a right 2 


9 le; and therefore the whole N 


EB i is a right angle: And becauſe F< = 2 Ne _ 
e angle GEF is half a right angle, 


— — * ES 29. T, 


he remaining angle EFG is half a > G D J 


3 ght angle; therefore the angle GEF is equal to the angle 
0 Tr, and the fide EG equal * to the fide C: Again, becauſe f 6. 1. 


e angle at E is half a right angle, and FDB a right angle, for 
is equal © to the angle ECB, the remaining angle BFD is half 
of angle; therefore the angle at B is cqual to the angle 


B+, and the fide DF to * the fide DB. And becauſe AC is 


ual to CE, the ſquare of AC is equal to the ſquare of CE; 


1 Perefore the {ſquares of AC, CE are double of the ſquare of 


\C: But the ſquare of EA 1 is equal 5 to the ſquares of AC, g 47. 1. 
E, becauſe ACE is a right angle; therefore the ſquare of EA 


| double of the ſquare of AC: Again, becaute EG is equal to 


„the ſquare of EG is equal to the ſquare of GF; therefore 
e 9 of EG, GF are double of the ſquare of GF: but 
e ſquare of EF is equal | to the ſquares of EG, GF; therefore i 45. 1. 
c 1quare of EF is double of the {quare GF: And GF is equal 
to CD; therefore the ſanare of EF is double of the ſquare of h 34. f. 


$4 


Boox I. CD: But the ſquare of AE is likewiſe double of the ſquare « 
WY AG; therefore the ſquares of AE, EF are double of the ſquare; 


3 47. 1. 


AD, DF are equal to the ſquare of AF, becauſe the angle ADR 
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of AC, CD: And the ſquare of AF i is equal i to the ſquares o mt 
AE, EF, becauſe AEF is a right angle; therefore the fquare cn 
AF is double of the ſquares of AC, CD: But the ſquares 3 


is a right angle; therefore the ſquares of AD, DF are double « 
the ſquares 3 of AG, CD: And DF is equal to DB; therefore . 
quares of D, DB are double 10 the ſquares of AC, CD. 
therefore a ſtraight line, &. Q. E. D. 


F a ſtraight line be biſected, and produced to a 
point, the ſquare of the w hole line thus produce 
and the ſquare of the part of it produced, are tone. 


ther double of the ſquare of half the line bifetc1 i 


and of the ſquare of the line made up of the han 
and the part produced. 


Let the ſtraight line AB be biſeQed in C, and produced to i: 
point D; the ſquares of AD, DB are double of the ares t 1 4 
AC, CD. t 

From the point C draw * CE at right angles to AB: 4: 

nake it equal to AC or CB, and join AE, EB ; through D dran 


DV parallel ® to CE meeting © EB 's ® 
produced in F, and through F 18 
draw FG parallel to AB meeting , 

© EC produced in &; and join | 1 
AF. W 

The demonſtration is the ſame — I 

with that of the preceding pro- ; 
poſition. 65 ry 


Cor. Hence, becauſe CD is half the ſum of AD, DB, for i Þ 
is equal to AC, DB together, and AC is half their differen! 4 
AB; it is 8 that the ſquares of two lines AD, DB ar 
together double of the ſquares of CD half their ſaw, nd al 
half their difference, $ 


PROP. XI. PROB. 


O divide a given ſtraight line into two parts, M 
that the reQangle contained by the whole, an x 
one of the parts, ſtall be equal to the ſquare of tl: 


other part, 3 
Lag 


| 


et AB be the given ftraight line; it is required to divide Boox II. 


| * 


A into two parts, ſo that the rectangle contained by the whole, 
4 5 one of the parts, ſhall be equal to the ſquare of the other 


< * 
p Ls 


Upon AB deſcribe * the ſquare AB DC; biſect d AC in E, a 45. r. 

Join BE; produce CA to F, and make © EF equal to EB; b A 
upon AF deſcribe * the ſquare FGHA; AB is divided in © 

o that the rectangle AB, BH is equal to the iquare of AH, 

Wroduce GH to K: Becauſe the ſtraight line AC is biſected in 

4 : and produced to the point F, the retangle CF, FA, toge- 

the: with the ſquare of AE, is equal © to the ſquare of 1 

Þt EF 15 equal bt EB; therefore the rectangle CF, FA, toge- 

er with the 5 RA of AE, 15 equal to the ſquare of EB: And 

x 1 of BA, AE are equal © to the F ; G e 47. 1. 

al £ E are of EB, ee the angle EAB 1s a 

ht angle; en the rectangle GE;---*- | 


Ted, together with the ſquare of AE, is g. 

[- F Tut to the ſquares of BA, AE: Take 11 B 
pay the ſquare of AE, which i is common A — 
both, therefore the remaining rectangle | — 


to i! * FA is equal to the ſquare of AB: 
res lf . nd the figure FK is the rectangle con- HE | 
u ned by CF, FA, for AF is equal to | 
AnY P; and AD is the ſquare of AB; there- | . | 
"> 


 dravie FK is equal to AD: Take away the 
4 mmon part Al, and the remainder FH C 

3 s equal to the rematader HD: And RD is the re angle con- 
Sued by AB, BH, for AB is equal to BD; and F! J is the 
are of AH : Therefore the reAangle AB, PB: L is equa | to the 
Buy are of AH: Wheretore the ſtraig ht line AB 1s divided in H, 
chat the rectangle AB, BH is equal to the ſquare of All. 

W hich was to be done. 


PROP. XII. THEOR. 


N obtuſe angled triangles, if a perpendicular be 
rann from any of the acute an, to the oppo- 
e ſide produced. the ſquare of rhe tide ſubtending 
: Pe obtuſe : inole, is greater than the ſquare s of the 
Jes containing the obtuſe angle, by twice the rect- 
| ls contained by the fide upon which, when pro— 
iced, the perpendicular falls, and the ſtraight line 
"Wtcrcepted, without the triangle, between the per- 
9 endicular and the obtuſe angle. 


Let 


56 


Book II. 


rr ACB, and from the point A let AD be drawn * perpendicular 1M 


4 12. 1. 


d 4. 2. 


8 47 I 


2 1%, I, 


B 7. 2. 


point D, or BD in C, the 4 8 of CB, BD are equzl * 
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Let ABC be an obtuſe anglcd triangle, having the obtuſe ang! 4 


BC produced : The ſquare of AB is greater than the — — Y 
AC, CB, by twice the rectangle BC, CD. 3 
Becauſe the {traight line BD is divided into two parts in 6 


point C, the ſquare of BD is equal ® & 4 

to the ſquares of BC, CD and twice — 
the rectangle BC, CD: To each of , / 2 
theſe equals add the ſquare of DA; * 


and the ſquares of BD, DA are equal 
to the ſquares of BC, CD, DA, and 
twice the rectangle BC, CD: But 
the” iquare of BA 15 equel-< to he £.0omb LE 2 
ſquares of BD, DA, becauſe the angle (> — By 3 | 
at D is a right angle; and the ſquare of CA is equal © to tir 
ſquares of CD, DA: Therefore the ſquare of BA is equal 3 
the ſquares of BC, CA, and twice the rectangle BC, CD; thay 
is, the ſquare of BA is greater than the ſquares of BC, CA, 1 
twice the rectangle BC, CD. Therefore, in obtuſe angled tri 
angles, &c. Q. E. D. 


[ 
c 


PROP. XIII. THEOR., 


N every triangle, the ſquare of the fide ſubtend 0 
ing any of "the acute angles, is leſs than the ] 
ſquares cf the fides containing that angle, by twicM 
the reQangle contained by either of thele ſides, and; 
the ſtraight line intercepted between the perpendiſ 
cular, let fall upon it from the oppoſite angle, auch 
the acute angle. 


Let ABC be any triangle, and the angle at B one of its acute 
angles, and upon BC, one of the ſides containing it, let fall thi 
perpendicular AD from the oppoſite angle: The ſquare of ack 
oppoſite to l 


the angle B, Al '£ 
is leſs than W x 
the ſquares , 
of CB, BA = 
by twice the | . = 
rectangle 1 | 
CB, BD. 2. ͤ 


> 1. 6 
Becauſe the ſtraight line CB is divided into two parts in ud 


TV. 
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To each of theſe equals add the ſquare of AD; therefore 
Se ſquares of CB, BD, DA are equal to twice the rectangle 
DB, BD and the ſquares of AD, DC: But the ſquare of 
n eis equal © to the ſquares of BD, DA, becauſe the angle 

A is a right angle; and the ſquare of AC is equal to the 
. ares of AD, DC: Therefore the ſquares of CB, BA are 
| Wual to the ſquare of AC and twice the rectangle CB, BD; 


1 
/ | X at is, the ſquare of AC alone is leſs than the ſquares of CB, 
NA by twice the rectangle CB, BD. Wherefore, &c. Q. E. D. 
a 3 Let A be the given rectilineal figure; it is required to deſcribe 
"$Wquare that ſhall be equal to A. 
one another, it is a it 
uare, and what was re- AN 
oduce one of them BE = 
F, and make EF equal * A” Fas 
, at the diſtance GB or 3 
F, deſcribe the ſemicircle BHF, and produce DE to H, and 
angle BE, EF, together with the ſquare of EG, is equal“ 
che ſquare of GF: But GF is equal to GH; therefore the 
e {quare of GH; therefore the rectangle BE, EF, together 
ich the ſquare of EG, is equal to the ſquares of HE, EG: 
It the rectangle contained by BE, EF is the parallelogram 
D, becauſe EF is equal to ED; therefore BD is equal to the 
herefore a ſquare has been made equal to the given rectilineal 
zure A, viz. the ſquare deſcribed upon EH. Which was to 


| PROP. XIV. PROB. 
Describe the rectangular parallelogram BCDE equal to the 
: tired is now done: But 
Ed, and biſect BF in 
in GH : Therefore, becauſe the ſtraight line BF is divided into 
tangle BE, EF, together with the Iquare of EG, is equal to 
ake away the ſquare of EG, which is common to both ; and 
are of EH; but BD is equal to the rectilineal figure A; 

done. 

H PRO P. 


O deſcribe a ſquare that ſhall be equal to a given 
rectilineal figure. 


4 
[) 
o the 


1 
'1 ctilineal figure A. If then the ſides of it BE, ED are equal 
they are not equal, 
: and from the centre 
o equal parts in the point G, and into two unequal at E, the 
e ſquare of GH: But the ſquares of HE, EG are equal © to 
e remaining rectangle BE, EF is equal to the ſquare of EH: 
W-retore the rectilineal figure A is equal to the ſquare of EH: 


in Ll 
Ji 0 1 
tilt 


4 


4 4 ice the rectangle contained by CB, BD, and the ſquare of Book II. 


C 47+ Is i 


a 45. Is 


b 5. 2. 


C 47 1. 
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Book II. 
i PROP. A. THEOR. x 
See N. N any triangle, the difference between the fquar 


of two of the tides is equal to twice the res 1 
angle contained by the bale, and the ſegment of 
intercepted between the perpendicular drawn i 
from the oppolite angle, and the point in which 


1s bitected, 


Let ABC be a trianple, of which the fide AB 1s greater «| 4 | 

a 10. 1. AC; and biſect * the baſe BC in D, and draw * AE perpendiſ 
b 12.1. cular to BC; the ſquare of AB is greater than the ſquare of AZ 
by twice the rectangle BC, DE. 2 

C 3. 1. Produce BC to F, and make © EF equal to EB: and becau % 


* * : 
"©. - > 
* * - be * 4 «„ 
- * 4 * * 1 88 — 1 
2 £ * 2 * EP — — re _——— _ a 
a - _ 2 8 


4 
{It 
© 


| 
BF is double of BE, and BC double of BD; the remainder ( * a 
is double of the remainder DE: And A XX. 
becauſe BF is divided into two cqual * . 
parts in the point E, and into two \ re 
unequal parts in the point C; the \ | 
rectangle BU, CF, together with the C 
d 5. 2. ſquare of CE, is equa! © to the ſquare "= 5 1 * L 


of BE: add to theſe equals the 4 
ſquare of EA; and the rectangle BC, CF, together with 1 9 4 
ſquares of CE, EA, is equal to the ſquares of BE, EA:  *# 
e 1. 2. the rectangle BC, CF is doable © of the reQangle BC, DE, ba 
f 47. 1. Cauſe CF is double of DE; and the ſquare of AC is equal * 
the (quares G Ci, EA, b. cauſe CEA is a right 3 F 
the {quare of AB 1s equal to the ſquares of BE, EA; ther 
fore twice the rectangle BC, DE together with the . 
AC, is equal to the ſu are of AB; that is, twice the rectangi 
BC, DE is equal to the exceſs Fr the ſquare of AB above M8 
tquare of AC. Wherefore, &c. Q. E. D. 1 
g 4. 1. Cox Ard if AF be joined, the triangle ABF is iſoſceles 
hence it is waniiett, that if any ſtraight line AC be dre 
from the vertex to the baſe of an ifoſceles triangle ABF; dg 
ſquare of the fide AB is equal to the ſquare of the ne 19 


together with the rectangle BC, CF of the ſegments of f 
baſe. 


PROP. B. THEOR. 

HE ſquares of two ſides of a triangle are tog 

i thar double of the ſquare of half the baſe, alf 
of the iquire of the raight line drawn from t! 
vertex to biſect the bale. 
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4 a 7 P « f £73 p ] 1 Book II. 
et ABC be a triangle; and let the baſe BU be biſected“ in 
1 and join AD : the ſqueres of BA, AC together are double YR 


Gate the ſquares of BD, D. 4 16:4; 
re 9 1c he angles at D be right angles, the ſquare of BA 1s equal 
1 o the ſquares of BD, DA, and the {quare of AQ to the ſquares b 4. r. 


- i 'Y; 5 : 

” 6 CD, DA, or of BD, DA; therefore the quares of BA, AC 

to 0 double of the ſquares of BD, DA. : 

ch nut, if the angles at D be nor right angles. from A draw © © 32. 1. 
9 CT perpendicular to BC: and becauſe BC is biſccted in D, the 


* 
* 


Snares of BE, EC are double © of A d 6.5; 
9 Wo e ſquares of BD, DE: add to theſe | | 


perl. 
F A 


* 


We ſquares of BE, EC, together with 


ice the ſquare of EA, are donble of 
Dune ſquares of BD, DE, EA: And T3 5 * 
er N e ſquare of DA is equal * to the 2 1 
oares of DE, EA, becauſe DEA is a right angle; ther- fore 
4 Qt e ſquares of BE, EC, together with twice the {quare of EA, 
e double of the ſquares of BD, DA: but the ſquare of BA is 
ual b to the ſquares of BE, EA, aud the ſquare of AC to the 
3 Wuares of CE, EA: therefore the fquares of BA, AC are 
= zual to the ſquares of BE, EC, together with twice the ſquare 
EFA; and it has been demonſtrated, that the ſquares of BE, 
C, together with twice the ſquare of FEA, are doable of the 
SWHuares of BD, DA; therefore the ſquares of BA, AC are 
Wu ble of the ſquares of BD, DA. Wherefore, &c. Q. E. D. 


PROP. C. THEOR. 


E ſquares of the two diameters of a paral- 
0 Jclogram are together equal to the ſquares of 
four ſides. 


Let ABCD be a parallelogram, of which the diameters are 

C. BD; the ſquares of AC. BD together are equal to the 
uares of the four ſides AB, BC, CD, DA. 

Let AC, BD cut one another in E: and becanſe AC meets the 
rallels AD, BC, the alternate angles DAE, BCE are equal *; a 29. 1. 
d the angle AED is equal Þ to its vertical angle BEC; there- b x. 1. 
Pre two angles of the triangle AED are equal to two of the 

tangle BEC; and the ſides AD, BC, oppotite to equal angles, 

Fe alſo equal; therefore their other ſides are equal ©, each to e 26. 1. 
ach, viz. AE to EC, and BE to ED: and becauſe AE is 
aun from the vertex A of the triangle BAD, to biſect the 
: 5 H 2 haſe 


8 7 ͤ —— ! — > 
* _ *, 5 * 
— 1 4 — — 
4 2 — 7 
4 7 oft _— * — * - 
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Book IT. baſe BD; the ſquares of BA, AD are double d of the ſquar 1 
of BE, EA. For the ſame reaſon, the ſquares of BC, C18 
d B. 2. are double 4 of the {ſquares of BE, EC, or of BE, EA. Y 


© 3Cor-4.2. ſquare of BD 1s 


cauſe EC is equal to EA: therefore the ſquares of BA, al . 
BC, CD are quadruple of the ſquares of BE, EA: but 0% 
quadruple © of OF 
the ſquare of BE, becauſe BD is 2 
double of BE; and the ſquare 
AC is quadruple © of the ſquare 
of AE; therefore the ſquares of 
BD, AC are quadruple of the 
ſquares of BE, EA: and it has 
been proved, that the ſquares of 1 
the four ſides are quadruple of BE, EA; therefore the ſquare 
of BD, AC are equal to the ſquares of the four fides AB, vi 
CD, DA. Wherefore, &c. QE. D. 

Cor. Hence it 1s manifeſt, that the diagꝛieters of a rene \ 
gram biſect one another, 3 


* 
13 
2 


, : 
«þ 
49 
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3 DEFINITIONS. 


= 

2 FIT . 

N arch of a circle 1s any 2 of the circumference. Book. III. 
. 2 


Whord i is any ſtraight line 1n a circle, terminated both ways by 
5 Who circumference, 
IJ. Omitted, 
2 II. 
| x raight line is ſaid to touch 
circle, when it meets the 
Eircle, and being produced, 
Aoes not cut it. 
: © ! 
cles are ſaid to touch one 
Wnother, which meet, but do 
Pot cut one another. 
IV. 
aight lines are ſaid to be equally di- 
Want from the centre of a circle, 
ehen the perpendiculars drawn to 
em from the centre are equal. 

V. 
d the ſtraight line on which the 
rreater perpendicular falls, is ſaid to 
e farther from the centre. 


ric 


4 
5 
1 


* þ* * 7 
We. 
5 

* 
N 
1 
f 
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Boox III. | VI. 

AA ſegment of a circle is the figure con- 
tained by a ſtraight line, and the part 
of the circumference it cuts off. 

VII. Ornitted. 
I.. 

An angle in a ſegment is the angle con- 
tained by two ſtraight lines drawn 
from any point in the arch of the 
ſegment, to the extremities of the 
ſtraight line which is the baſe of the 
ſegment. 


IX. 

And an angle is ſaid to ſtand upon the 
arch intercepted between the ſtraight 
lines that contain the angle. 

X. 

The ſector of a circle is the figure con- 
tained by two ſtraight lines Jraws irom 
the centre, and the arch between them. 


> 4 # 

Similar ſegments of a circle, are 
thoſe in which the angles are 
equal, or which contain equa 
angles. 


PRO. I. PROB. 


1 O find the centre of a given circle. 


Let ABC be the given circle; it is required to find it 3 ; 
centre. 2 

> 75.7, Draw within it any ſtraight line AB, and biſe& a it in D 

Þ 11.1. from the point D draw DC at right angles to AB, and prot 

duce it to E, and biſect CE in F: The point F is the centre 

the circle ABC. 5 

For, if it be not, let, if poſſible, G be the centre, and jo 

GA, GD, GB: Then, becauſe DA is equal to DB, and P 

common to the two triangles ADG, BDG, the two ſides A 

DG are equal to the two BD, DG, each to each; and the ba 

GA 1s equal to the baſe GB, becauſe they are drawn from ti 


ce het 
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3 Eitre G“: Therefore the angle ADG is equal © to the angle Book III. 


DB: But when a ſtraight line ſtanding vpva another ſtraight 8 
je makes the adjacent angles equal to one 0 © 8. 5 


other, each of the angles is a right . 
Pele “: Therefore the angle GDB is a 
aht angle: But FDB is likewiſe a right 

ile - wherefore the angle FDB is equal F 


4 


d 20 def. 1; 


1 
e 


4 


Þ the angle GDB, the greater to the OT | 


s, which is impoſſible : Therefore G 


A . 7. 

\ 'Y not the centre of the circle ABC : 41 17 
che ſame manner it can be thewn, that 
o other point but F is the centre; that Iv 

JI. F is the centre of the circle ABC: Which was to be found. 


Cor. From this it is manifeſt, that if in a circle a ſtraiohi 
ine biſect another at right angles, the centre of the circle i3 it: 


Fc line which biſeRs the other, 


PROP. II. THEOR, 


\ ; | 

r any two points be taken in the circumference of See N. 

E | a circle, the ſtraight line which joins them ſhall . 
lll within the circle. 1 
Let ABC be a circle, and A, B any two points in the cir- 

oumference; the ſtraight line drawn CG 

From A to B hall f:]1 within the circle. 

== Take any poiut E in AB; and find * s 1. % 
N =) the centre of the circle, and Join 


RD, DB, DE, aud let DE meet che 
ircumference iu F: Then, becauſe DA 
= <qual to DB, the angle DAB is A 
$$qual * to the angle DBA; and becauſe | 
k. 2 fide of the triangle DAE, is 7 * $4: bo 
Produced to B, the angle DEB is greater © than the angle DAE ; 


p "Ii : : C 16. f. 

ut DAE is equal to the angle DEE; therefore the angle DEB 

1 f greater than the angle DBE. But to the greater angle the 
reater tide is oppoſite ©; DB is therefore greater than DE: 4 19. l. 


b. 1 But DB is equal to DF; wheretare DF 1s greater than DE; 

= ne point E 1s therefore within the circle: and E is any point in 
l he ſtraight ling AB; therctore AE tails within the circle ABC, 
Vhe refore, if any two points, &c. Q. E. D. 


* 


477 I n 
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ba 
n the 


PROP. 
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VN. B. Whencver the expreſſion “ ſtraight lines from the centre,“ or 
drawn from the centre, ocguts, it is to he underſtocd, that they are 
ran to the circumſcrençe. 
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Book III. 
WY PROP. III. THEOR. 


F a ſtraight line drawn through the centre of! * 
circle piſect a ſtraight line in it which does 9 9 
paſs through the centre, it ſhall cut it at 8 
angles; and, ik it cuts it at right angles, it 1:8 Fir 
biſect it. i 9 ö 


Let ABC be a circle; and let CD, a ſtraight line draw . 
through the centre, biſect any ſtraight line AB, which does 1: 

paſs through the centre, in the point F: It cuts it alſo at rig 
angles. | 

a 1. 3. Take * E the centre of the circle, and join EA, EB: mes 
becauſe AF is equal to FB, and FE common to the two tri 
angles AFE, BFE, there are two fides 1a the one equal to tw 
18 ſides in the other, and the baſe EA is equal 
ö " bs. x, to EB; therefore the angle AFE is equal“ 
be! to BFE: But when a ſtraight line ſtanding 
upon another makes the adjacent aagles 
c 10. def. i. equal, each of them is a right © angle: 'There- 
fore each of the angles AFE, BFE 1s a right 

angle ; wherefore the ſtraight line CD, 
drawn through the centre biſecting another 
AB that does not paſs through the centre, 
cuts the ſame at right angles. 1 Y 

But let CD cut AB at right angles; CD alſo biſeQs it, chal 

is, AF is equal to FB. | 
The ſame conſtruction being made, becauſe EA, EB roa I 
d 5. 1. the centre are equal to one another, the angle EAF ; is e A 
to the angle EBF; and the right angle AFE is equal to i 4 
right angle BFE : Therefore, in the two triangles EAF, £3 
there are two angles in one equal to two angles in the other 
and the file EF, which is oppoſite to one of the equal ang! 

e 26. 1. in each, is common to both; therefore the other ſides are e nal 3 
AF therefore is equal to FB. W. herefore, if a ſtraight li 10 2 

&c. Q. E. D. i 


| 
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PROP. IV. TEE OR. 


b in a circle two ſtraight lines cut one anotheif 3 
which do not both pals through the centre, the T 
do not biſect each the other. C8 


Let ABCD be a circle, and AC, BD two ſtraight lines in '$ 4 , 


which cut one another in the point E, and do not both pal 5 
through the centre: AC, BD do not biſect one another. 1 


"I 
n o a 
8 8 
4 5 7 
- 
aa ann  -- 4 
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If one of the lines paſs through the centre, it is plain that it Boos III. 
0 hnot be biſected by the other which does not paſs through the 
4 tre: But, if neither of them paſs 
ot nl ough the centre, let, if poſſible, AE 
$ 0 equal to EC, and BE to ED, and 
rig e F the centre of the circle, and Þ a 1. 3. 
su in EF: And becauſe FE, a ſtraight D 
7 line through the centre, diſects another 
LC which does not paſs through the 15 F. 
1128 3 C tre, it ſha!l cut it at right ® angles; 
es no 1 erefore FEA is a right angle: A- 
ri Min, becauſe the ſtraight line FE biſeQs the ſtraight line BD 
Which does not paſs through the centre, it ſhall cut it at right“ 
The! gles; wherefore FEB is a right angle: And FEA was ſhewn 
0 1 be a right angle; therefore FEA is equal to the angle FEB, 
o ti e leſs to the greater ; which is impoſſible: Therefore AC, 
A BD do not biſe& one another. Wherefore, if in a circle, &c. 


E. D. 
PROP. V. & VI. THEOR. 


PF two circles meet one another, they ſhall not have see N. 
: the ſame centre. 


"8 Let the circumferences of the two circles ABC, CDG mect 
e another in the point C; the circles have not the ſame 
Entre. 

th Por, if it be poſſible, let E be their centre: Join EC, and 
> aw any ſtraight 

from EFG meet- 

vio g them in F 

0 tl d G: And be- 

ru Wuſce E is the 

ther ntre of the cir- 
nge 4 lc ABC, CE is 

al *4 8 jual to EF: A- 

lin 6 ain, becauſe E. 
the centre of 

e circle CDG, 

E is equal to EG: But CE was ſhe wn to be equal to EF; therefore 

F is equal to EG, the leſs to the greater; which is impoſſible: a 

herefore E is not the centre of the circles ABC, CDG. 

harefore, if two circles, &c. Q. E. D. 
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PROP. VII. THEOR. 


F any point be taken in the diameter of a cir. AF 
which is not the centre, of all the ſtraight lin 
which can be drawn from 1t to the circumference, che! * 
greateſt is that in which the centre is, and the othel * 
part of that diameter is the leaſt; and, of any othe:; 
that which 1s nearer to the line which paſſes throus:X 
the centre is always greater than one more remote 
And from the fame point there can be drawn only 
two ſtraight lines that are equal to one another, oe 
upon each fide of the ſhorteſt line. it 


Let ABCD be a circle, and AD its diameter, in which i 
any point F be taken which 1s not the centre : Let the centre b. 
E; of all the ſtraight lines FB, FC, FG, &c. that can i» 
drawn from F to the circumference, FA i is the greateſt, and "Dy 
the other art of the diameter AD, is the leaſt; and of tlie 
others, FB is greater than FC, and FC than FG. 1 

Join BE, CE, GE; and becauſe two ſides of a triangle 8 
greater? than the third, BE, EF are greater than BF; but Aw 
is equal to EB; the crafors AE, EF, IM 
that i- AF, is greater than BF: A. B 
gain, becauſe BE is equal to CE, and — 
FE common to the triangles BEEF, c \ 
CEF, the two ſides BE, EF are equ 1 \ 
to the tõo CE, EF; but the arvic . | 1 
BE F 1s greater than the angle CI“; | =” 


. WY © * * 1 
therefore the baſe BF is greater “ K Pay — 


than the baſe FC: For the ſame G 
reaſon, CF is greater than GF: A- : 
gain, 8 GF, FE. are greater * 

than EG, and EG is equal to ED; 8 
GF, FE are greater than ED: Take away the common 5 
FE, and the remainder GF is greater than the remainder we a 
Therefore FA 1s the greateſt, mg FD the leaft of all the ſtray Wo | 


1 


Alſo there can be drawn only two equal i lines fron X | 
the point F to the c:rcumference, one upon cach fide of = 
ſhortelt line FD: At E in EF. mike © the angle FEH equal to 1 
GEF, and join FH: Then becauſe GE is equal to EH, and ETI Y 
common to the two triangles GEF, HEF; the two 54 C 
EF are equal to the two HE „ and the angle GEF is equa | 4 


te 
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4 =. equal to FG: For, if there can, let it be FK; and be- 
115 1 uſe FK is equal to FG, and FG to FH, FK is equal to FH; 
Mat is, a line nearer to that which patles through the centre, 15 


ti ul to one more remote; which is 1mpoſlible, Ty if 


. 


(1 y point be taken, &c. Q. E. D. 

nen 

uv: PROP. VIII. THEOR. 

AY Tf any point be taken without a circle, and ſtraight 

on lines be drawn from it to the circumterence, 

"FF hereof one paſſes through the centre; of thoſe 
ich fall upon the concave circumference, the 


h 1 1 reateſt is that which puſſas through the centre; 
ad of the reſt, that which is nearer to that through 
e centre, is always greater than the more remote: 
1 at of thuſe which fall upon the convex circumfe- 
1 nce, the leaſt is that between the point without 
F$De circle, and the diameter; and of the reſt, that 
WS hich is nearer to the leaſt is always lets than the 
3 * hore remote: And only two equal ſtraight lines can 

e drawn from the point unto the circumterence, one 
1 pon each tide of the le t. 


= 5 Let ABC be a circle, and D any point without it, from which 
| | t the ſtraight lines DA, DE, DF, DC be drewn to the cir- 

umference, whereof DA paſſes through the centre. Of thoſe 
Which fall upon the concave part of the circumference AEFC, 
A e greateſt is AD which paſſes through the centre ; and the 
earer to it is always greater than the moie remote, viz. DE 
ban DF, and DF than DC: But of thoſe which fall upon the 


5 oint D and the diameter AG ; ; and the nearer to it is always 
FD ess than the more remote, viz. DK than DL, aud DL than 
i «01 DH. x 

cl = Take * M the centre of the circle ABC, a. join ME, MF, 


4 Bic, Mk, ML, MH: And becauſe AM is equal to ME, add 


I D to each, therefore AD is equal to EM, MD; but E M, 
the MID are greater d than ED; therefore alſo AD is greater than 
al to XD: Again, becauſe ME is equal to MF, and MD common to 
| il e triangles EMD, FMD; EM, MD are equal to FM, MD; 


GER | 3 Rut the angle EMD is greater than FMD ; therefore the vaſe 
qual ED is greater c than FD : In like manner, it may be thewn, 
to "74 Hat * is greater than CD: Therefore DA is the greateſt; 


gon vex circumference HLKG, the leait is DG between the 
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4 . EF; therefore the baſe FG is equal * to FH: But, beſides Boox III. 
no other ſtraight line can be drawn from F to the aromas. 92 


d 4. 1. 


A Is 3. 


b 20. 1. 


C 24+ Is 


Book III. and DE greater than DF, and DF than DC : And becauſe Mig 
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KD are greater o than MD, and MK is equal to MG, the re. the * 
mainder KD is greater © than the | 
remainder GD, that is, GD is leſs 
than KD: Ang becauſe MK, DK 
are drawn to the point K within the 
triangle MI. D from M, D, the ex- 
tremities of its ſidè MD; MK, KD 
are leſs © tha: ML, LD, whereof 
MK is equal to ML; therefore the 
remainder DK is leſs than the re- 
mainder DL: In like manner it may 
be ſhewn, that DL is leſs than DH: 
Therefore DG 1s the leait, and DE 
leſs than DL, and DL than DH : 
Alſo there can be drawn only two 
equal ſtraight lines from the point 
D to the circumference, one 17 
each fide of the leait: At M, 
MD, make the angle DMB Ack to DMK, and join DB- thy 
And becauſe MK is equal to MB, and MD common to the tri. - 
angles KMD, BMD, the two ſide: KM, MD are equal to the . 
two BM, MD; and the angle KMD is equal to BMD ; there. 
fore the baſe DK is equal * to DB: But, beſides DB, ther: 
can be no ſtraight line drawn from D to the circumference equa 
to DK: For, if there can, let it be DN; and becauſe DK is 8 | 
equal to DN, and alſo to DB ; therefore DB is equal to PN 
that is, the nearer to the leaſt equal to the more remote; which 7 


is impoſſible. If, therefore, any point, &c. Q. E. D. 


* 
1 


PROP. IX. THE OR. 


F a point be taken within a circle, from which there bes 
FU more than two equal firaight lines to 'the ci 
cumfere:ice, that point is the centre of the circle. 


Let the point D be taken within the circle ABC, fron 
which to the .tFcumfſerence there fall more than two equal 
ſtrai£ht lines, viz. DA, DB, DC, the point D is the centre off 
the circ]-. 

For, if not, let E be the centre, join DE, and produce it to 
the circumt. rence in F, G; then FG is a diameter of the circle 
AKC: And becauſe in FG, the diameter of the circle ABC 
there is taken the point D which is not the centre, there can be 
drawn only two equal ſtraight lines from D to the circumtc- 

rencs: 
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tefore E is not the centre of the 


2 re. 

. ABC: In like manner, it may 

be F. wonftrsted that no other point 

bois the centre; D therefore 1s 

entre. Wherefore, if 2 point be F 
taken, &c. Q. KE. D. 
F 0 PROP. X. THEO R. 
| NE circumference of a circle cannot cut another 
1 . ( in more than two points. 

Ik it be poſſible, let the circumference ABC cut the NG 

ce DEF in more than two points, viz. in B, G, F; tak 
23.08 centre K of the circle ABC, and 
a. * KB, KG, KF And becauſe 
the hin the circle DEF there is taken ha 
* 2 point K, from which to the cir- 
here! * ference DEE fall more than two E 
_ pal ſtraight lines EB, KG, KF, 

k i888 pon! K is * the centre of the G F 
DN ae DEF : But K is alſo the centre 
hich che circle ABC; therefore the ſame 

iat is the centre of two circles 

t cut one another; which is impoſſible . Therefore one cir- 

Inference of a circle cannot cut another in more than two 
ere 
cir. PROP. XI. THEOR. 

PF two circles touch each other internally, the ſtraight 
rom line which joins their centres, being produced, 
qual YA all paſs through the point of contact. 
re of: 

45 Let the two circles ABC, ADE, of which ABC is the great- 
it to touch each other internally i in the point A, and let F be the 
* 4 ntre of the circle ABC, and G the centre of the circle ADE: 
ge firaight line which joins the centres E, G, being produced 
be ET 2nd G, paſſes through the point A. 
my For, if not, let it fall otherwiſe, if poſſible, as FGDH, and 

In AG: and becauſe in CH, the diameter of the circle ABC, 
there 


— 3 N 8 * 


e 1 2- but DA, DB, DC are all equal ; which 15 * Book III. 
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Book III. there is taken the point G which is not the centre, GH is 9 5 
LAM) leaſt line from it to the circumference *; therefore AG is great 9 


F. 
. 


Y 
7 
ey 

"= 

: 7 

* 


4 7. 3. than GH: But AG 1s equal to GD; 
therefore GD is greater than GH, the 
leſs than the greater; which is im- 
poſſible. Therefore the ſtraight line 
which joins the points F, G cannot 
fall otherwiſe than upon the point 
A, that is, it muſt paſs through 
it. Therefore, if two cucles, &c. 


Q. E. D. 
PROP. XII. THEOR. 


see N. TF two circles touch each other externally, ta 


A 


ſtraight line which joins their centres, ſhall pa 


through the point of contact. 


> 
= 
4 
* 


Let the two circles ABC, ADE touch each other external 


in the point A; and let F be the centre of the circle ABC, «MW 


G the centre of ADE: The ftraight line which joins the poi 


F, G ſhall paſs th:ough the point of contact A, 


For, if not, let it paſs otherwiſe, if poſſible, as FCDG, an 4 
join AG: and becauſe G is a point without the circle ABC, GU 


which lies between it and 2 

the diameter, 1s the lealt line B s þ 

from G to the circumfe- 1% 
a 8. 3. rence *; therefore GA is A IS; 


greater than GU: but GA 


is equal to GD; therefore 


DG is greater than GC, 5 33 355 Pg 1 


the leſs than the greater; 


which is impoſſible : Therefore the ſtraight line which joins tl 
points F, G ſhall not pals oiherwife than through the poin: of 
contact A, that is, it muſt pals through it. Therefore, it Ml 


circles, &c. Q. E. D. 


PROP. XIII. THEOR. 


than one. 


See N. - O *¹ circle cannot touch another in more poinM 


For, if it be poſſible, let the circle EBF touch the circM 

ABC in more points than one, in the points B, D; join BD 

"15 x1,1+ and draw * GH biſecting BD at right angles: Therefore, be 
cauſe the points B, D are in the circumference of each of t. 
Circ: 


OF EUCLID. 71 
1 | Jes, the ſtraight, line BD falls within d each of them: And Book. III. 
ir centres are © in the ſtraight line GH which biſects BD at —— 


b 2. 3. 
c Cor. 1. 3. 


nt angles; therefore GH paſſes through the point of contact“; d 11. 3. 
Wt it does not paſs through it, becauſe the points B. D are or 12. 3. 
4 Wthout the ſtraight line GH; which is abſurd: Therefore one 

cle cannot touch another in more points than one, 


PROP. XIV. THEOR. 


QUAL ſtraight lines in a circle are equally di- 

ſtant from the centre; and thoſe which are 
ually diſtant from the centre, ate equal to one 
| 2 bother. | 
et the ſtraight lines AB, CD, in the circle ABDC, be equal 
one another; they are equilly diſtant from the centre. 
Take E the centre of the ci:cle ABDC, and from it drawÞ at 3. 
. EG perpendiculars to AB, CD : Then, becauſe the ſtraight b 12.1. 


e EF, paſſing through the centre, cuts AB, which does not 
css through the centre, at right angles, 


/ alſo biſects © it: Wherefore AF is * .C C 3. 3. 
ual to FB, and AB double of AF. / N | 

_ r the ſame reaſon, CD is double of r. N \ 

. WE: And AB is equal to CD; there. 

= re AF is equal to CG: And becauſe |, "=p 


SE is equal to EC, the ſquare of AE \ 

equal to the ſquare of EC: But the U 

ares of AF, FE are cqual * to the | d 47. 1. 

are of AE, becauſe AF. is a right angle; and, for the like 

inn aſon, the ſquares of EG, GC are equa! to the ſquare of EC: 
berefore the ſquares of AF, FE are equal to the ſquares of 

6. GE, of which the ſquare of AF is equal to the ſquare of 


1G, becauſe AF is equal to CG; therefore the remaining 
EDU ore of FE is equal to the remaining ſquare of EG, and the 
be⸗ aght line FE is therefore equal to EG: But ſtraight lines in 
the eircle are ſaid to be equally diſtant from the centre, when the 
35 Sen perpendiculars 
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A 12. 1. 


Þ 20: Io 


Book III. perpendiculars drawn to them from the centre are eq 
U Therefore AB, CD are equally diſtant from the centre. 2 7 


"= 
2 I : 4 
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Next, if the ſtraight lines AB, CD be equally diſtant .. 
the centre, that is, if FE be equal to EG; AB is equal to ci þ - 
For, the ſame conſtruction being made, it may, as before, 
demonſt rated, that AB is double of AF, and CD double of 00 3 
and that the ſquares of EF, FA are equal to the ſquares of 8 | 
GC; of which the ſquare of FE is equal to the ſquare of "= Fo 
becauſe FE 15 equal to EG ; therefore the remaining ſquar: 
AF is equal to the remaining ſquare of CG ; and the itrai FI 
line AF is therefore equal to CG: And AB i is doubl- of 1 Y | 
and CD double of CG; wherefore AB is equal to CD. Theis 4 | 
fore equal ſiraight lines, &c. Q. E. D. | 


PROP. XV. THEOR. 


NE diameter is the greateſt ſtraight line in 
circle; and, of all others, that which is nes 

to the centre 1s always greater than one more 'Y 
mote ; and the greater is nearer to the centre th 
the leis. : 


Let ABCD be a circle, of which the diameter is AD, —9 1 a 
centre E; and let BC be nearer to the "= 
centre- than FG; AD 1s greater than 
any ſtraight line BC which is not a 
diameter, and BC greater than FG. 

From the centre draw * EH, EK per- 
pendiculars to BC, FG, and join EB, 
EC, EF; and becauſe ALE is equal to 
EB, and ED to EC, AD is equal to 
FB, EC: But EB, EC are greater“ 
than BC; wherefore, alſo, AD 1s greater 
than BC. 

And, becauſe BC 1s nearer to the centre than FG, rnd 


. lefs © than EK : But, as was demonſtrated in the precedii 


BC is double of BH, and FG double of EK, and the ſquat 
of EH, HB are equal d to the ſquares of EK, KF, of whiz 
the ſquare of EH is leſs than the ſquare of EK, becauſe EY 
leſs than EK ; therefore the ſquare of BH is greater than i 
ſquare of FK, and the ſtraight line BH greater than FK; 
therefore BC is greater than FG. 2 

Next, let BC be greater than FG ; BC is nearer to !| 
centre than FG, that is, the ſame conſtruction being made. E 


is leſs than EK : Becauſe BC is gremer than FG, BH likes! 


- 
; 
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rreater than FK: And the ſquares of BH, HE are equal © to 
MM ſquares of FK, KE, of which the {quare of BH is greater 
the ſquare of FK, becauſe BH is greater than FK; there- 
UL e the ſquare of EH is leſs than the ſquare of EK, and the 
Wight line EH leſs than EK. Wheretore the diameter, &c, 


PROP. XVI. THEOR. 


* 


+1” 
of 4 
. 4 


trail I 


| HE ftraight line drawn at right angles to the 
Ot WO diameter of a circle, from the extremity of it, 
mw e Is without the circle; and no itratzht line can be 


wn between that ſtraight line and the circumte- 
Noce from the extremity, ſo as not to cut the circle, 


Net ABC be a circle, the centre of which is D, and the dia- 
in ter AB; the ſtraight line drawn at right angles to AB from 
eu extremity A, ſhall fall without the circle. 
e rake any point E in AE, and join DE, and let it meet the 
tu n umference in C: and becaulc the two angles DAE, AED of 
triangle ADE ure together lets chan 22 4 
1 N. 5 


3 
7 


a= 


, 


greater ſide is oppoſite ; there. ® 
che fide DE is greater than DA ; 
== DC is «qual to DA; therefore 
Nis greater than DC, and the point 
i therefore without the circle: but 
E s any point whatever in AE; the re- 
Ak falls without the circle. 

ad every other ſtraight line drawn through the point A cuts 
circle; tor, let AF be any ftraight line, making the angle 
P leſs than the right angle DAE: and from the point D 
Fu 8” © DG perpendicular to AF, meeting the circumference in 
and becauſe DGA is a right angle, and DAG leſs than a 


[ 


cen 7 


quarl bt angle, DA is greater d than 
uh but DH is equal to DA; there- 


rn DH is greater than DG ; there- 
7 AF falls within the circle. Where 
. „ &c. Q. E. D. 
on. From this it is maniſeſt, that 
7 line which is drawn at 
t angles to the diameter of a circle 
the extremity of it, touches the 
2 le; and that it touches only in one 


point, 
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Book III. point, becaule, if it did meet the circle in two, it would {: 
WW within it *. Allo it is evident, that there can be but one Rraighl 
d 2. 3. line which touches the circle in the ſame point. 
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PROP. XVII. PROB. 


O draw a ſtraight line from a given point, eine 4 
without or in the circumterence, which {1 
touch a given circle. 


_ ; e . 
1 S | 8 8 2 CE 
- - +4 
0 * * — 2 
9 * - 5 F , _— . 
A 2 2 7 _— 
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Firſt, let A be a given point without the given circle BCD 

it is required to draw a ſtraight line from A which ſhall tous 

the circle. 9 

A 1. 3 Find * the centre E of the circle, and join AE ; and from 
centre E, at the diſtance EA, deſcribe the circle AFG ; fes 

b (1.1. the point D draw ® DF at right angles to EA, and join E 
AB; AB touches the circle BCD. "Ty 
Becauſe E is the centre of the 

circles BCD, AFG, EA 1s equal to 

EF, and ED to EB; therefore 

the two ſides AE, EB are equal to 

the two FE, IED, and they contain 

the angle at E common to the two 
triangles AEB, FED; therefore the 

baſe DF is equal to the baſe AB, 

and the triangle FED to the triangle 

AEB, and the other angles to the - 

0 4. 1. other angles ©: Therefore the angle EBA is equal to the an; 
EDF: But EDF is a right angle, wherefore EBA is a rig 

angle: And EB is drawn from the centre; but a ſtraight li 1 

drawn from the ExtrErmiey of a diameter, at right angles to“ 
dCor.16.3. touches the circle 4: Therefore AB touches the circle ; and 
1s drawn from the given point A. Which was to be done. 

But, if the given point be in the circumference of the ci 

as the point D, draw DE to the centre E, and DF at rig A. 


angles to DE; DF touches the circle © | 


PROP. XVIII. THEOR. E 


5 


F a fraight line touches a circle, the Ane b. 10 r 
drawn from the centre to the point of cont 


ſhall be perpendicular to the line touching tiY =: 
circle. 2 


Let the ſtraight line DE. touch the circle ABC in the pl 
C, take the centre F, and draw the freight line FC; FC is i * 
pendicular to DE. $8 


3 boy + þ 
4. bn. 
97 9 
N 
1 * 
2 K 
„ 
% 
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3 7 
1 , 


iu For, if it be not, from the point F draw a FBG perpendicular Boos. III. 
N -tc DE; and becauſe FGC is a right angle, GCF is ® an acute — 

1 woolc ; and to the greater angle the greater * fide is oppoſite : n 12. 1. 
Therefore FC is greater than FG : but A. : 12 + 
EC is equal to FB; therefore FB is 2 


*Freater than FG, the leſs than the great- 


th: ; which is impoſſible : Wherefore FG 

{11; not perpendicular to DE. In the F 
"Fame manner, it may be ſhewn, that no 
ther is perpendicular to it beſides FC, B, 


col that is, FC is perpendicular to DE. 


tou! Wherefore, if a ftraight line, &c. = — — 


PROP. XIX. THEOR. 


F a ſtraight line touches a circle, and from the 
point of contact, a ſtraight line be drawn at right 
f angles to the touching line, the centre of the circle 
N hall be in that line. 

D 


Let the ſtraight line DE touch the circle ABC in C, and from 
| let CA be drawn at right angles to DE; the centre of the 
ircle is in CA. 

For, if not, let F be the centre, if poſſible, and join CF: 
2 "rg Becauſe DE touches the circle ABC, A. 

ind FC is drawn from the centre to the 
mm Point of contact, FC is perpendicular * 
rig DE; therefore FCE is a right angle: 
ht But ACE is alſo a right angle; there- 
to! Pore the angle FCE is equal to the angle 
and FACE, the leſs to the greater; which is 13 

. mpoſſible: Wherefore F is not the centre 4 
cir Hof the circle ABC. lu the ſame manner, —— 
which is not in CA, is the centre; that is, the centre is in CA. 
rherefore, if a ſtraight line, &c. Q. E. D. 


PROP. XX. THEO R. 


HE angle at the centre of a circle is double 
of the angle at the circumference, upon the 


a 13. 3. 


= 
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t 110 it may be {hewn, that no other point py 
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M 
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ah 
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3 üg ame baſe, that is, upon the ſame part of the cir- 
cumference. 
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Boon III. cumference BC for their baſe; the angle BDC is double of wf 1 
el BAC, 4 . 


a 5. 1. 


See N. 


a 28. 3». 


equal to the whole BED, Wherefore, the angles, &c, Q. E. D 


THE ELEMENTS 


Firſt, let D the centre of the circle be 
within the angle BAC, and join AD, and 
produce it to E: Becauſe DA is equal 
to DB, the angle DAB is equal to the 
angle DBA; therefore the angles DAB, 
DB ars double of the angle DAB; 
but the angle BDE is equal ® to the angles 
DAB, DBA; therefore alſo the angle 
BDr. is double of the angle DAB : For 


the fam: reafon, the angle EDC is double of the angle DAC. 


Therefore the whele angle BDC is double of the whole ang}: ? W's 
BAC. 4 
Again, let D the centre of the circle be ®% 


without the angle BAC, and join AD, 
and produce it to E. It may be demon- 
rated, as in the ſirſt caſe, that the ang le 
EDC is double of the angle EAC, and 
that EDB, a part of the firſt, is double of 
EAB, a part of the other; therefore the jo 
remaining angle BDC is double of he 
remaining angle BAC. Therefore the — 
angle at the centre, &c. Q. E. D. 


PROP. XXI. THEOR. 


HE angles in the ſame fegment of à circle are 


equal ro one another. 


Let ABCD be a circle, and BAED a ſegment of it; th: 
angles in the ſegment BAED are equal to one another. 

Take F the centre of the circle, and A E. 
through it draw any ſtraiglit line AC 


cutting BD, and join BA, AD; and 


let BED be any other angle in the ſeg- | — \ 13 . y 


ment BAED : the angle BAD is equal 2 
to the angle BED. \ 
Join BE, CE : and becauſe the angle \ 
BTC is at the centre, and the ancle Y 
BAC at the circumference, and that 
they have the fame part of the ci: cumference, viz. BC, fo: 
their baſe; therefore the angle BFC is double of the angle 
BAC: For the ſame reaſon, the angle BFC is double of the angle 
BEC: therefore the angle BAC is equal to the angle BEC. 
In Ike manner, it may be demonſtrated, that the angle CAD 1 


equal to the angle (ED: therefore the whole angle BAD 1: 


PROT. 


OF EU CLI D. 


PROP. XXII. THE OR. 


HE oppoſite angles of any quadrilateral figure 
deſcribed in a cucle, are together equal to two 


"I8g1t angles. 


J 4 t ABCD be a quadrilateral figure in the circle ABCD; 
two of its oppoſite angles are together equal to two right 


4 . 

pole angle ADC is equal to the X. 2 

les CAB, ACB: To each of theſ2 5 

als add the angle ABC; therefore 2 

angles ABC, CAB, BCA are equal to the angles ABC, 

MDC: But ABC, CAB, BCA are <qual to two right angles; 

refore alſo the angles ABC, ADC are equal to two right 

les: In the ſame manner, the angles BAD, DCB may be 

un to be equal to two right angles. Therefore, the oppolite 

| eles, &c. Q. E. D | 

Con. If one of the ſides DA be produced to E, the exterior 

th. Wele EAB is equal to the interior oppoſite angle BCD. For 
B, BAD are equal © to two right angles; that is, to the 
"Wo angles BCD, BAD; therefore the angle EAB is equal 
ww BCD. | 


les. 

Join AC, BD; and becauſe the three angles of every tri. 
AC: ie are equal * to two right angles, the three angles of the 
ng!- angle CAB, viz. the angles CAB, ABC, BCA are equal to 

o right angles: But the angle CAB Was WY + 

i equal b to the angle CDB, becauſe N% ws 
y are in the ſame ſegment BADC; Sc \ 
che angle ACB is equal to the \ 

ö Ile ADB, becauſe they are in the | > 
| he ſegment ADCB: Therefore the 
/ 


1 


5 PROP. XXIII. THEOR. 


eo the ſame ftraight line, and upon the ſame 
A lide of it, there cannot be two ſimilar ſegments 
circles, not coinciding with one another, 


Ils it be poſlible, let the two fimilar ſegments of circles, viz. 
* FB, ADB, be upon the ſame ſide of the fame ſtraight line 
, not coinciding with one another: Then, becauſe the circle 


le cg cuts the circle ADB in the two points A, B, they cannot 
tone another in any other point *: One of the ſegments muſt 


refore fall within the other; let ACB fall within ADB, and 
A, 5 draw 
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a 32, 1. 


b 21. 3. 


a 10. 3. 
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Book III. draw the ſtraight line BCD, and join CA, DA: And becall 4 1 
. the ſegment AUB is ſimilar to the ſegment ADB, and that = 2 


b 11. def. 3. Iar ſegments of circles contain d 


c 16. 1. 


4 23. 3. 


ſtraight lines AB, CD; the ſegment AEB is equal to the 17 4 4 


THE ELEMENTS 


equal angles; the angle ACB is 
equal to the angle ADB, the exte- 
rior to the interior, which is im— 
poſſible ©. Therefore, there cannot 
be two fimilar ſegments of a circle 
upon the ſame fide of the ſame line, 


which do not coincide. Q. E. D. 


PROP. XXIV. THEOR. 


ImiLaR ſegments of circles upon equal ſtraigh * 
lines, are equal to one another. 4 


Let AEB, CFD be ſimilar ſegments of circles upon the eq, F 


ment CFD. = 
For, if the ſegment E Þ + 
AEB be applied to the = 
ſegment CFD, fo as the 33 yi Rv 
point A be on C, and -? FE 1 
the ſtraight line AB A B C = 


upon CD, the point B ſhall coincide with the point D, becau 
AB 1s equal to CD: Therefore the ſtraight line AB coincida 
with CD, the ſegment AEB muſt * coincide with the ſegma 
CFD, and therefore 1s equal to it. Wherefore ſimilar ſegmem 
SC. Q. E. D. 7 


PROP. XXV. PRO B. 


SEGMENT of a circle being given, to deſ cri 
the circle of which it is the ſegment. 


Let ABC be the given ſegment of a circle; it is required: * 
deſcribe the circle of which 1: is the ſegment. 1 ; 

Biſcct AC in D, and from the point D draw DB at rig 
angles to AC, and join AB. Firſt, let the angles ABD, B. * 
be cqual; then BB is equal © to DA, and therefore to DCS 
and becauſe DA, DB, DC are all equal, D is the centre of i 
circle 4: From the centre D, at 5 diſtance of any of the the 


And becauſe * centre D is in A, the ae ABC is 1 
ſemicircle. But if the angles ABD, BAD are not equal, a 


9 oo F EUCLID. — of 


eceſfary, to E, and join EC: And becauſe the angle ABE is SYN 
7 dal to BAE, BE is equal © to EA : And becauſe AD is equal © 23- 1. 
: 


3 BDC, and DE common to the triangles ADE, CDE, the two © ** ** 
\ J n 
_ C 


Fes AD, DE are equal to the two CD, DE, each to each; 
ad the angle ADE is equal to CDE, for each of them is a right 
Wcle; therefore the baſe AE is equal f to EC: But AE was f4.r. 
ew to be equal to EB; wherefore alſo BE is equal to EC: 


> _ Ind the three AE, EB, EC are therefore equal ; wherefore 4 d 9. 3. 9 
he l. is the centre of the circle. From the centre E, at the diſtance g 
"WF any of the three AE, EB, EC, deſcribe a circle, this ſhall k 
als through the other points, and be the circle of which ABC 5 
2 ſegment: And it is evident, that if the angle ABD be 5 
Freater than BAD, the centre E falls without the ſegment 3 
Bc, which therefore is leſs than a ſemicircle : But if the 3 
_ angle ABD be leſs than BAD, the centre E falls within the ſeg- t 
ecay ent ABC, which is therefore greater than a ſemicircle : i 
cida herefore a ſegment of a circle being given, the circle is de- 4 
ome! ribed of which 1t is a ſegment. Which was to be done, "wi 
men: vl 
A PROP. XXVI. THEOR, 7 
N equal circles, equal angles ſtand upon equal 1 
© | arches, whether they be at the centres or cir- 10 
cr! rumferences. 4 
Let ABC, DEF be equal circles, and BGC, EHF equal 1 
angles at their centres, and BAC, EDF at their circumferences : 41 
Ihe arch BKC is equal to the arch ELF. uf! 
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Bo THE ELEMENTS . 


Book III. Join BC, EF; and becauſe the circles ABC, DEF are eq * 
the Kraight lines drawn from their centres are equal: Thu 
fore the two ſides BG, GC are equal to the two EH, "i 

and the angle at G 1s equal to the angle at H; therefore tl 

a 4. 1. baſe BC is equal * to the baſe EF: And becauſe the angle at 
b 1. def. 3. is equal to the angle at D, the ſegment BAC is ſimilar b to N bi 
ſegment EDF; and they are upon equal ftraight lines BC, EI 
but fimilar ſegments of circles upon equal ſtraight lines 1 
© 24. 3. equal © to one another; therefore the ſegment BAC is equ 9 
to the ſegment EDF: But the whole circle ABC is equal 
the whole DEF; therefore the remaining ſegment BKC is equi Y 

to the remaining ſegment ELF, and the arch BKC to the arc 1 
ELF. Wherefore, in equal circles, &c. Q. E. D. . 


% 
L 


PROP. XXVII. THEOR. 


N equal circles, the angles which ftand upon oY 
arches, are equal to one another, whether thy 4 
be at the centres or circumferences. A 


Let the angles BGC, EHF at the centres, and BAC, * Dh 
at the circumſerences of the equal circles ABC, DEF, Y 
upon the equal arches BC, EF: The angle BGC is uf, 9 9 
the angle EHF, and the angle BAC to the Kd % EDF. For, i + 
the angle BGC be not equal to the angle EHF, at the point 00 


D 


3 23. 1, in the ſtraight line BG, make * the angle BGK equal to the 
b 26. 3. angle EHF; but equal angles ſtand upon equal arches b, when 1 
they are at the centre; therefore the arch BK is equal * EF: Bw: 
But EF is equal to BC; therefore alſo BK is equal to BC, i : 
leſs to the greater; which is impoſſible : Therefore the ancl 
BGC is not unequal to the angle EHF; that is, it is equal to it 
2 20. 3. And the angle at A is half © of the angle BGC, and the angle A N 
at D half of the angle EHF: Therefore the angle at A is cg I 
to the Ws at D, Wherefore, in vo circles, &c. Q. E. D. 
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eq, | | 
Tha, PROP. XXVIII. THE OR. 

„ bi 1 : . 

pre N equal circles, equal ſtraight lines cut off equal 
e at arches, the greater equal to the greater, and the 
to s to the leſs. 


1, 4 #1 


es „ Let ABC, DEF be equal circles, and BC, EF equal ſtraight 

equi es in them, which cut off the two greater arches BAC, EDF, 

dual a the two leſs BGC, EHF: The greater BAG 1s equal to the 

equ/eater EDE, and the leſs BGC to the leſs EHF. 

e ard Take * K, L, the centres of the circles, and join BK, KC, 
L, LF: And becauſe the circles are equal, the ſtraight lines 
* 


WM 
oe Rh” 


611 
ꝛal 18 
or, u : | 
it G Pom their centres are equal; therefore BK, KC are equal to 
| } 


3 L, LF; and the baſe BC 1s equal to the baſe EF ; therefore 


Book. III, 
ANY 


a 1. 3. 


e angle BK C is equal ® to the angle ELF: But equal angles b 8. 2. 


| pre the arch BGC is equal to EHF. But the whole circle 
AC is equal to the whole EDF; the remaining part therefore 


e 


pr the circumference, viz. BAC, is equal to the remaining 
part EDF. Therefore, in equal circles, &c. Q. E. D. 
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PROP. XXIX. THEOR. 


FI N equal circles, equal arches are ſubtended by 
the 1 equal ſtraight lines. | 
hen 


Let ABC, DEF be equal circles, and let the arches BGC, 
HF alſo be equal; aud join BC, EF: The ſtraight line BC is 


it: 
1, 
ul "2+ : 
. Frcles ABC, DEF are equal, the ſtraight lines from their 
Pentres are equal: Therefore BK, KC are equal to EL, 


e 


9 


BY and upon equal © arches, when they are at the centres; there- c 26. 3. 
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Bons III. LF, and they contain equal angles: Therefore the baſe by 6 


A 
D 
K 
„ 
BV > C 
" a, — 1 
— —— 


0 4. 1. is equal © to the baſe EF, Therefore, in equal circles, S Y | 
QE. D. 4 
PROP. XXX. PROB. | 5 ; 


O biſect a given arch, that is, to divide it into r 1 
equal parts. 7 


Let ADB be the given arch; it is required to biſect it. 3 
2 10. 1. Join AB, and biſe& * it in C; from the point C draw CT} 1 
b 11. 1 at right angles to AB, and juin AD, DB: The arch ADB! 9 n 

biſected in the point D. A 
Becauſe AC 1s equal to CB, and CD common to the tr. 
angles ACD, BCD, the two ſides AC, CD = 
are equal to the two BC, CD; and the 

angle ACD 1s equal to the angle BCD, 
becauſe each of them is a right angle; AR 

c 4. 1. therefore the baſe AD is equal © to the 
baſe BD: But equal ſtraight lines cut off A C | 
q 28. 3. equal d arches; the greater equal to the greater, and the ebf 
the lefs, and AD, DB are each of them leſs than a ſemicircle; 

d Cor. 1.3. becauſe DC paſſes through the centre 4: Wherefore the arc E- 

AD is equal to DB: Therefore the given arch is biſected in D. 3 : 
Which was to be done. 1 

Cok. Hence it is manifeſt, that the ſtraight line ; 
from the centre to biſect a chord, biſe&ts alſo the arch cu 
off by it; or if it biſect the arch, it biſects alſo the chord. Y 


PROP. XXXI. THEOR. 


N a circle, the angle in a ſemicircle is a rightl 3 
angle; but the angle in a ſegment greater than 

a ſemicircle is leis than a right angle; and the angle ll 
in a ſegment leſs than a ſemicircle, is greater than 
a right angle. © + 


OF EU CLI D. 


„ 
n 


t ABCD be a circle, of which the diameter is BC, and 
tre E; and draw CA, dividing the circle into the ſegments 
BBC. ADC, and join BA, AD, DC; the angle in the ſemi- 
ie BAC is a right angle; and the angle in the ſegment ABC, 
Which is greater than a ſemicircle, is lefs than a right angle; 
Wd the angle in the ſegment ADC, which is leſs than a ſemi- 
Z&rclc, is greater than a right angle. 
in AE, and produce BA to F; and becauſe BE is equal 
=D EA, the angle EAB is equal“ to EBA; allo, becauſe AE 
equal to EC, the angle EXC is equal „ 
CA; wherefore the whole angle 
Ac is equal to the two angles ABC, 
cz: But FAC, the exterior angle 
BW the triangle ABC, is equal“ to the 
o angles ABC, ACB; therefore the 
gle BAC is equal to the angle FAC, 
d each of them is therefore à right 
angl-: Wherefore the angle BAC in 
ſemicircle 1s a right angle. 
And becauſe the two angles ABC, BAC of the triangle ABC 
Nie together leſs 4 than two right angles, and that BAC is a 
aht angle, ABC muſt be leſs than a right angle; and ther: fore 
De angle in a ſegment ABC, greater than a ſemicircle, is leſs 
han a right angle. | 
And becauſe ABCD is a quadrilateral figure in a circle, any 
vo of its oppoſite angles are equal © to two right angles; there- 
Pore the angles ABC, ADC are equal to two right angles; and 
\ {ABC is leſs than a right angle; wherefore the other ADC is 
; ZEccater than a right angle. 


C 


CIT” 
U 2 Fa EY; 


2 2 


n n 
. r 
& 6 0G 1-44 
Ft 7 p x 
Aa . 


PROP. XXXII. THE OR. 


9 

Y [F a ſtraight line touches a circle, and from the 
A point of contact a ſtraight line be draw::, cut- 
ing the circle, the angles made by: this line, with 
1 he line touching the circle, ſhall be equal to the 
Ingles which are in the alternate ſegments of the 
circle. | 


rom the point D, let the ſtraight line BD be drawn cutting the 
ircle: The angles which BD makes with the touching line EF, 
1 a Mall be equal to the angles in the alternate ſegments of the 
rircle; that is, the angle FDB is equal to the angle which is in 
Ie ſegment DAB, and the angle BDE to the angle in the ſeg- 
ment BCD. 

* 1 From 


Let the ſtraight line EF touch the circle ABCD in D, and 
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a 5.1. 


b 32. 1. 


c ig. def. r. 


4 17. 1. 


e 12. 3. 
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Bonor III. 


A 11. bo 


Þ rg. 3, 
© 31. 3. 


d 32. 1. 


A 10. 1. 


b 31. 3. 


23. 1. 


d 11. 1 


THE ELEMENTS 


From the point D draw * DA at right angles to EF, 9 | 


take any point C in the arch BD, and join AB, DC, CB; and 


becauſe the ſtraight line EF touches the circle ARCD in the 4 


point D, and DA is drawn at right A. 


1 


angles to the touching line from the B 


point of contact D, the centre of the 
circle is d in DA; therefore the angle 
ABD in a.ſemicircle is a right © angle, | c 
and conſequently the other two angles 
BAD, ADB are equal © to a right 
angle: But ADF 1s likewiſe a right 
angle; therefore the angle ADF is 
equal to the angles BAD, ADB: Take E D F 


| 


from theſe equals the common angle ADB ; therefore the re. 1 
maining angle BDF is equal to the angle BAD, which is in the 


alternate ſegment of the circle; and becauſe ABCD is a quadri- 
lateral figure in a circle, the oppoſite angles BAD. BCD are 
equal © to two right angles; therefore the angles BDF, BDE, 


being likewiſe equal f to two right angles, are equal to the | $ 
angles BAD, BCD; and BDF has been proved equal to BAD: BY 
Therefore the remaining angle BDE is equal to the angle BUD BY 
Wherefore, if a ſtraight 


in the alternate ſegment of the circle. 


line, &c. Q. E. D 


PROP. XXXIII. PROB. 


PON a given ſtraight line, to deferibe a ſegmem Þ 
of a circle, containing an angle equal to a given 


rectilineal angle. 


Let AB be the given ſtraight line, and the angle at C the b 
given angle; it is required to deſcribe upon the given ſtraight 
line AB, a ſegment of a circle, containing an angle equal to itn We 


angle C. 

Firſt, let the angle at C be a right 
angle, od biſect * AB in F. and from 
the centre F, at the diſtance FB, de- 
ſcribe -the ſemicircle AHB; therefore 
the angle AHB in a ſemicircle is d equal 
to the right angle at C. 

But, 1f the angle C be not a right angle, at the point A, n 
the ſtraight line AB, make © the angle BAD equal to the angle 
C, and from the point A, draw 4 AE at right angles to AD; 
biſet * AB in F, and from F draw 4 FG at right angles to AÞ, 
and join GB: And becanſe AF is equal to FB, and FG common 
to the triangles AFG, EFG, the two fides AF, FG are equil 

| to 
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are 


b zuſe from the point A, the extremity of the diameter AE, AD 
$ drawn at right angles to AE, therefore AD * touches the f Cor. 16.3. 
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PROP. XXXIV. PROB. 


O cut off a ſegment from a given circle which 
5 ſhall contain an angle equal to a given rectili- 


ngle FBC equal to the angle 
Therefore, becauſe the ſtraight 
ine EF touches the circle ABC, 
Ind BC is drawn from the point 
f contact B, the angle FBC is 


D. 


point B, in 


D: 


equal © to the angle in the alter- 


Pate ſegment BAC of the cir 


cle : 


Bur, 
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the two BF, FG; and the angle AFG is equal to the angle Book III. 
G; therefore the baſe AG is equal * to the baſe GB; and 
circle deſcribed from the centre G, at the diſtance GA, ſhall e 4. 1 
through the point B; let this be the circle AHB: And be- 


'F Srcle ; and becauſe AB drawn from the point of contact A cuts 
e circle, the angle DAB is <qual to the angle in the alternate 
egment AHB =: But the angle DAB is equal to the angle C, 
*FHerefore alſo the angle C is equal to the angle in the ſegment 
IB: Wherefore, upon the given ſtraight line AB the ſeg- 
pent AHB of a circle is deſcribed, which contains an angle equal 


Jo the given angle at C. Which was to be done. 


Let ABC be the given circle, and D the given angle; it is re- 
guired to cut off a ſegment from the circle ABC that ſhall con- 
Pain an angle equal to the angle 
Draw the ſtraight line EF, 
zouching the circle ABC in the 
point B, and at the 
ine ſtraight line BF, make * the 
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Boos III. But the angle FBC is equal to the angle D; therefore the i | 


i, the ſegment BAC is equal to the angle D: Wherefore (18 
ſegment BAC is cut off from the given circle ABC, contain : 

an angle equal to the given angle D. Which was to be done, A l 

it 

PROP. XXXV. THEOR. AE, 

F two ſtraight lines within a circle cut one anothe. 

the rectangle contained by the ſegments of one eq 


a 3. 3. 


D' 5˙ 2. 


c 47. 1. 


12. 1. 


2 3. 3. 
b 5 2. 


them, is equal to the rectangle contained by the u 


ments of the other. Ip 
Let the two ſtraight lines AC, BD, within the circle ABG. 
cut one another in the point E; the rectangle contained b; 1 
EC is equal to the rectangle contained by BE, = F 
ED. D 
If AC, BD paſs each of them through ie 
the centre, ſo tliat E is the centre; it is evi . 


dent, that AE, EC, BE, ED, being all 
equal, the rectangle AE, EC is likewiſe B 4 
equal to the rectangle BE, ED. e 
But let one of them BD paſs through the centre, and cut ti 
other AC, which does net paſs through the centre, at rig 
angles, in the point E: Ihen, if BD be biſected in F, F 1s i" 
centre, join AF: And becauſe BD, which paſſes through MM 
centre, cuts AC, which does not paſs D 
through the centre, at right angles in E, | 
AE, EC are equal * to one another: And 
becauſe BD is cut into two equal parts in 
F, and into two unequal in E, the rect- by 


anole BE, ED, together with the ſquare 1 | | ; 


Ss ,- 
＋ 1 — 


of EF, is equl ® to the ſquare of FB; E 
that is, to the ſquare of FA,; but the E 
ſquares of AE, EF are <qual © to the B | 


iquare of FA ; therefore the reQangle BE, ED, together wit Y 
the ſquare of EF, is equal to the ſquares of AE, EF: Ty 
away the common ſquare of EF, and the remaining rectag 
BE, ED is equal to the remaining ſquare of AE; that is, 8 
the rectangle AE, F.C. = 
Next, let BD, which paſſes through the centre, cut the ol 
AC, which does not paſs through the centre, in E, but not 
right angles: Then, as before, if BD be biſeQed in F, F is 
centre: Join AF, and from F draw * FG perpendicular to A 
thercfore AG is equal * to GC; wherefore the rectangle A 
EC, together with the ſquare of EG, is equal ® to the ſquare WW 
Av 
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f 
4s 
"= 


q 
0 
1 


To each of theſe equals add the ſquare of GF; therefore Boos III. 
rectangle AE, EC, together with the ſquares of EG, GF, 282 
qual to the ſquares of AG, GF: 
the ſquares of EG, GF are equal © 


_—__ _ 


AF , 
2 
e 
. 


— xe 
r 


Ihe ſquare of EF; and the ſquares of TINY 9 
CF are equal to the ſquare of 1 
KF: Therefore the rectangle AE, | 
[heli , together with the ſquare of EF, 
nc equal to the ſquare of AF; that is, 
: ic: the ſquare of FB: But the ſquare 
rz is equal ® to the reQtangle BE, b 5. 2. 


. together with the ſquare of EF; 
refore the rectangle AE. EC, together with the ſquare of 
. is equal to the rectangle BE, ED, together with the ſquare 
EF: Take away the common ſquare of EF, and the remain- 
reckangle AE, EC is therefore equal to the remaining re&. 
= ple BE, ED. | 
aſtly, let neither of the ſtraight lines AC, BD paſs through 


JR centre: Take the centre F, aud 5 
e FE, and produce it to the circum- II D 
Sence in G, H: And becauſe the rect- 
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ut ti le XE, EC is equal, as has been 5 
rie rn, to the reftangle GE, EH; and [4 
eiche ſame reaſon, the rectangle BE, &. 5 1 
zu eis equal to the ſame rectangle GE, 4 
J ; therefore the rectangle AE, EC 1s 728 
gal to the rectaungle BE, ED. Where- 1 

| c e, if two ſtraight lines, &c. Q. E. D. A 
PROP. XXXVI. THEOR. 3 


F from any point without a circle, two ſtraight lines 
de drawn, one of which cuts the circle, and the 
ber touches it; the rectangle contained by the f 
hole line which cuts the circle, and the part of it | 
ichout the circle, ſhall be equal to the ſquare of the 
e which touches it. 


othe Let D be any point without the circle ABC, and DCA, DB 
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„ot e ſtraight lines drawn from it, of which DCA cuts the circle, 1 
is d DB touches the ſame : The reQangle AD, DC is equal to 1 
e {quare of DB. | 4.8 | 
Either DCA paſſes through the centre, or it does not; firſt, +59 
reit paſs through the centre E, and join EB; therefore the 3h 
= gle EBD is a right“ angle: And becauſe the ſtraight line AC 418. 5. $33 
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Boox III. is biſected in E, and produced to the point D, the Ka i 4 
uU, together with the ſquare of EC, is equal“ to the il | 


d 6. 2. 


C 47. 1. 


41. 3. 
e 1. 1. 
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of ED, and CE is equal to EB: There- 5 
fore the rectangle AD, DC, together 
with the ſquare of EB, is equal to the 
ſquare of ED: But the ſquare of ED |, 
is equal © to the ſquares of EB, BD, be- E 8 
cauſe EBD is a right angle: Therefore A E-% the 
the rectangle AD, DC, together with | 
the ſquare of EB, is equal to the ſquares | 
of EB, BD: Take away the common | 
ſquare of EB; therefore the remaining | 
rectangle AD, DC is equal to the ſquare | 
of DB. 

But if DCA does not paſs through 3 
the centre of the circle ABC, take d the centre E, and draws E” 
perpendicular © to AC, and join EB, EC, ED: And becad 
EF, which paſles through the centre, cuts AC, which does: 3 
paſs through the centre, at right angles, D 3 
it ſhall biſect f it; therefore AF is equal | 
to FC: And becauſe AC 1s biſected in F, 
and produced to D, the reQangle AD, 
DC, together with the ſquare of FC, is 
equal o to the ſquare of FD: To each of B 
theſe equals add the ſquare of FE; there- 
fore the reQangle AD, DC, together 
with the ſquares of CF, FE, 1s equal to 
the ſquares of DF, FE: But the ſquare 
of ED is equal © to the ſquares of DF, 
FE, becauſe EFD is a right angle; and 
the ſquare of EC is equal to the ſquare; 2 
of CF, FE; therefore the reckangle AD, DC, bender wis 
the ſquare of EC, is equal to the ſquare of ED: Anil 
is equal to EB; therefore the rectangle AD, DC, tegen f 
with the ſquare of EB, is equal to the ſquare of ED: 3M 
the ſquares of EB, BD are equal to the ſquare © of FD, C | 
cauſe EBD 1s a right angle ; therefore the rectangle AD. vil = 
together with the ſquare of EB, is equal to the ſquares of 19 
BD: Take away the common ſquare of EB; therefore the 
maining rectangle AD, DC 1s equal to the ſquare of * 
Wherefore, if from any point, &c. Q. E. D. 


j 


* ii 
4 1 
* . 
1 
95 £3 
ff 
7 
: 
5 
F 
* 
U ZY 
* 


du! 


"== By” 
_ 0 
N 


9 e 89 


n , 
r 
Be 
* 1 
N * 


le 9 Cor. If from any point without a circle, there be drawn Book III. 
ſqu s ſtraight lines cutting it, as AB, AC, A LYN 


Y rectangles contained by the whole 
7 es and the parts of them without the 


—— 
. 


- N — 
—— - 23 8 Ra 
. 1 1 
8323 22 842 


cle, are equal to one another, viz. F 
e rectaugle BA, AF to the rectangle 

84, AE: For each of them is equal to 

Mc ſquare of the ſtraight line AD which 

guches the circle. 
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PROP. XXXVII. THEOR. 


F from a point without a circle there be drawn 

two {ſtraight lines, one of which cuts the circle, 
Did the other meets it; if the rectangle contained 
the whole line which cats the circle, and the part 
it without the circle be equal to the ſquare of the 
Wie which meets it; the line which meets ſhall touch 
Die circie. 


C 


Let any point D be taken without the circle ABC, and from 
let two ſtraight lines DCA and DB be drawn, of which DCA 
SW: the circle, and DB meets it; if the rectangle AD, DC be 


F ul to the ſquare of DB; DB touches the circle. 
i 


Draw“ the ſtraight line DE touching the circle ABC, find 2 15. 3. 
Ws ccatre F, and join FE, FB, FD; then FED is a right d bas, 3, 
le: And becauic DE touches the circle ABQ, and DCA cats 
na the rectangle AD, 1G is equal © to the ſquare of DL : But c 36. z. 
_ Soc AD, DCC is, by hypotheſis, equal to the ſquare 
> 228 DB: Therefore the ſquare of DE L 
7). Ly <£4val to the ſquare of DB; and the 
7 Do ht line DE equal to the ſtraight 
88 DB : Aud EEE is equal to FB, 
erefore DE, EF are equal to DB, 
F 18 * and the baſe FD is common to the 
oo triwngls DEF, DBF; therefore 
cab e angle DEF is Equal * to the angle 
st; but DEF is a right angle, there- 
Pee «liv DBF is a right angle: Aud 
B. if produced, is a diameter, and the 
right line which is drawn at right 


N angles 
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Book III. angles to a diameter, from the extremity of it, touches * tj, 
WY circle; Therefore DB touches the circle ABC. _ Wherefore, i 
e 16. 3. from a point, &c. Q. E. D. 

Cor. Hence ſtraight lines DB, DE, drawn to touch a circ| 


ABC from the ſame point D without it, are equal to on: ul 
another, - & 


PROP. A. THEOR. 


JF . the oppoſite angles of a quadrilateral figure I: 
together equal to two right angles, and the cir. 3 
cumference of a circle pals "through three of theſt 
angles, it ſhall allo pals through the fourth. 


Let ABCD be a quadrilateral figure, of which the oppoſt: 
angles are equal to two right angles; and let the circumterenc 


of a circle paſs through the three points A, B, C; it ſhall all 
paſs through the point D. 


Join AC, BD: and if the circumfe— 
rence ABC do not paſs through D, let 
it, if poſſible, meet BD in the point 
E; and join AE, EC; therefore the 

a 21. 1. angle AEC is unequal * to the angle 
ADC: but becauſe ABCE 1s a quadri- 
lateral figure in a circle, the oppoſite 

b 22. 3- angles ABC, AEC are equal ® to two 
right angles: and the two ABC, ADC 
are alſo equal to two right angles ; therefore the angles ABC 
AEC are equal to the angles ABC, ADC : take away the com. 
mon angle ABC, and the remaining angle AEC is equal to tht 
remaining angle ADC: and they are 0 unequal, which is im. 
poſſible: Therefore the circumference ABC cannot but paß 
through D; that is, it paſſes through it. Wherefore, & i 
QE. D. 

Cok. 1. And if two triangles ACD, ACE, on the ſame bail 


AC, have their vertical angles at D, E equal to one another; 
the circumference which paſtes thro: oh 
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the points A, C, D, ſhall alſo pats AX 
through E. — 
In the circumference take any point | . 


B on the other fide of AC, and join 
AB, BC; the:efore ABC, ADC are 
equal Þ to two right angles: but ADC B \ 

is qual to AEC; therefore ABC, \ 5 
AEC are equal to two right angles; F 
wherefore the circumſerence ABC >> Pp f 
paſſes through the point E. 


p I 
rs. 
5 is. 
C 3 
e 
3 2 
. * * 


De of AC, and join AB, BC; 
Smicircle is a right angle ©; and ABC, ADC are therefore equal 
® two right angles. 
rough the point D. 


75 e lines AB, CF in the circle cut 


3 ut it ; 
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con. 2. If ADC be a right angle; the circumference of the Book III. 
cle, of which AC is the dia neter, ſhall paſs through the 8 
F- D. Take any point B in the circumference on the other 
therefore the angle ABC in the 


e 31.3. 


Wherefore the enn ABC paſſes 


PROP. B. THEOR. 


Er two ſtraight lines cut one another, and the rect- 
angle contained by the tegments of one of them 


Se equal to the rectangle contained by the ſegments 


the other; the circumference which paſſes through 
K$ree of their extremities, ſhall alſo pals through the 
Purth. 


ian ſtraight lines AB, CD cut one another in E; 


4 d let the rectangle AE, EB be equal to the rectangle CE, 
TD ; alſo let the circumference of a circle paſs through the 


Kree points A, C, B; it {hall alſo paſs through the point D. 


If not, let it, if poſſible, cut CD 
ſome other point F : and becauſe the \ 


one another in E, the rectangle AE, 
EB is equal * to the rectangle CE, 
1 Fr. but the rectangle AE, EB is 
} ual to the rectangle CE, ED.; there- 
Fore the rectangle CE, EF is equal to 
'F e rectangle CE, ED; and EF is 
herefore equal to ED: the leſs to the 
3 greater, which is impoſſible. Therefore the circumference 


\CB muſt paſs through the point D. Wherefore, &c, 
2 E. D. 
# Cor. Likewiſe, if the ſtraight line CD mect a circle in C, 
, 1 god meet a ſtraight line AB, which 
tuts the circle in the point E with- BOLL 


and the rectangle CE, ED be 
equal to the rectangle Ai, EB: it 


may be proved in the 1 ma ner, 


v? 


1 at the point D is in the circunife- 0 
Fence ; by uſing the Cor, to the 36th, 
Inſtead of the 35th, 
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PROP. C. THEOR, 


cular to that diameter; the rectangle contained hy 


the ſegment of it within the circle, and the ſes. 
ment between the extremity of the diameter and 
the perpendicular, is equal to the rectangle con. 
tained by the diameter, and the ſegment of it be. 


tween the {ame extremity and the perpendicular. 


Let ABC be a circle, of which AC is a diameter, and let DF 


be perpendicular to AC, and from the extremity A, let AB be 
drawn, meeting the circumference again in B, and the per. 


pendicular in E; the rectangle BA, AE is equal to the rectange | 


CA, AD. 
Join BC, CE; and becauſe ABC is an angle in a ſemicircle, 


4 31.3. it is a right angle ?; therefore the circle of which CE is a dia. 


b 2. Cor. meter, ſhall pais through B”: For the ſame reaſon, it ſhall! 


A. z. paſs through the point D: let this be the circle CBED : and 


; i 
S + ve Mag 4 7 
fe —*N / 


becauſe the ſtraight lines BE, CD, either cut one another in the} 


point A within the circle, or are drawn from the point A with: 
© 35. 3. or Out it; the rectangle BA, AE is equal © to the rectangle CA, 
Cor. 36. 3. AD. Wherefore, &c. Q. E. D. 


PROP. D. THEOR. 


F from two angles of a triangle, perpendicular | 
be drawn to the oppoſite ſides, the {ſtraight line] 
drawn from the third angle to the point where they“ 
meet, ſhall be perpendicular to the third fide «fr 


the triangle. 


Le: 


F a ſtraight line be drawn from the extremity «8 
the diameter of a circle, and meet a perpendi. 


8 oy p 
. "a wth. n 5 8 
. LS <a 


dg 


Y Of 
di. Amference of the circle, of which AF is the diameter, ſhall 
hy ſs through the points E, D *; there- A a 2. Cor. 
(og. Ne the angle DEF is equal ® to the 55 
ae Isle DAF, becauſe they are in the FM 
i ane ſegment DAEF. Again, becauſe 
In BDC, BEC are right angles, the cir- 
be. eamference of which BC 1s the dia- 
£ eter, ſhall paſs through D, E=; 
erefore the angle DEC is equal ® to 
DE "We angle DBC, becauſe they are in 
3 be "the ſame ſegment DEBC : bu: it has 
ber. gen proved, that the angle DEC is 
ngie "Whual to the angle DAF; therefore 
the angle CBF is equal to DAF: and 
rele, "he angle BFG is equal © to DFA; C 15+ Is 
dia. Merefore the remaining angle BGF is | 
ſhall Equal © to the remaining angle ADF ; that is, to a right angle; d 32. r, 
and amd ar 1s therefore perpendicular to BC, Wherefore, &c. 
. » D, 
6 IHE. 
the/ 
it.“ 
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et ABC be a triangle, and from the angles at B, C draw Bocx. III. 
2D, CE perpendiculars to AC, AB, and let them meet in F, WWW 


join AF meeting BC in G: AC 13 perpendicular to BC. 


I Join DE;: and becauſe ADF. AEF are right angles, the cir. 
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5 DEFINITIONS. 

F 5 4 J. | 

10 x4 Book IV. REcT1r.1NFAT. figure is ſaid to be inſcribed in anothe: 

N YRS rectilineal figure, when all the angles of the inſcribe} 

. ſigure are upon the ſides of the figure in which FRM 

1 it is inſcribed, each upon each. = 

' II. ; 

: In like manner, a figure is ſaid to be deſcribed "I 
about another figure, when all the ſides of 8 | 
the circumſcribed figure pats through the an- | | 
gular points of the figure about which it is deſcribed, exc 


through each. 
III. | 
A rectilineal figure is ſaid to be inſcribed 
in a circle, when all the angles of the in- 
ſcribed figure are upon the circumference 
of the circle. 
IV. 


A rectilineal figure is ſaid to be deſcribed 
about a circle, when each fide of the cir- 
cumſeribed figure touches the circumfe- 
rence of the circle, 


V. 

In like manner, a circle is ſaid to be inſeri- 
bed in a rectilineal figure, when the cir- 
cumference of the circle touches each ſide 
of the figure. 


VI. 
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VI. Book IV. 
circle is ſaid to be deſcribed about a rectilineal figure, when WI 


= the circumference of the circle paſſes through all the angular 
points of the figure about which it is deſcribed, 

& ſtraight line is ſaid to be placed in a circle, when the extre- 
mities of it are in the circumference of the circle, 


PROP. I. PROB. 


N a given circle to place a ſtraight line, equal to a 
given ſtraight line, not greater than the diameter 
the circle. 


Let ABC be the given circle, and D the given ſtraight line, 
pt greater than the diameter of the circle. 
Draw BC, the diameter of the circle ABC; then, if BC is 
ua to D, the thing required is done; for in the circle ABC a 
aight line BC 1s placed equal to 
But, if it is not, 80 is 
Feater than D; make CE equal 
to D, and from the centre G, 
che diſtance CE, deſcribe the 
grcle AEF, and join CX: There— 
Pre, becauſe C ts the centre of 
be circle AEF, CA is equal to 
E; but D 1s equal to CE; 
Perefore D is equal to GA: Wherefore, in the circle ABC, a 
Rraight line is placed equal to the given ſtraight line D, which 


not greater than the diameter of the circle, Which was to 
done, 


PROP. II. PROB. 


N a given circle, to inſcribe a triangle equiangular 
to a given triangle. 


Let ABC be the given circle, and DEF the given triangle; it 
required to inſcribe in the circle ABC a triangle equiangular 
© the triangle DEF. 

> Draw * the ſtraight line GAH touching the circle in the 
| Pat A, and at the point A, in the ſtraight line AH, make 
che angle HAC equal to the angle DEF; and at the point A, 
in the ſtraight line AG, make the angle GAB equal to the 
ele DFE, and join B U: Therefore, becauſe HAG touches 
i circle ABC, and AC is drawn from the point of contact, 


the 
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Book IV. the angle HAC is equal © to the angle ABC in the alternate {.,, 
ment of the circle: 
© 32+ 3. therefore alſo the angle ABC 
is equal to DEF: For the ſame 
reaſon, the angle ACB is equal 
to the angle DFE ; therefore 
the remaining angle BAC is 


d 32.1, equal © to the remaining angle 
EDF : Wherefore the triangle 
ABC 1s equiangular to the tri- 
angle DEF, and it is inſeribed 
in the circle ABC. Which was to be done. 
PROP, 
See N, 
angular to a given triangle. 
cular to the triangle DEF. 
a 23. I 
b 17. 3. 
fore, becauſe LM, MN, NL touch the circle 
C 18. 3. 
d 16. 1, 
e 13. 1. 
f 2. Cor. I 
16.1, 
g 12. Ax. i. 


THE ELEMENTS 


BOUT a given circle, to deſeribe a triangle equi. 


Let ABC be the given circle, and DEF the given triangle 14 
it is required to deſcribe a triangle about the circle ABC equia 


Produce EF both ways to the points G, H, and find t 
centre K of the circle ABC, and from it draw any ſtraight liz 2 
KB; at the point K, in the ſtraight line KB, make * the ang 
BKA equal to the angle DEG, and the angle BKC equal tot 
angle DFH ; and through the points A, B, C, draw the ſtraight 
lines LAM, MBN, NCL. touching“ the circle ABC: Theie ; 
e ABC iu the poi 
A, B, C, to which 4 the centre are drawn KA, KB, KC . 
the angles at the points A, B, C, are right © ang les: And be 
cauſe the angles AKB. BK C are equal to DEG, DFH, ch 
are greater d than DEG, DEF, that is, greater than two right FE 
angles * ; therefore, if AC be joined, it all fall between K au 
Lf: and the angles ACL, CAL ſhall therefore be lefs than two 
right angles; wherecfore AL, CL ſhall meet &, if produced: I 
the ſame reaſon, they ſhall, each of them, meet MN: let tm 


meet in the points L, 
M, N: And becauſe the 
Ts angles of the qua- 
drilateral figure AMBEK 
are equal to four right 
angles, for 1t can be di- 
vided into two tri- 
angles; and that two of 
them KAM, KBM are 
Tight angles, the other 

two 


But HAC 1s equal to the angle DE; 


1 are ri 
kextrern 


nmeref. 
| be ci 


— nic 
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 Rwo AKB, AMB are equal to two right angles: But the angles Book. IV. i 
d, DEF are likewiſe equal © to two right angles; therefore bo. 
Ine angles AKB, AMB are equal to the angles DEC, DEF, © 13- 1. 1 
pf which AKB is equal to DEG; wherefore the remaining Wh 
Angle AM is equal to the remaining angle DEF: In like man- bv 
F er, the angle LNM may be demonſtrated to be equal to DFE ; + 
and therefore the remaining angle MLN is equal d to the re- h 32. 7. {A 
maining angle EDF: Wherefore the triangle LMN is equian- 1 
Þular to the triangle DEF: And it is deſcribed about the circle +3 
ABC. Which was to be done, 9 
| PROP. IV. PROB. 
| O inſcribe a circle in a given triangle. 
Let the given triangle be ABC; it is required to inſeribe a 
EZircle in ABC. 
Biſe& * the angles ABC, BCA by the ſtraight lines BD, CD ag. x. 
"© Feeting one another in the point D, from which draw ® DE, b 1. ,, 
"FF DF, DG perpendiculars to AB, 


BC, CA: And becauſe the angle 

EB is equal to the angle FBD, 
For the angle ABC is biſected by 

BD, and that rhe right angle BED 

I equal to the right angle BFD, F. 

e two triangles EBD, FB D have 

wo angles of the one equal to two 

Ingles of the other, and the fide / 

BD, which is oppoſite to one of the =>. 

qual angles in each, is common to 5 

doth ; therefore their other ſides ſhall be equal ©; wherefore c 26. x. 

E is equal to DF: For the fame reaſon, DG is equal to DF; 
erefore the three ſtraight lines DE, DF, DG are equal to 

dne another, and the circle deſeribed frem the centre D, at the 

liſtance of any of them, ll paſs through the extremities of 

he other two; and becauſe the angles at the points E, F, G, 

Fre right angles, and the ſtraiglit line which is drawn from the 
extremity of a diameter at right angles to it, touches d the circle; & 16. 2. 
merefore the ſtraight lines AB, BC, CA do each of them touch 

be circle, and the circle EFG is inſeribed in the triangle ABC. 


1 Which was to be done. 
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Book IV. PROP. V. PROB. 


See N, . . Is | . 
1 O deſcribe a circle abont a given triangle. 


Let the given triangle be ABC; it is required to deſcyib: 
circle about ABC. 


a 10. 1. Biſect * AB, AC in the points D, E, and from theſe pes 
b 11. 1. draw DF, EF at right angles d to AB, AC; DF, EF prod dad 


c12-Ax.1, meet one another ©: For, if DE be joined, the angles DEI @hclz 
EDF are leſs than the two right angles ADF, Ab F: Let the Ine 

meet in F, and join FA; alfo, if the point F be not in 50 

join BF, CF : Then, becauſe AD ts equal to DB, and D 4 it 

d 4. 1. common, and at right angles to AB, the baſe AF is equal it 


the baſe FB: In like man ner, it may be ſhow n, that CF is eau 
to FA; and therefore BY is equal to FC; and FA, FB, FC 
equal to one another; wherefore the circle deſcribed from 
centre F, at the diſtance of one of them, ſhall paſs through tH4 
ext remities of the other two; and be deſcribed about the triang! 
ABC Which was to be dot; 
Cor. And it is maniteſt, that, when the centre of the cir 
falls within the triangle, bb of its angles is leſs than a righ v 
angle, each of them being in a ſegment greater than a n 
circle ; but, when the centre is in one of the ſides of the trianlÞu . 
the angle oppoſite to this fide, being in a ſemicircle, is a rig 
angle; and, if the centre falls without the triangle, the andk T 
oppoſite to the fide beyond which it is, being in a ſegment 101 


than a ſemicircle, is greater than a right angle: Wherefore i 


the given triangle be acute anpled. the centre of the circle f gle 
within it; if it be a right angled triangle, the centre is in 1 th 
fide oppolite to the right angle; and, it it be an obtuſe a a 
triangle, the centre falls wi: hout the triangle, beyond the lik uy > 


oppoſite to the obtuſe angle. 


ph BET 
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PROP. VI. PROB; Bonk IV, 


— 


O inſcribe a ſquare in a given circle. 


ret ABCD be the given circle; it is required to inſcribe a 
are in ABCD 
Draw the diameters AC, BD at right angles to one another; 
"Md join AB, BU, CD, DA; becauſe BE is equal to ED, for 
is the centre, and that EA is common, A | 
at richt angles to BD; the baſe BA 7 
equal“ to the baſe AD; and, for the AN 
Wne reaſon BC, CD are each of them / | 
aal to BA or AD; therefore the B * OMB obs Ohh 'D 
Padrilateral figure ABCD is equila- M 
Wal. It is allo rectangular; for the dE 
nieht line BD, heing th» diameter Ss 
che circle ABCD, BAD is a ſemi- "LW 
E cle; wherefore the angle BAD is a right b angle; for the 
ne me reaſon, each of the angles ABC, BCD, CDA is a richt 
b ge; therefore the quadrilateral G,ure ABCD is reQtargular, 
D aic has been ſhown to be couliteral; therefore it is a ſquare; 
af lit is inſcribed in the circle ABCD. Which was to be done. 
14 
4 PROP. VII. PROB. 
1 1D | 
0 deſcribe a ſquare a' out a given circle. 
„et BCD be the given circle; it is required to deſcribe a 
1 uare about it. | 
"BY Drow two diameters AC, BD of the circle ABCD, at right 


* ches the circle ABCD, and EA is G 


" Fawn from the centre E to the point of 
4 Wntact A, the angles at A are right d 
„ peles; for the ſame reaſon, the angles 
the points B, C, D are right angles ; BR 


* 


9 — - — = = . — — — — 


E | 


„ egles to one another, and through the points A. B, C, D draw 
r, GH, HK, KF touching the circle: and becaute G 


* 


1 5 i 
d becauſe the angle AEB is a right 
gte, as hxewile is EEG, GH is pa- 


allel e to AC; for the ſame reuſon, AC 


arall 1 to FK; and in like manner, H 


C 


K 


ES, HK may each of them be demonſtrated to be parallel to 


ro; therefore the figures GR, GC, AK, FB, BK are paral- 


| Rlograms ; and GF is therefore equal 4 to HK, and GH to FK; 


N 2 


and 


6-4 ts 


b 31. 3. 


C 23. I's 


d 34. 1. 
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Boos TV and becauſe AC is equal to BD, and that AC is equal to ec 4 


4 10. 1. 
b 31. 1. 


e 34. Is 


d 29. . 
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of the two GH, FK; and BD to each of the two GF, HK: 
GH FK are each of them equal to GF or HK; therefore the 
quadrilateral figure FG HK is equilateral. It is alſo rectangular, 
for GBEA being a parallelogram, and AEB a right ang 


AGB © i, likewiſe a right angle: In the ſame manner, it nw 


be ſhown, that the angles at H, K, F are right angles; ther. 


fore the quadrilateral figure FGHK is rectangular, and it wa C 


demonſt rated to be equi] ateral ; therefore it is a ſquare ; and i 


15 deſcribed about the circle ABCD. Which was to be done, 


PROP. VIII. PROB. 


'To inſcribe a circle in a given ſquare. 


Let ABCD be the given ſquare; it is required to inſcribed 


circle in ABCD. 14 


Biſect each of the files AB, AD, in the points F, E, an 
through F. draw EH parallel to AB or DC, and throu; hf 
draw FK parallel to AD or BC; therefore each of the figure 
AK, KB, AH, HD, AG, GC, BG, GD is a parallelogran, 


and their oppoſite ſides are equal ©; and becauſe AD is equal ii 


AB, and that AE is the half >f AD, and ach the _ of N 


AE is equal to AF; wherefore the fides 


oppolite to theſe are equal, viz. FG to 5 —| 
GE. In the fame manner, it may be de- 2 8 
monſtrated, that GH, GK are each of 0 3 


them equal to FG or GE ; therefore the |, 
four ſtraight lines GE, GF, GH, GK. 
are equal to one another; and the circle 
deſeribed from the centre G, at the di- 
ſtance of one of them, {hall paſs through x 
the extremities of the other three; and 


becauſe the angles at the points E, F, H, K are right d angle 1 


and that the ſtraiglit line which 1s e from the extremit 
of a diameter, at right angles to it, touches the circle ©; ther 


fore each of the Kraight lines AB. BC, CD, DA touches th 


circie, whic:: therefore is inſeribed in the ſquare ABC 9 W hid : . 


was to be done. 


PRO!F | 


GED 
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FRO. IX. NOB. Book IV. 


O deſcribe a circle about a given ſquare. 


et ABCD be the given ſquare; it is required to deſcribe a 
[1 | cle about It. : 

Join AC, BD cutting one another in E; and becauſe DA is 
ual to AB, and AC common to the triangles DAC, BAC, 


two fides DA, AC are <qual to the 
&o BA, AC; and the baſe DC is equal X OI 


che baſe BC; wherefore the angle DAC % | 
2 a . 
© <£qual * to the angle BAC, and the | | . 
Nele DAB is d by the freight EN 
Sc AC: In the ſame manner, it may be : 
«> @monſtrated, that the angles ABC, BCD, B a 
Da are ſeverally biſected by the itc«ight 
n es BD, AC; therefore, becauſe the 
„ Wgle DAB is equal to the angle ABC, and that the angle 
e Az is the halt of DAB, and EBA the half of ABC; the 
n, Wgle EAB 15 equal to the angle EBA; wherefore the fide EA 
tl equal d to the fide EB: In the ſame manner, it may be de- b 6. 1 


r Fonſtrated, that the ftraight lines EC, ED are each of them 
y qual to EA or EB; therefore the fore ſtraight lines EA, EB, 
| | FC, ED are equal to one another; and the circle deicribed from 
tc centre E, at the diſtance of one of them, ihall paſs through 
He extremities of the other three, and be defuribed about che 


FSuare ABCD. Which was to be done. 


PROP. Xx. PROB. 


Io deſcribe an ifotceles triangle, having each of 
4 the angles at the baſe double of the third 
Angle. 


*” ow cn 
— 
8 * 2 © 


Take any ftraight line AB, and divide * it in the point C, fo a 11. 2 

hat the rectangle AB, BC be equal to the ſquare of GA; and 
IJrom the centre A, at the diſtance AB, deſcribe the circle BDE, 

in which place ® the ſtraight line BD equal to AC, which is not b 1. 4. 

Freater than the diameter of the circle BDE; join DA, * 

ind about the triangle ADC deſcribe © the clocks D; e 8.4 

triangle ABD is ſuch as is required ; that 1s, each of the an; 12 

Sh BD, ADB is double of the a: igle BAD. 

4 3 the rectangle AB, BC 15 equal to the ſquare of AC, 

and that AC is equal to BD, the rectangle AB, BC 1s equal to 


the 
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Book IV. the ſquare of BD; and becauſe from the point B without h. 


circle ACD two ſtraight lines BCA, BD are drawn to the ci. 


h C. 


I, 


e 9. 1. 


cumference, ene of * hich cuts, and the other meets the circk 
and that the rectangle AB, BC contained by the whole cf þ 
cutting line, a d the part of it without the circle is equzlt 
the ſquare of BD which meets it; the ſtraight line BD touclles 
the circle ACD ; and becauſe BD 2 
touches the circle, and DC is 

drawn from the point of contact 

D, the »ngle BDC is equal © to, 

the angle DAC in the alternate | 
ſegment of the circle; to each of 
theſe add the angle CDA; there- 
fore the whole angle BA is equal 
to the two ang les CDA, DAC; 
but the exterior angle BCD is 
equal to the angles CDA, DAC; 
therefore alſo BDA is ns to 
BCD ; but BDA 1s equ '} 5 to the 


angle ABD. becauſe the fide AD is equal to the fide AB; there. 
ABD, or DBC is equ- 1] to BCD; and conſequently the {il:} 
but BD was made equal to CA; there. 
and the angle CDA equal 8 to 


83 
BD is eau to DC; 
fore. alſo CA 1s equal to CD, 
DC; therefore the angles CDA, DAC together, are don: 
of the angle DAC: But BCD is <qual to the angles CDA 
DAC; therefore alſo BCD is double of DAC; and BCB 1 
equal to each of the angles BDA, DBA; each 
the angles BDA, DBA. is double of the angle DAB; 
fe re zn iſoſccles triangle ABD is deſcribed, having each of 

ne angles at the baſe double of the third ar. gle. 
N be don ne, 


PROP.-*&A 1; ©:PROB; 


inf iths an equilateral and equiangular perita- 
Ol in 4 given c Circle. 


'Q 
T 


Let ABCDE be the given circle; it is required to inſcribe an 


equilat eral and equi: .ngul ar pentagon in the circle ABCDE. 


Det ice 2 an ifofccles triangle FGH, having each of the 
angles at G, H, double of the angle at F; and in the ciicle 
ARCDE inſcribe d the triangle ACD equiangular to the tri- 
angle FGH, fo that the angle CAD be equal to the angle at F, 
and each of the angles ACD, CDA equal to the angle at G or 
II; wherefore each "of the angles ACD, CDA is double of the 
angle CAD: Biſect © the Lee ACD, CDA by the ſtraight 

Vin 


therefore ct! 
wnere-Þ 


Which wa: 


cb, DB; and join AB, BC, DF, EA. 


bp, Ack, ECD, 


i N A, B, C, D, 8 (rH, lit. KL, LM, 


EABCDE in the point C, to which FC is 
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tagon required. 


3 Becauſe each of the angles ACD, CDA 1s double of CAD, 


they are biſected by the Araight lines CE, DB, the five 


)B, BDA are equal to one 


4 other : But equal angles F 

ad upon equal d arches ; | K : 
retore the five arches AB, B d 26. 3. 
Ne. CD, DE, EA are equal by, 

one another: And equal 

Wch+-5 are ſubtended by equal / | 


Iſtraight lines ; therefore the & 
five {traight lines AB, BG, 

CD, Dx, EA are equal to one another, Wherefore the nen- 
" Tae ABCDE is equilateral. It is alfo equiang«lar ; becauſe 
He arch AB is equal to the arch DE: If to euch be added 
BCD, the whole ABCD is equal to the whcle EDCB: And 
Se angle AED ſtands on the arch AB 7 and the angle BAE 
0 the” arch EDUCB; therefore the angle B XE 1; equa) f to the 
Mile AED: For the ſame reaſon, each of the angles ABC, 
eb, CDE is equal to the angle B NK, or AED: T erefore 
thc Pentagon ABCDE 15 equiangular ; ad it has been ſ{ho-vn, 
at it is equilateral. Wherefore, in the given circle, an equi— 
Wtcral and equiargular pentagon has been inſcribed. Which 
as to be done. 


1 


PROP.: XII. PROR. 


O deſcribe an equilateral and equianzular penta- sse N. 
gon about a given Circle, 


Let ABC DE be the given circle; it is x 


45 required t C for] 5 
equilateral and equlangular pentagou about t 


BCDE. 


Ie Circle 


| Let the angles of a pentagon, inſeribed in the circle by the 
la 


{t propoſition, be in the 


int Sa A, . GC: D. E, ſo that the 
brches AB, BC, CD, DE, . le 


un! * 5 Re" through the a 4 - 
11, toucli- 


ng d the eitele; take the centre F. aud join FB, ER, FC, FL, 
FD: And b.cauſe the ſtrat: Sht line KL 


to menes the circle 
ran from the 
Fentre F, FC is perpendicular to KL; cer tore each of the © 18. 3. 
angles at C is a right angle : For tlie ſame reaſon, the angles 
bt the points B, D are right engles: Join BY; aud becauſe 


9 pe angles CBK, BCK are leſs than two right angles, CK, BK 
8 do 


ABCDE is the Poor IV, 
ANN 
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_—_ THE ELEMENTS Z 
Book IV. do meet *, if produced: For the ſame reaſon, LM meets 
2 GYM, and GH meets GM, HK: And becauſe BF is equi 
*12.A%.1. FC, and FK common to the triangles BFK, CFK, the two h 
FK are equal to the rwo CF, FK; and the baſe BK is equi 
dCor.37.3. the baſe KC, 4 becauſe they are drawn from the point K 
e 8. 1. touch the eie therefore the angle BFK is equal * 0 | 
angle KFC, and the angle BKH to FKC; wheretore the i 
BFC is double of the angle KFC, and BKC double of FK 4 
For the ſame r-aſon, the angle CFD is double of the angle ca 
and CLD double of CLF : And becauſe the arch BC is eg 

f 27. 3. to CD, the angle BFC is equal * to CFD; 15 BFC 1s doubl 3 
of KFC. and CFD double of A 
CFL; therefore the angle KFC 
is equal to CFL; aid the right 

angle FCK is equal to FCL: 
Therefore, in the two triangles 

FKC, FLC, there are two angles 

of one equal to two of the other, 

each to each, and the fide FC, 
adjacent to the equal angles, 1s 

| common to both; therefore the 
8 #0: 7+ other ſides ſhall be equal * to the IT C 1. 
other ſides, and the third angle to 
the third angle: Therefore KC is equal to CL, and the ang 
FK C to FLC: And becauſe KC is equal to CL, KL is doubt I 
of EC: In the ſame manner, 1t may be ſhown, that Hi 7 
double of BK : And becauſe BK is equal to KC. as was de! 
monſtrated. and that KL is double of KC, and HK double «KF: 

BK, HK ſhall be equal to KL: In like manner, it may Wk 
ſown, that GH, GM, ML are each of them equal to HNA 
KL: Therefore the pentzgon GHELM 1s equilateral. It 

alſo equiangular ; for, ſince the angle FKC is equal to FLC 
and that HKL is double of FKC, and KLM double of FLC, 2 

was before demonſtrated, the angle HEEL is equal to KLM 
And in like manner, it may be ſhown, that each of the a: gf 
EG, HGM, GML is equal to HK L or KLM: Therefore tt: 
pentagon GHKLM is equiangulzr: And it is equilateral, . 

was demonttrated ; and it is deſcribed about the circle ABC DEH 
Which was to be done. 


PROP, XIII. PROB. 


O inſcribe a circle in a given equilateral and equs- 
angular pentagon. 


E. 
8 


a 


3 
SU 
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'Y Let ABCDE be the given equilateral and equiangular penta- Book IV. 
n; it is required to inſcribe a circle in it. 8 
bl giſect the angles BCD, CDE by the ſtraight lines CF, DF, , 1 ke 
, a f:om the point F, in which they meet, draw the ſtraight 


es FB, FA, FE: Therefore, ſince BC is equal to CD, and 
"MF common to the triangles BCF, DCF, the two ſides BC, CF 


e equal to the two DC, CF; and the angle ECF is equal to 
cr; therefore the baſe BF is equal ® to FD, and the angle b 4. 
"> nr to CDF: And becauſe the angle CDE is double of CDF, 
1d that CDE is equal to CBA, and CDF to CBF; CBA is 
02 Wo double of CBF; therefore the angle ABF is equal to CBF; 


* Wherefore the angle ABC is bi- A 
"Þ&&ed by BF: In the ſame man- 2 
ger, it may be demonſtrated, that G- M 


he angles BAE, AED are bi- 
ected by AF, FE: From F draw , 

FG, FH, FK, FL, FM perpen- G Wt” 
diculars to AB, BC, CD, DE, , 


| | 
KA: And becauſe the angle HCF HN 

equal to KCF, and the right 

wgle FHC equal to FKC; in the 


triangles FHC, FK C there are two C ; | 1 

Ingles of one equal to two of the 

ther, and the fide FC, oppoſite to one of the equal angles in 

ach, is common to both; therefore the other fides ſhall be 

Equal 4, each to each; wherefore the perpendicular FH is equal a zs, 2. 
FK: In the ſame manner, it may be demonſtrated, that FL, 
M, FG are each of them equal to FH or FK: Wherefore the 

Wrccle deſcribed from the centie F, at the diſtance of one of theſe 

Ive, ſhall paſs through the extremities of the other four: And 


hs 
/ cs 
Ls 
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becauſe the angles at the points G. H, K, L, M are right 4 
V gles, and that a ftraight line from the extremity of a diameter 1 
vt right angles to it, touches © the circle ; therefore esch of e 16. 3 i 
be ſtraight lines AB, BC, CD, DE, EA touches the circle; 4 
5] Fherefore it is infcribed in the pentagon ABCDE. Which was 1 
he o be done. | I) 
41 ; | q 
97 PROP. XIV. PROB. i 
o deſcribe a circle about a given equilateral and " 

BF equiangular pentagon. 4 

: f : ff 
1. Let ABCDE be the given equilateral and equiangular penta- 1 
on; it is required to deſcribe a circle about it. iy 


© BileQ a the angles BCD, CDE by the ftraight lines CF, FD, ag. r. 
ad from the point F, in which they meet, draw the ſtraight 
E- 48 0 | lines 


10 


Book IV. lines FB, FA, FE to the points B, A, E. It may be demo! 
W ſtrated, in the ſame manner as in the preceding propofition, 8 
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x 
"41 Tra 

= WW 
=. 4 


that the angles CBA, BAE, AED are biſected by the itrai. h h 


lines FB, FA, FE: And becauſe the angle BCD is equal 
the angle CDE, and that FCD is the A. — 
half of the angle BCD, and CDF the — 
half of CDE; the angle FCD is equal f 5 
to FDG, wherefore the ſide CF is 3 . 
v6. 2. equal ® to the fide FD: In like man- {\ E | 
ner, it may be demonſtrated, that FB, | 1 
FA, FE are each of them equal to FC 5 a” 
or FD: Therefore the five ſtraight ——— 4 = D 
lines FA, FB, kC, FD, FE. are equal NFF BH, I 
to one another; and the circle deſcribed *y 
from the centre F, at the diſtance of one of them, ſhall paßt 1 
through the extremities of the other four, and be defcribdÞ a * 
about the equilueral and equiangular pentagon ABCDEIT MB 
Which was to be done. - ir 
Ws e 
PROP. XV. PROB. f Hai 
9 
O inſcribe an equilateral and equiangular hes Ara 
gon in u given circle. hex 
| | 
Let ABCDEF be the given circle; it is required to 1nſcrivÞ 3 20 
an equilateral and equiangular hexagon an it. E | 55 
2 1. 8. Find * the centre G, and draw the diameter AGD; and uÞ 3 8 
b 1. 4 the circle place d DC, DE, each equal to DG, and join EGI 
CG, and produce thein to the points B, F; and join AB, BOI, 
EF, FA: The hexagon ABCDEF is equilateral and equianguÞ# 
lar, | Nr 
Becauſe DE, EG are each of them equal to DG, the t 
angle EGD is equilateral; aud ther: fore its three angles EGT“ 
GDE, DEG are equal to one ano- A I 7 
c Cor. 5. 1. hci ©; and the three angles of a tri- 047 . 
d 32. 1, angle are equal 4 to two right angles; r 
therefore the angle EOD is the third B \ | 
part of two right angles: For the | 
ſame reaſon, the angle DGC is alſo 
the third part of two right angles: \ | A 
And becauſe the adjacent angles b. GC, C 
e 13. 1. CGB are equal © to two right angles; 


the remaining angle CGB is alſo the 
third part of two right angles ; there- 
fore the angles EGD, DGC, CGB 
are equal to one another: And to 

theſe 
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eſe are equal * the vertical angles BGA, AGF, FGE. : Boox IV. 


'herefore the fix angles at the point Cz are equal to one ano- 

er: But equal angles ſtand upon equal © arches; therefore f 1, ts 
We fix arches AB, Bu, CD, DE, EF, FA are equal to one $39 36 
other: And equal arches are ſubtended by equal * ſtraight K 29.13. 
es; therefore the fix kKraight lines are equal to one another, 

Ind the hexagon ABCDEF is equilateral. It is alſo equian- 

Falar; for, ſince the arch AF is equal to ED, to each of 

Meſe add the arch ABC D, therefore the whole arch FABCD 

Pall be equal to the whole EDCBA : And the angle FED 

Mands upon the arch FABCD, and the angle AFE upon 
FEDCBA; therefore the angle AFE is equal ! Oo FED: In the 1 25. 3. 
"Fame manner, it may be demonſtrated, that the other angles of 

Ke hexagon ABCDEF are each of them equal to the angle AFE 

= r FED: Therefore the hexagon is equiangular ; and it is equi- 

5 Jateral, as was ſhown; and it is inſcribed in the given circle 

* oo \BCDEF. Which was to be done. 

Cos. From this it is manifeſt, that the fide of the hexagon 

gs equal to the ſtraight line from the centre, that 1s, to the ſemi- 
Wiameter or radius of the circle, 

And if through the poiats A, B, C, D, E, F there be drawn 

Na. ſtraight lines touching the circle, an equilateral and equiangular 
Hexagon thall be deſcribed about it, which may be demonſtrated 
From "what has been ſaid of the pentagon ; and likewiſe a circle 
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ribe may be inſcribed in a given equilateral and equiangular hexa- 
* Pon, and circumſcribed about it, by a method like to that uſed 
. 0 Wor the pent- gon. 

md | 

uf 4 PROP. XVI. PROB. 


15 7 () inſcribe an equilateral and equiangular quin- 
E decagon in a given circle, 


N ee 
— * a ct 1 < 
— * 4 1 x 


Er ABCD be the gien circle; it is required to inſcribe 
4 En equilateral and equiangu- | 
F zer quindecagon in the circle — 
ABCD. / 
| | . Let AC be the fide of an / 
Fequilateral triangle inſcribed “ B 
| in the circle, and AB the fide | 
of an equilateral and equi an- f. 
_ pentagon inſcribed ? in 
the ſame; therefore, of ſuch 9 — 
equal parts as the whole cir= * \ Fa 
Jeumference ABCDF contains „ eee 
_ the arch ABC, being — 
0 2 the 


42 2 * 5 
a 1 
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Boor. IV. the third part of the whole, contains five ; and the arch a 
WC which is the fifth part of the whole, contains three; there 


c 30. 3. BC, their difference, contains two of the ſame parts: Biſcai 


d 1. 4 


* 


BC in E; therefore BE, EC are, each of them, the — 
part of the whole circumference ABCD : Therefore, if 10 
ſtraight lines BE, EC be drawn, and ſtraight lines equal:“ 
them be placed à around in the whole circle, an equilateral as 


equiangular quindecagon ſhall be inſcribed in it. Which wa? 1 


to be done. 


And, in the ſame manner as was done in the pentagon, i 4 
through the points of diviſion, made by inſcribing the quirc | 


cagon, ſtraight lines be drawn touching the circle, an equilz 


teral and equiangular quindecagon ſhall be deſcribed about it 


And likewiſe, as in the pentagon, a circle may be inſeribeds 4 
a given equilateral and cquiangular quindecagon, and circun 


ſcribed about it. * 


* 
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4 . 
| 4 DEFINITIONS. 
4 a5 


MAGNITUDE is ſaid to be contained once, in any magni- Book V. 
N tude not leſs than it, but leſs than its double: and it is www 

HA ſaid to be contained twice, in any magnitude not leſs than its See N. 

double, but leſs than its triple; and three times, in any not 

> leſs than its triple, but leſs than its quadruple: and fo on. 


4 8 1 * N 7 - 5 * * . C PE; * . " N | * hs at. ” 5 * N 
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4 1 
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Apart of a magnitude, is that which is contained in the magni- 
tude a certain number of times exactly. 
II. 
greater magnitude, which contains a leſs a certain number of 
times exactly, 1s ſaid to be a multiple of the leſs, 
f III. Omitted. 

B. 
Nultiplies, which contain their parts the ſame 
number of times, are called cquimultiples of 
their parts: And the parts are called ſimilar parts 
Jof their multiples. 
Ihus, if A be exactly three times B; then A is 
ſaid to be a multiple of B: and B is ſaid to be a 
part of A. | 
Abe triple of B. and C alſo triple of D; then 
A, C are called equimultiples of B, D; and B, 
P are called ſimilar parts of A, C. 


DO þÞ 
— bt ty — 


* 


IV. 
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Book. V. 


„ MMagnitudes are ſaid to have a ratio to one another, when ts 
leſs can be multiplied, ſo as to exceed the other ; that 


THE ELEMENTS 
IV. 


when they are terminated, and of the ſame kind. 


C. 


In a ratio, the firſt named magnitude is called the Anteceds 4 


Term, aud the other the Conſequent. 
V 


The firſt of four magnitudes 1s ſaid to have the ſame ratio tov 
ſecond which the third has to the fourth, when as muy 
times as any multiple of the firſt contains the ſecond, ſo ma 
times does the fame multiple of the third contain the fourth, 3 


VI. 
Magnitudes which have the ſame ratio, are called Proportion! 
N. B. When four magnitudes are proportionals, it is uſual 


expreſſed by ſaying, the firſt is to the ſecond as the third; 


the fourth. 
VII. 


If ſome multiple of the firſt contain the ſecond, a greater nun i 


ber of times than the ſame multiple of the third 
contains the fourth, then the firſt is ſaid to have 5 

to the ſecord a greater ratio than the third has {| 
to the fourth; and, on the contrary, the third is 
{aid to have to the fourth a leſs ratio than the firſt 
has to the ſecond. 

Thus, if of A, C there can be taken ſuch equi- 
multiples MA, MC, that one of them MA con- A 
tains B oftener than the other MC contains D; © 
then A has to B a greater ratio than C has to D; | 
and C has to D a lets ratio than A has to B. But 
if no ſuch equimultiples can be taken; that is, if + 
every multiple of A contains B as many times as ! 
mne fame multiple of C contains D, then A is toB M 

as C to D. VIII. & IX. Omitted. 

D. 


Magnitudes are ſaid to be continua! proportionals, when tl 
firſt has to the ſecond the ſame ratio that the ſecond has We 
the third ; and the ſecond to the third the ſame that the thi 


has to the fourth; and ſo on. 
E. 


In three proportionals, the ſecond is ſaid to be a mean propo 
tional between the other two; and in any number of prope 
tionals, the firſt and the laſt of them are called the Extreme 


and the others are called Means, 


SF EUCLID. 
X. 


— 1 juplicate ratio of that which it has to the ſecond, 
1 XI. 
bur continua proportionals, the firlt is ſaid to have to the 
Furth the triplicate ratio of that which it has to the ſecond; 
and fo on, quadruplicate, &c. increaling the denomination 


Mill by unity. 1 


any number of magnitudes of the ſame kind, the firſt is ſaid 

Ito have to the laſt of them the ratio compounded of the ratio 

Jof the firſt to the ſecond, and of the ratio of the ſecond to 

Ithe third, and of the ratio of the third to the fourth, and ſo 

Jon to the laſt. 

T Sus, if A, B, C, D be magnitudes of the ſame kind, the 

ratio of A to D is ſaid to be compounded of the ratios of A 

Sto B, and of B to C, and of C to D, whether theſe ratios be 
the ſame with one another, or not: but if they be the ſame, 
the ratio of A to C is allo ſaid to be duplicate of the ratio 
of A to B, and the ratio of A to D triplicate of the ratio of 
[A to B. 

I like manner, any ratio which is the ſame with that of A to 
D, is ſaid to be compounded of the ratios o A to B, B to C, 
and C to D, or of any ratios whic' are the ſame with them, 

XII. 
prop>rtionals, one antecedent is ſaid to be homologous te 
another antecedent, as alſo one conſequent to another. 
qhanges in the order or magnitude of proporttonals are made 
various ways, ſome of mm ny the following. 
Alternation. When there are four proportionals ; it is in- 
' ferred, by alternation, that the fir{t is to the third as the ſe- 

7 cond to the fourth; as is ſhewn in Prop. XVI. Book V. 
XIV. 

* Inverſion, it is inferred, that the ſecond is to the firſt as the 

fourth to the third. Prop. B. Bock V. 

1 XV. 

3 Compoſition, it is inferred, that the firſt, together with the 

3 ſecond, is to the ſecond, as the third, together with the fourth, 

| is to the fourth. Prop. XVIII. Bock V. 

a XVI. 


1m 


— 2 8 —— 


Opel 
opt 
eme 


y Diviſion, it is inferred, that the exceſs of the firſt above the 
; ſecond, is to the ſecond as the exceſs of the third above the 
5 fourth is to the fourth. Prop. XVII. Book V. 

; XVII. 

By Converſion, it is inferred, that the firſt is to its exceſs 
above 


e fiſt of three proportionals is ſaid to have to the third the GW) 
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Book V. above the ſecond, as the third to its exceſs above the tour, 
WIN Prop. E. Book V. - ar 
XVIII. & XIX. : 1 1 
By Equality When there are two ranks. each of them conta 
ing the ſame number of magnitudes more than two, and thi 
magnitudes are proportionals, when taken two and two in 
direct order in each rank; that is, he firſt to the ſecond Ml 
the firſt rank, as the firſt to the ſecond of the other rank 
and the ſecond to the third, as the ſecond to the third ; a 
ſo on; then it is inferred, by equality, that the firſt is to M 
laſt of the firſt rank as the firſt of the other rank to the 1:4 
Prop. XXII. Book V. 
XX. 


By Perturbate Equality, When there are two ranks as befor 
and the magnitudes are proportionals when taken two and tw 
in ench rank, one in a direct, and the other in an inveri 
order; that is, the firſt to the ſecond of the firſt rank, as H 
laſt but one to the laſt of the other rank; and the ſecond u 
the third, as the laſt but two to the laſt but one; and ſo of 
then it is inferred, by perturbate equality, that the firſt is 
the laſt of the firſt rank, as the firſt to the laſt of the othe 
rank. Prop. XXII. Back V. $ 

Thus, if A, B, C, D, be magnitudes in one rank, and E, FR? 
G, H, as many in another; then, if A be to [X, B, C DI 
B as E to F, and B to C as Fro G, and C 1 
to D as G to ; it is inferred, by equality, E, E, G, H 88 


that A is to D as E to H. But if A be to BB $ th 
as G to , and B to C as FioG, and CtoD as E toy 
it is inferred, by perturbate equality, that A is to D as .* 
to H. ws 
um! 

AXIOM 5s. Mt 

J. | Ince | 


Equal magnitudes contain the ſame magnitude, the fame nun 
ber of times; and the ſame contains equals the ſame numbe 4 
of times, ne 

II. 2 

That magnitude which contains the ſame a greater number di 

times than another does, 1s greater than that other. I 
III. ; 

That magnitude which is contained a greater number of time 

than another, in the ſame magnitude, is leſs than that other. 
IV. : 

Equimultiples of the ſame, or of equal magnitudes, are equi 

co one another. 


Y; 
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V. Book V. 
part of a greater magnitude is greater than the ſame part cf 22 
a leſs. 


So PROP. I. THEOR. 


4 F any number of magnitudes contain as many 
_ others the ſame number of times; all the firſt 
agnitudes taken together ſhall contain all the others 


it ſme number of times: and if each of the firſt 
ntain its other exactly, the whole ſhail contain the 
hole exactly. 
) . . 
. Let any number of magnitudes AB, CD contain as many E, 
e fame number of ti nes; as many times as AB contains E, 


+ _ times ſhill AB and CD together contain E and F to- 
ther. 

* If AB contain E but once, it 1s leſs “ than double of E: and a Def. A. 8. 

WD is leſs than double of F; therefore AB, CD together are 

de than double of E, F together; and therefore they contain E, 

but once. 

If AB contain E more than once, from it cut off AG, GH 

Wal each of them to E, and from CD cut of CK, KL 

Wual to F, fo that the remainders BH, DL contain E, F but 

ce; therefore AB contains E as many tines 

there are magnitudes AG, GH, HB; and 5 * 

D contains F as many times as there are | . 

1 Wognitudes CK, KL, LD: but AB, CD con- H | 

un E, F equ: ally ; therefore the number of 64 K 
! 
C 


: e magnituces AG, GH, HB 1s equal to the | 
Wumber of the others CK, EL, LD: and be- F. 
Wc HB contains E once, and LD contains F 
Noe; therefore BH and DL together contain E and F once: 
ad becauſe GH is equal to E, and KL to F; therefore GH, 
= : id KL together are equal d to E, and F together. For the ba.Ax.t, 
Ly me reaſon, AG and CK tozether are equal to E and F together. 
Wherefore as many times as E. is contained in AB, fo many 

„ves are E, F together contained in AB, CD together. 
hs | Likewiſe, if BH be equal to E, and DL to F; BH, DL toge- 

Per are equal to E, F together: and GH, KL are equal to E, 
as allo are AG, CK; therefore AB, CD together contain E, 
exactly; that is, AB to gether with O is the ſame multiple 
E together with F, that "AB is of E. The ſame demonſtra- 
jon holds if there be more magnitudes, Wherefore, &c. 


E. D. 
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THE ELEMENTS 


Boot V. PROP. II. THE OR. 


F to two magnitudes which contain two others nd 
ſame number of times, equimultiples of the! 
thers be added; the wholes ſnnll contain the ee 
others the ſame number of times: and if the il: 
two be equimultiples of the others, the wholes {h; | 
alio be equimultiples ot them. 


Let AB contain C the ſame number of times that D® conf 
tains F; and let BG be the ſame mujtiple of C that EH is of 
F: Then ſhall the whole AG contain C the tame nu aber 
tim s that the whole DH contains F. 
Becauſe RG is the ſame multiple f C, that EH is of F 
a 2. Def. 5. many magnitud<s as are in BG equal to 6. ſo many * are thy 
in EH equal to F. Divide BG into BK, KG, 


each of ther» equal to C, and EH into EL, | F F* 
HL, aach equal to F: 8 the number | | | 1 
of the magnitudes BK, KG is equal to the 3 x | 18 
number of the others EL, LF: and becauſe G 1 18 
AR con:atrs C the ſame number of times ic 1. od 
that DE contains F, and that BK is equal to as t 


C, aud EL to F; therefore AK contains C = 1 
the ſame number of tines that DL contains 6 7 
F: and KG is equal to C, and LH to F; therefore AG c 


tains C the ſame number of times that DH contains F. Liz — 
wiſe, if AB contain C exactly, AK and AG Contal 1 C ex: eo _ By 
and if DE contain F exactly, DL and DH contain F ex n.. 
therefore, if AB, DE be equimultip les of G. F; AG, Da: wo T1 
alto equimultiples of them, Mhercfore, &c. Q. E. D. er 
* h 

PROP. III. IHR. 3 

* KI 


[F two magnitudes be equimultiples of two other GE 
any equimultiples of the firtt two are alto equi as 


multiples of the other two. LE 

Let AB be the ſame multiple of C thet DE is of F, ard im 

AG, DH be equimultiples of AB, DE; then AG is the g ©" 

multiple of C that DH is of F. a N 
2:.Def.;. Let the magnitudes egual * to AB, in AG, be AB, BK, Ko E. 0 
and thoſe equal to DF, in DH, be DE, EL, LH: and because! 

AG, DH are equimuitiples of AB, DE, the number of WM" | 

Jof. B. 5. e ee AB, BK, KG is equal o to the number of the I * 
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E, EL, LH: And becauſe AB is the ſame multiple of C 
t DE is of F, and that BK is equal to AB, and EL to ED; 
erefore BK is the ſame multiple of C that 6 

s of F: For the ſame reaſon, KG is the | N 
eie multiple of C that LH is of F: And be- 
Noc to AB, DE, which are equimultiples of 1 
F, there are added BK, EL, which are allo 
aimultiples of C. F; therefore the whole; 1 
is the ſame multiple © of C that the 
ole DL is of F. For the ſame reaſon, A | 
the ſame multiple of C that DH is of F. ] 
herefore, &c. Q. E. D. R DB 


L 


'PROP. IV. LHEOR. 


F the firt of four magnitudes has the fame ratio 

to the ſecond, which the third has to the fourth, 
nd any equimultiples be taken ot the firſt and third, 
hd alſo any equimultiples of the fecond and fourth: 
Wc multiple of the firſt all have to that of the ſe- 
od, the fame ratio which the multiple of the third 
Ws to that of the fourth. 


et A the fir}, have to B the ſecond, the ſame ratio which the 
ird C has to the fourth D; and of A and C, | 
E and F be any equimultiples; and of B | 
| 
* 


„ 


2 d D, let GH and KL be any equimultiples : 
Den ſhall E have the ſame ratio to GH that 


"WF has ro KL. 35 
OY 1:ke ME any multiple of E greater than ; : 
WH, and MF the ſame multiple of F: alſo ? © EF E 
8 NG, the leaſt multiple of GH, that is | 
Water than ME, and NK the ſame multiple | 
8 KL: Therefore NH, NL are either equal | EG Fn 5 8 
a GH, KL, or cquimultiples of them: But | 1. 
aug KL are themſclves equimultiples of B, E 
cherefore NH, NL are equimultiples * of B 
1D: For the ſame reaſon, NG, NK are 7 
a imultiples of B, D; and ME, MF, of A, [ _ 
n and becauſe, as A to B, ſo is C to D, 0 = 
a ME, MF are equimultiples of A, C; A T 
KE contains B the ſame number of times? } } 
- Wt MF contains D: NG alfo and NK con- M | | 
" 18" B and D the ſame number of times ©, 
chen eauſe they are equimultiples of them; bat | »% 


E does not contain B ſo maay times as NG 7 
P 2 contains 
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bs. Def. s. 
cA-Def.:s 


116 THE ELEMENTS 


Book V. contains B, for ME is leſs than NG; therefore MF does ul 
contain D fo many times as NK does: MF is therefore 1:7; 
d 2. Ax. 5. than KN. In like manner, becauſe ME is not leſs than Nt I 
for NG is the lcaſt muluple of GH greater than ME, it mag 
proved, that MF 1s not leſs than NL: and becauſe ME is 
leſs than NH, but leſs than NC the next greater multip|: ff 
e def. A. 5. GH; ME and NH contain GH the tame number of times 
For the ſame reaſon, MF and NL contain KL the ſame nun 
of times: but NH, NL contain GH, KL equally, for they il 
eicher equal to GH, KL, or equimultiples of them; theres 
ME, MF contain GH, KL equally: and ME, MF are a 
equimultiples whatever of E, F; as many times therefore 
any multiple of E contains GH, fo many times docs the (ani 
b 5. Def, s. multiple of F contain KL: Wheretore, as E is to GH, fo is T 
KL. Therefore, if the firſt, &c. Q. E. D. 1 
Cok. Likewiſe, if the firſt be to the ſecond, as the third if 
the fourth, then alſo any multiple of the firſt is to the ſecond, 
the ſame multiple of the third to the fourth: and in like mann 
the firſt is to any multiple of the ſecond, as the third to the ſai 
multiple of the fourth. 7 
For, it was proved in the propoſition, that as many times 
ME. any multiple of E, contains B, fo many times does MF 
ſame multiple of F, contain B; therefore, as E is to B, ſo i 
F to D. 6 
And if ME, MF be any equimultiples of A, C, of wi 
ME is greater than GH; and NG, NK be taken as in the pili 
poſition : it may be demonitrated, as before, that ME conta 
GH the ſame number of times that MF contains KL: ti 
fore, as A to GH, ſo is d C to KL, 8 


PROP. V. THE OR. 


F one magnitude be the ſame multiple of anotheli 
that a magnitude taken from the firſt is of of 
taken from the other; the remainder ſhall be lf 
ſame multiple of the remainder, that the whole 1 
the whole. 1 


Let the magnitude AB be the ſame multiple of CD, that 4 
taken from the firſt is of CF taken from the other; the 
mainder EB ſball be the ſame multiple of the remainder I1lſ 
that the whole AB is of the whole CD. With 

Take AG the {ame multiple of FD, that AE is of C 

2 1. 5. therefore ALE is the ſame multiple“ of CF, that EG is of 1 
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it AE, by the hypotheſis, is the ſame multiple of CF that Boos V. 
B is of CD: Therefore EG is the ſame multiple — 
CD that AB is of CD; wherefore EG is equal G 
o AB: Take from them the common magnitude T ba. Ax. gl. 
E, and the remainder A is equal to the re- 
ainder EB. Wherefore, ſince AE 1s the ſame 
;Su):iple of CF that AG is of FD, and that AG 4+ 
my equal to EB ; therefore AE is the ſame mul- 
v le of CF that EB is of FD: But AE is the | 
Wm: multiple of CF, that AB 1s of CD; therefore C 
B i the ſame multiple of FD that AB 1s of CD. T 
4 
| 


4 a 4 hereſore, &c. Q. E. D. 1 
13 58 
i 
B 
PROP. VI. THEOR. 


F from two magnitudes, which contain two others 
mme ſame number of times, there be taken equi- 
ultiples of theſe others; the remainders, if they be 
Wot leſs than the other magnitudes, ſhall contain 
Whem the ſame number of times. | 


Let the magnitude AB contain E the ſame number of times 
at CD contains F; and let AG, CH, equimultiples of E, F, 
e taken from AB, CD, ſo that the remainder GB be not leſs 

e nan E: GB, HD ſhall contain E, F the ſame number of times. 

& Becauſe AG is the ſame multiple of E that CH is of F, 

here are as many magnitudes in AG equal to E, as there are in 

CH equal to F *: Divide AG into AK, KG, 

ach equal to E, and CH into CL, LH, cach A 

qual to F; therefore the number of the firſt 

AK, KG is equal to the number of the laſt 


a Def. B. 5. 


(L, LH: and becauſe AB contains E the & | 
ame number of times that CD contains F; La 
and AK, CL are equal to E, F; the remain- g 
. $ . \S 1 of 
0 der BK contains E the ſame number of times ; T 
What the remainder DL contains F. In like 
Wmanner, if from BK, DL, which contain E, { | 


: . 1 
equally, there be taken KG, LH, which are 3 E D 
equal to E, F; the remainder BG contains E 

Wthe ſame number of times that the remainder DH contains F. 


Wherefore, &c, Q. E. D. 
PROP. 
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i Book V. OP: VII. THEOR. b 
= 


Nn de and the Wer has che am 
| ratio to equal magnitudes, 


15 1 * 
* 4% 4 * A, 4 4 Py 8 
2 y _e_ : a 


C Let A and B be equal magnitudes, and C any other; Ke 
| the ſame ratio to C that B has to C; and C has the ſame reihe 
to A that it has to B ” TS 

Take MA, MB any equimultiples of A. B: and hecanſ: n 

is equal to B, and MA, MB are cquimuliples of them, 1M gcc: 


24. AX. 5 equal IG MB : and equal magnitudes contain NN : uy 
bi. Ax. s the ſame equally d; therefore MA, MB con- FA jj © 
tain C the ſame number of times: and MA, 11 
MC are any cquimultiples of A, B; as many 1 { * 
times therefore as any multiple of A. contains C, | N 
ſo many times does the ſame multiple of B con- | | V 
c g. Deſ. 5. tain C. Therefore, as A is to C, fois © B to G. A C I & 
Likewiſe, C has the ſame ratio to A that it "It © 
has to B. Take NC aay multiple of C greater than A: a L 
becauſe A is equal to B, NU contains each. of them the fue 2 
number of times d; that is, any multiple of C contains A the 
ſame number of times that it contains B; therefore C is to 4,1 eot 
as Cis© to B. Wheretore, &c. Q. E. D. 3 | 
; w! 
PROP. VIII. THEO R. an 


F unequal magnitudes, the greater has a greater x, 
ratio to the ſame than the lets Har; and hel 

ſme has a greater ratio to the leis, than it has toi: 
the greater. Dan 
4 re 
Let AB, BC be unequal magnitudes, of which AB is iN 
oreater, and let D be any magnitude ae AB his ua 


greater ratio to D than BC to D: and D has a greater ratio te 
BC than to AB. i hic 


Take EF, FG ſuch equimultiples of AC, CB, that cac! Wt 

them may be greater than D: and becauſe EF is \ 0 

the ſame multiple of AC that FG is of CB; at 

a 1. 3. the whole EG is the ſame multiple 2 of the F B 


U. 

\ 
whole AB that FG is of CB: but, becauſe | A * 
EF is greater than D, EG contains Da greater | © | ; 
number of times than FCG contains it. Where. 
fore a multiple of AB is found, viz, EG, which G 5 
contains D a greater number of times than FG, 

the 


ä th 
we 
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ſame multiple of BC contains D; therefore AB has to D Book V. 
rater ratio d than BY has to D. 

Alſo D has to BC a greater ratio than it has to AB. For, b 7. def. 5» 
ing madle the ſame conſt ruction, take alſo MD the leaſt mul- 

le of O, that is not leſs than FG: therefore MD is either 

al to FG, or exceeds it by a magnitude leſs than D: but EF 

zreater than D; therefore MD is leſs than EG: but EG, 
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contain 43, BC the ſame number of tim-s exactly; there. 
et e MD dozs not contain AB ſo many times as it contains BC; 

Mt is, à multiple of Dis taken, which contains BC a greater 
„nder of times than it contains BA : therefore D has to BC 
il ccater ratio ? than it has to AB. Wherefore, &. Q. E. D. 


PROP. IX. THEOR. 


cms which have the ſame ratio to the 
fame magnitude, are equal to one another ; 
Wi (hole to which the ſame magnitude has the ſame 
tio, are equal to one another, 


Let A have the ſame ratio to C that B has to C; A is equal 
WB: For if not, let A be the greater; then, by what was 
on in the preceding propoſition, there is ſome multiple of A 
ich contains C a greater number of tines tlan the fame mul- 


up! of B does. Let MA be that multiple of 


which contains C a greater number of times * 7 24 
Wan MB, the ſame multiple „f B contains C. [ 
=, becauſe A is to C as B is to C, aud 4 
erg A., MB are equimuliiples of A, B; MA, 4 
the contain C the fame nuiaber of times *; ü 28. Def. 8. 
to r MA contains C a greater number of times 8 13 


an MB does; which is impoſſible; A there- 

re and B are not uncqual ; that is, they are equal. 
Next, let C have the fame ratio ro A that it has to B; A is 
al to B. For, if not, let A be the greater; therefore, as 
5 ihewn in Prop. VIII. there is ſome multiple NC of C, 
hich contains B a greater number of times than it contains A: 
Wt becauſe C is to B, as C is to A, aud that NC is a multiple 
= C; NC contains B and A the ſame number of times * : but ir 
atains B oftener ; which is impoſſible. Therefore A is equal 


B. Wherefore, &c. Q. E. D. 


PRO P. 
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Boon V. PROP. X. THEOR. 
HAT magnitude which has a greater ratio tir 0 
another has to the fame magnitude, is 
greater of the two: and that magnitude to wii Mal 
the ſame has a greater ratio than it has to anova FE 


is the leſſer of the two. 


Let A have to C a greater ratio than B has to C; A is greate 
than B: For, becauſe A has a greater ratio to C, than B has tt 
C, there is ſome multiple of A. which contains ,, 
/ C a greater number of times than the ſame 
a 7. Def. 3. multiple of B: Let MA be that multiple of A 
which contains C a greater number of times 
than MB, the ſame multiple of B contains C; 
b 2.AX. 5. therefore: MA 15 greater“ than MB: and A, 
B are the ſame parts of them; therefore A is 4 @& 6 
c 5. Ax. 5. greater © than B. . 
Next, let C have a greater ratio to B than it has to A; Bui 
leſs than &: For, there is ſome multiple NC of C, which col | 
tains B a greater number of times than it contains A; therefor 


dz. Ax. 5. B is leſs 4 than A. Wherefore, &c. Q. E. D. 


m 


PROP. XI. TIHEOR. 
Ru that are equal to the ſane ratio, are equal 


to one another. 


Let A be to B, as C is to D, and as C to D, ſo let E be tot: 
A - to B, as E to F. 5 
ke MA, MC, ME any equimultiples of A, C, E: aud bi L 
ED A is to B as C to D, and MA, | 


MC are equimultiples of A, C; MA * M = 35 
a 5 Def. 5. contains B the ſame number of times * nt 

that MC contains D: and becauſe C | Mit) 

is to Das E is to F, aad MC, ME T 

are Equimultiples of C, E; MC con- | Le 

tains D the fame number of times, * [ | l 


that ME contains F: But MC con- AB C D EF 
tains D the ſame number of times that MA contains B; 
therefore MA contains B the ſame number of times that . 
coltains F: and MA, ME are any equimultiples of A, E; 
many times, therefore, as any multiple of A contains B, ? 
many times does the lame multiple of E contain F: therefore, ® 


A is to B, ſo* is E to F. Wherefore, &c, Q. E. D 


PRO; 
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PROP. XII. THEOR. 


F any number of magnitudes be proportionals, as 
| one of the antecedents is to its conſequent, ſo 
Mall all the antecedents taken together be to all the 
KFTonſequents. 


Let any number of mapping A, B, C, D, E, F, be pro- 
Portion als; that is, as A is to B, ſo C to D, and E. to F; a8 A 
$; to B, ſo thall A, C, E. together be to B, D, F together. 
K Take MA, MC, ME any equimultiples of A, C, E: there- 
fore MA 1s the lane multiple of A, that MA, MC, ME toge- 
er is of A, C, E together *: And be- M 
Etzuſe A is to B, as C is to D, and as E 
oF; and that M. X, MC, ME are £qut- 
| multiples dr A, G, E; MA contains B | 
Wd; many times d as MC contains D, | T 7 
Ind ME contains F: Wherefore, as ; | 
any times as MA contains B, ſo many [ | 1 [ 13 
imes (hall MA, MC, ME together AB CD Þ Þ 
Sontain B, D, F together *: But MA, and MA, MC, M to- 
| r are any equimultiples of A, and 9 ©, E tos gether; a3 
any times, therefore, as any multiple of A contains js, ſo many 
3 im. s does the ſame multiple . 2 together contain B, D, 
dog zether therefore, as A is to B, 10 5 are A, CE together 
WB, D „F together. Wherefore, &c. Q. E. D. 


ual 


wo PROP. XIII. THEOR. 


tr EF the firſt has to the ſecond the ſame ratio that the 
= tiud haas to the fourth, but the third to the fourth 
greater ratio than the fifth has to the fixth; the flirt 
Tall alſo ave to the ſecond a greater ratio than the 
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LN 


a 1. 5. 


b S. Def. 3. 


a 7* Def, 5 


* has to the fixth. 

et A the firſt have the ſame ratio to B the ſecond, which 
| 0 the third has to D the fourth, but C the third, to D the 
ouch, a greater ratio than EK. the fifth, to F the b Allo 
Big ürſt A ihall have to the ſecond Ba greater ratio than the ich 
Mc the fixth F. 
3 3 C has a greater ratio to D, than E to F, there is ſome 
. lo WW uitiple of C which contains D, a greater amber of times ? 
e, Wan the ſame multiple of E contains F: Let MC be that mul- 


| File of C, which contains D a greater number of times than 


2 ME, 


* o 4 - 
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Boox V. ME, the ſame multiple of E, contains F; and whatever multi 
1 LV MC is ot C, take MA the ſame multiple of A: then, becaul: 
A is to B, as C to D, and MA, MC NM 
are equimultiples of A, C; MA con- bo! 
. 3. Def. 5. tains B the ſame nnmber of times“ 
| that MC contains D: but MC con- 
| tains D a greater number of times 
than ME contains F; therefore MA 
contains B a greater number of times T 
than ME conte ins F; and MA, ME A B C b E 
are equimultiples of A, E.; there is 
therefore ſome multiple of A which contains B a greater nun 
ber of times than the ſame multiple of E. contains F: then 


_ - = Cs 
„* — 


af — | erence nee ner A 
| — 
—— — 


a 7. Def. 3. fore A has a greater ratio to B *, than E has to F. When 
tore, c. E. D. 
| Cor. And if the ſirſt has a greater ratio to the ſecond, da 
| the third has to the fourth, but the third the ſame ratio to 
fourth, which the fifth has to the ſixth; it may be dem 
trated in like manner, that the firſt has a greater ratio te 
ſecond, than the fifth has to the fixtli. 1 


PROP XIV. THTOR. 


F the firſt has to the ſecond the ſame ratio wic 
the third has to the fourth; then, if the fit 
greater than the third, the tecond ſhall Le pref 
than the iourth ; and 1t equal, equal; and it le. 


Ice. 


| Let the firſt A have to the fecond B, the ſame ratio walt. 
1 the yrd C has to the fourth D; it A be greater than C, Bu 
| greater than D. 

| Becauſe A is greater than C, and B is any other magnituc 
} j 8 - . % A % . C3 
1] a 8. 35. A has to B a greater ratio than C to B: 

But, as A is to B, fois C to D; therefore 

alſo C has to D a greater ratio than C has to T 


b 13. 3. BD: But of two magnitudes, that to which 

C 19, 5. the ſame has the greater ratio is the lefler ©: | 
Wherefore D is leſs chan B; that is, Bis = 
greater than D. An CI de. 


Secondly, If A be equal to C, B is equal to D: bor K d 

d 9. 3. B, as C, that is A, is to D; therefore B is equal to D% MW 
Thirdly, If A be leis than G, B ſhall be leſs than D: For e 

is greater than A; and becaute C is to D, as A to B, and 
pz than A, D is greater than B, by the firſt caſe ; ther 


is leſs than D. Wherefore, &. Q. E. D. 


PRO! 
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jy 
"= PROP. XV. THHOR. Soo 
| AcwiTUDt3 have the ſame ratio to one another VS 
| which their equumultiples have. 
Let AB be the (ame multiple of C, that DE. is of F: Cis to 
7 „as AB to DE. : 
"FX Becauſe AB is the fame multiple of C, that DE is of F; 
? nere are as many magnitudes in AB equal to C, as there are in 
PE equal to F: Let AB be divided into mag- * 
un] pitudes, each equal to C, viz. AG, GH, HB; | 2 
ee nd DE into magnitudes, each equal to F, G | 


ch iz. DE, KL, LE : then the number by: the f K. 

a AG, GH, HB, ſhall be equel to the u I , | 
thi Sumber of the lait DR RE LE: uu be- | [ 
aue AG, GH, EB A all equal, and that F 75.4 
no 2 KL, LE are alfo equal to one angther; 


__ - P 0 1 0 1 — 4 „„ 4 — 
. * 1 * —_— " 9 5 + - — 4 - * ” — — ” Vs 
. , of 4 y 5 | of + hg ug 4 wm i 2 a I > ae" WS ag 2 8 3 * . r p MS. 
$2254 * | "vg v * WT ; 1 Rk - * yy — 0 D 3 — N 2 T re r N > bo RD D $ R df} - 
e + a*%.* nab. - — n . — * . ; * J 
I 5 __— 89 "* — nt A as My 2 _— $a — 4 1 — — ne 2 z P : 
ads 5 —— — — . an oy —_ mas * & b — p - ITT.” — 3 
voy A . . X _ * 4 — by „ > — > —— - 0 2 _ > P * 2 % 2 — 4 g 1 
4 _ ' . 22% IT F y : . * yore: 
"_ \ 2 4 — iq Py = - a+; 
\ 2 


„ berefore AG is to DK, as GH to KL, and as HB to LEA; 27. 55 
Ind as one of the antecedents to its conſequent, fo are all the 
ntecedents together to all the conſarn ents together b ; Where b 11. *, : 
Wore, as AG is to DR, fois AB to DE: But AG is equal to 1 
K, and DK to F; therefore, as © is to F, ſo is AB to DE. a 
"my 1 herefore, &c. Q. E. D. j 
1 PROP. XVI. IHE UR. 4 
* 44 
0 I four magnitudes of the ſame kind be propor- 44 
tionals, they ſhall alſo be proportionals when taken 12 
vii Elternately. 1 
Let the four magnitudes A, B, CD, EF be proporitonals, viz. „ 
tus » A to B, ſo CD to EF: II hey ſhall alfo be proportionals when i 
taken alternately that is, A ſhali be to CD, as B to EF. 29 
Take MA, MB any equimultiples of A, B, and take NC the MI 
leaſt multiple of CD that is greater than MA, and NE the fame 23 
multiple of EHF: and becauſe MA, MB are equimultiples of A, 
B, and that magnitudes have the ſame ratio to M N, 
one another, which their equimultiples have ? ; 475. 


fcherefore A is to B, as MA to MB: But as A is 1 

i to B, ſo is CD to EF: wherefore CD is to EF, 
25 b MA: to MB. Again, becauſe NC, NE are - D 

Fort We uimultiples of CD, EF, as CD to EF, ſo 1s | 
nt (FNC to NE *: but as CD to EF, ſo is M Ato 4 2 F 
coil B; ; therefore M is to MB, as NC to NE AB C 
und the firſt MA is leſs than the third NC; 3 ſecond 
* Q 2 MB 
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THE ELEMENTS 
Book V. MB is leſs © than the fourth NE. In like manner, becauſe g 
Wa js not leſs than ND, it may be proved, that NIB is not Icts t. 4 * 
5 NF: Therefore MA, MB contain CD, EF the fame number 
d A. Def. s. times tha ND, NF contain them But ND, NF cont: in () | 
EF equa!ly, for they are either nil to CD, EF, or equimull Wt 
tiples of them; therefore MA, MB contain CD, EF equ-!'; Pa + 
and MA, MB are any equimuliiples of A, B: as many time 
therefore, as any multiple of A contains CD, to many 1: et 
does the lame multiple of B contain EF: therefore A is to CD als 
5. as B to EF. Wherefore, &. Q. E. D. 
a 
PROP. XVII. THEOR. 1 
F magnitudes, taken jointly, be proportionale, the I 
ſhall alio be proportionals when taken ſeparateh r 
or by diviſion. Iii, 
Let AB, BE, CD, DF be the wagnitudes talzen jointly} Fl 
which are proportionals ; ; that is, as AB to BE, fo is CDA 15 
DF; they ſhall alſo be proportionals taken ſeparately, viz. 4 
AE to EB, ſo CF to FD. | » i 
Take of AE, EB, CF, FD any equimultiples MA, 7 
MC, MP, ſo that MA be greater than BE: and CE 1 8 
is the ſame multiple of AF, that MN is of EB, the whole NA | 
is the ſame multiple of AB, that MA is of AE *: N . 
but MA is the ſame multiple of AE, that MC is of TF 
CF; wherefore NA is the ſame multiple of AB, | P 
that MC is of CF. Again, becauſe MC is the 1 
ſame muläple of CF, that NIP is ct FD; therefore 1 . 
PC is the ſame multiple of CD, that MC is of t© 
CF *: but NA, MC are equimultiples of AB, | | 
CF; therefore NA, FC are ec quimu iti Jes of AB, 23 f 
CD: and becavle AB is to BI, as CD to DF, ET 7-. 
and that NA. PU are equimultiples of AB, CD, | [ 
NA contains PE the ſame number of tines “ that © 3 


PC contains DF: And from NA, PC are taken | 
NM, PM, which are erh gs of 32, DF; thereſorc tl 
remainder MA contains B. fame number of times u 
the remainder C contains eh and MA, MC are any chu 
multiples of AF, Ci; as many times, therefore, 25 any in. 
of AK contains EB, ſo m- ny does the ſame multiple of C Fe ok 


tain FD; therefore 28 AE 1 13 to EB, 0 b 1 15 CH Lo FD. 
Nee. 
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PROP. XVIII. 


« r magnitudes, taken ſeparately, be proportionals, 
11. they {hall allo be proportionals when taken joint- 
"I that is, by compoſition. 

et AE be to EB, as CF to FD; they hall alſo be propor- 


D us when taken jointly ; that is, as AB to BE, ſo CD ta 
T 


THEOR. 


ake of AB, BE, CD, DF any + RR 4 MA, MN, 
P, MP: And becauſe the whole MA is the ſame multiple or 
= whole AB, that MIN 1s of BE; the nee jc NA is the 
„e multiple of the remainder AE, that the whole 1 LA is of 
; "FUR whole AB. For the ſame reaſon, PU is the fame multiple 
rr. that MC i is of CD: But MA, MC are equi- yf 
Mitiples of AB, CD; tnerefore NA, PU are equi- 
Wltiples of AE, CF: and becauſe AE is to EB, as 19 
Di. GJ to FD, and that NA, PC are quimultipies of | 
"FAKE, CF: therefore NA contains BE the fone num- NF 
of times that PC contains DF ® : and MIN, MP | 
vi Fa equimultiples of the ſame BE, D; therefore 

Mahale MA contains BEL the ſame number of time By 
> 1 We the whole MC contains DF ©: and MA, MC EN 
any cquimultiples of AB, CD; as many tines, 

Wgrctorc, as any multiple of AB contains BE, ſo + 
ny times docs the fame multiple of CD coin 


a Wuerefore, as AB is to BE, ſo b is CD to DF. 


Where- 
late, Ce. . E. D 


PROP. XIX. THEO R. 


a whole magnitude be to a whole, as a mas- 
i MF nitude taken from the firſt is to a magnitude 
| Wen from the other; the remainder {hall be to the 
malnder, as the whole to the whole. 


2 et the whole AB, be to the whole CD, as A. taken from 
. to CF taken from CD; the remainder EB thail be to the 
 "SIainder FD, as the whole AB to the whole CD. 
1 


Becauſe AB is to CD, as AE to CF; likewiſe, @& 
ab rnately a, BA 1s to AE, as DC to CF: and be- 7 
Ahle, if magnitudes, taken jointly, be proportio- E C 
nal, they are alſo proportionals ® when taken ſepa- J 


Ely; therefore, as EE is to EA, ſo is DF to FC; 
analy” „ as BE is to DF, ſo is EA to FC: | 
» 83 EA to FC, fo, by the hypotheſis, is AB to 8 5 
CD; 
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| 


Bonn. . CD; therefore aifo BE, the remainder, ſhall be to the remain: © ; 
Was DF, as the whole AB to the whole CD: Wherefore, t ( 
Q. E. D. Din 

Cor. If the whole be to the whole, as a magnitude tak ln 

from the firſt is to a magnitude taken from the other; is 


remainder likewiſe is to the remainder, as the magnitude tak 
from the firlt to that taken from the other: The demonftratialf 
is contained in thc preceding. 


- BY 

PROP. A. THEOR. ; 

| 
F the firſt of four marnitudes has to the fear 1. 
4 the fame ratiu which the third nas to the fou. 
then, if the frſt be greater than the fecond,. 1:8 T 
third is alſo greater than the fourth; and if equi" 
equal; and if lets, leſs. 0 
DE 
Let A be to B, as C is to D; it A be greater than B, 8, 


greater than D. : 
Becauſe A is greater than B, takte, as in the eighth propoii..nMiind 

MA a multiple of A, that ſhall contain B a greater number C. 

times than it contains A, and take MC the fame .f tic 


multiple of C: and becauſe A is to B, as C is 1 


to D; MC contains D the ſame number of 1 
2 5. Def. g. times that MA contains B: and this number 7 + 
is greater than the number of times that MA | ; 
contains A, or MC contains C; therefore D is I ſ 
contained a greater number of times than C 1s | | = 


in the ſame magnitude MC: wherefore Dis a B Ci 
b 3. Ax. . leſs than C; that is, C is greater than D. | 
Next, If A be leſs than B, C is leſs than D: Take MA, V 
any equimultiples of A, C: and becauſe A is leſs than B, MA 
contains A a greater number of times than it contains ; 
therefore, as before, MC contains Ca greater number of tun 
than it contains D; C 1s therefore leſs than Db. | 
Lattly, If A be cqual to B, C is equal to D: For, becaui J* 
Cis to D, as A is to B, if C were greater than P, or lets th: 
it, A would be greater than B, or leſs than it, by the forme Fou 
caſes; but it is not: Therefore C is equal to D. Wherefore 


. . . e 
Otherwiſe, | 1 1 
Take E equal to D: and let A be greater than B; then, 5 Mie 


the eighth propoſition, ſome multiple of A can | 
be found, which contains B a greater number 
of times than the ſame multiple of E contains 


D; 


A, B, C, B 
L. 


1 . 2 


OF: UGCLID:; 


4 f : . therefore A has to B a greater ratio than E has to D ©: 
„ t C is to D, as A to B; therefore C has to D a greater ratio 
In E has to DA; wherefore C is greater © than E or D. 
ab 1n like manner, it may be proved, that if A be equal to B, 


s equal to D; and if Iles, lets, 
ati 


PROP. B. THEOR. 


F four magnitudes be proportionals, they are alſo 
proportionals when taken inverſely. 


"WF Let AB be to C, as DE is to F; then alſo, inverſely, C is to 

i RAB, as F to DE. 

Take MC, MF any equimultiples of C, F; and take NA the 
WE: multiple of AB that is greater than MC, and ND the {ame 

Pultiple of DE: and becauſe AB is to C, as 


PE to F, and NA, ND are equimultiples of 1 2 
CB, DE, and MC, MY equimultiples of C, #3 3L | 21 
therefore NA is to MC, as ND to MF *: u 1 E [ 
nnd the firſt NA is greater than the ſecond | Ss; why 
r , therefore the third ND is greater than | | j 
ie fourth MF >; that is, MF is leſs than ND. 3 
I like manner, becauſe MC is not lefs than a C p 


NB, it may be proved, that MF is not leſs than NE : Where— 
pre MC, MF contain AB, ED the fame number of times that 

KB, NE contain them: But NB, NE contain AB, DE equal- 
„ for they are either equal to AB, DE, or equimultiples of 
em; therefore MC, MF contain AB, DE equally : and MC, 
f MF are any cquimultiples of C, F; as many umes therefore, as 
Ly multiple of C contarns AB, ſo many times docs the ſame 


\(@ultiple of F contain DE; therefore, us © is to AB, fo © is F to 
Mr. Wherefore, &c. O. E. D. 
1 
1:00 3 3 
f PROP. G. IHEOUR. 


Caulk: 55 F the firſt be the ſame multiple of the ſecond, 
or the tame part of it, that the third is of the 
Mourth ; the ficit is to the tecond, © the third is to 
the fourth. 


Let the firſt A be the fame multiple of B the ſecond, that C 


25 . a IE 

ee thicd is of the fourth D: A is to B, as C is to D. 

D, Take MA, MC any equimultiples of A, C: id becauſe A, 
E. 3 are equimultiplas f. E, D . and 5 F.-Y MC Are cquimultiples 
— | Jy, 


. 
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Book V. of A, C; therefore MA, MC are equimultiples of E, 4 Lei 
that is, they contain B, D equally ; as many ar M | 
a 3- 5. times, therefore, as any multiple of A con- F 
tains B, ſo many times does the ſame mul- | 
tiple of C contain D: Wherefore, as A is to | L 
bs . B, ſo b is C to D. 
Next, Let A be the ſame part of B, that E 
C is of D: A is to B, as C to D. For B is A n © MY 
the ſame multiple of A, tliat D is of C; therefore, by 43 
preceding caſe, B is to A, as D to C; and in- X, B, C. 1Þ 
2 B. 5. verſely ©, A is to B, as C is to D. Therefore, — 


&c, Q. E. D, Tr 


8 re, 


| 


PROP. D.. THEOR. 


F the firſt be to the ſecond, as the third to f 

fourth; and if the firit be a multiple, or a pay 

or the ſecond; the third is the fame multiple, 0 
the ſame part of the fourth. 


Let A be to B, as C is to D; and let A be a part of B; ( 
the ſame part of D. | 
Take MA equal to B, and take MC the ſame 
multiple of C, that MA or Bis of A: and be- I ] * 
cauſe A is to B, as C to D, and MA, MC are 

equimultiples of A, C; therefore MA is to B, 
2 Cor. 43. 5. as MC to D: and the firſt MA is equal to the 

ſecond B; therefore the third MC is equal to the |} | 4 

b A. s. ſourth Db: and GC is the ſame part of MC, that , > C 

A is of B; therefore C 1s the ſame part of D., of 


that A is of B. 3 * 
Next, Let A be to B, as C to D; and A a mul- B, B, C U. \ Di We 
tiple of B; C is the ſame multiple of D. Is D 


ce B. 5. Becauſe 1 is to B, as C to D; then, inverſely ©, B is to 1 to 
as D to C: but ; is a part of A, therefore, by the precedii N. 
caſe, D is the ſame part of C; that is, C 1s the ſame multi ga; 


of D, that A is of B. Therefore, &c. Q. E. D. un 


PROP: E. *'FHEOR; th. 


F four magnitudes be proportionals, they are at! 
proportionals by converſion; that is, the fir" * 

to its exceſs above the ſecond, as the third to !! | 
exceſs above the fourth, 
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Let AB be to BE, as CD to DF; then, by converſion, BA is Book V. 
LYN 


AE, as DC to CF. 
T Becauſe AB is to BE, as CD to DF, by diviſion ?, ; 9-6 
AE. is to EB, as CF to FD; and, by inverſion A ſ C ph. 0 


E is to EA, as DF to FC. "Wherefore, by com- E 4 Þ 
bütion e, BA is to AE, as DC to CF. If, there. | es. 5. 


Pre, &c. Q. E. D. 


? 3 Þ 


PROP. XX. THEOR. 


r there be three magnitudes, and other three, 
® which, taken two and two, have the ſame ratio; 
the firſt be greater than the third, the fourth ſhall 
2 greater than the ſixth; and if equal, equal; and 
lets, lets. 


Let A, B, C be three magnitudes, and D, E, F other three, 


Which, taken two and two, have the ſame ratio, viz. as A is to B, 

is D to E; and as B to C, ſo is E to F. If A be greater than 

„D ſhall be greater than F; and if equal, equal; and it leſs, !efs, 

ö | Becauſe A is greater than C, and B is any magnitude, A has 

to B a greater ratio than C hos to Ba: But as D A, B. C. a 8. £, 
to E, ſo is A to B; therefore D has to E a 

greater ratio than C to B;: and becauſe B is to C, D, E, F.] Þ 15.5. 
E to F, by inverſion ©, C is to E, as F is to E; 58 
d D was thown to have to E a greater ratio chan C to B; 


therefore D has to E a ercater ratio than F to l. 4: But the 4Cor.13.5, 


@agnitude which has a greater rate than another to the fame 
p:yntude, is the greater of the two ©; D is therefore greater e. 5» 
ban F. 


ES Seco! ily, Let A be equal to C; D ſhall be equal to F: Be- 
Qule A is equal to C, A is io B, as Cis to B,: But A is to B, f 5. 5. 


D to E; and C eis to B, as F to E; wherefore D is to E, as 

F to ES; aid therefore Di is equal to by a Ext; * 
Next, Let A be leſs than C; D ſhall bs leſs than F: For, as h 9. 5, 

Was ſhown in the firſt caſe, 0 is to B, as F to E, and in like 

manner, B is to A, as E to D; and C 1s greater than A, there- 


fore F is greater than D, by the firſt caſe; that is, D is leſs 
1 F. Therefore, &c. Q. E. D. 


PROP. XXI. THE OR. 


* there be three magnitudes, and other thtee, 


which have the ſame ratio taken two and two, 


dut in a croſs order; if the firſt be greater than tie 
third, the fourth ſhall be greater than the ſixth; and 
1 -l, equal; and if leſs, leſs. 


R Let 
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B V. Let A, B, C be three magnitudes, and D, E, F other three 
ao which have the fame ratio, taken two and two, but in a crof; 
order, viz, as A is to B, fo is E to F. and as B is to C, ſo 3; 


D to E If A be greater than C, D ſhall be greater than F; 


and if equal; equal, and if leſs, leſs. 


Becauſe A is greater than C, A has to B a greater ratio tha 
28.5. C has to B22: But E is to F, as A to B; therefore E has 0 


b 13. 5. a greater ratio than Cto B and becauſe B is to |, 
D: [A, B, 


c B. 3. C, as D to E, by inverſion ©, C is to B, as E to 


and E was thown to have to F a greater ratio than [D, E, Ff 

C to B; therefore E has to Þ a greater ratio than 
dCor.13:.E to D 9: But the magnitude to which the ſame has a greater 
E 12. 5+ ratio than it has to another, is the leſſer of the two ©; F there.! 


fore is leſs than D; that is, D 1s greater than F. 


Secondly, Let A be equal to C; D ſhall be equal to F. Be. 
f7.5: cauſe A and Care equal, A is to B, as C is to Bf: But A is uf 
B, as E to F; and C to B, as E to D; wherefore E is to F, x . 


ee 5 E to Ds; and therefore D is equal to Fk. 


9 85 Next, Let A be leſs tha C; D ſhall be leſs than F: For, 2 
was ſhown, C is to B, as E to D, and, in like manner, B is to 
A, as F to E: and C 1s greater than A; therefore, by cal" 
firſt, F is greater than D; that is, D is leſs than F: Therefore, 


&c. Q. E. D. 
PROP. XXII. THEOR. 


F there he any number of magnitudes, and a 
many others, which, taken two and two in order, 
have the lame ratio; the firſt ſhall have to the lat: 
of the firſt magnitudes the ſa:ne ratio which the fit 
of the others has to the laſt; that is, the firſt and lat 


tall Le proportionals by equality. 


Firſt, Let there be three magnitudes A, B, 
CD, aud as many others E, F, GH, which, 
taken two and two, have the ſame ratio, that 
is, ſuch that A is to B, as E to F; and B 
to CD, as F to GH: A ſhall be to CD, as E. 
to GH. 

Take MA any multiple of A greater than 
Cb, and ME the fame multiple of E: alſo 
take NC. the leaſt multiple ot CD that is 
greater than MA, and NG the ſame multiple 
of GH: and becauſe A is to B, as E to F, 
aid that MA, ME are equinultiples ot A, 

2 Cor. 4.5. E; therefore MA is to B, as ME to F *: 
and 


— —C 


by 


N. 


the ſame ratio, viz. as A is to B, ſo is E to F; 


| Firſt, Let there be three magnitudes A, B, 


taken two and two in a croſs order, have the 


| a NF to NG: But as A is to B, ſo is F | 


OF EUCLID. 


end becauſe B is to CD, as F to GH, and NC, NG are equi- 
multiples of CD, GH, B is to NC, as F to NG *: and becauſe 
MA is to B, as ME to F, and B to NC, as F to NG, and 
that MA is leſs than NC; therefore ME is leſs than NG *®. 
In like manner, becauſe MA is not leſs than ND, it may be 
proved, that ME is, not leſs than NH : Wherefore MA E. 


contain CD, GH the ſame number of times that ND, NH 
contain them, that is, equally: and MX, ME are any equi- 
multiples of A, E; as many times, there/ore, as any mul iple 


of A contains CD, ſo many times does the ſame multiple of E. 
contain GH: Therefore © as A is to CD, fo is E to GH. 

Next, Let there be four magnitudes A, B, C, D, and 
other four E, F, G, H, which two and two have * B. C. D 


as B to C, ſo F to G; and as C to D, ſo G to E, F, G, H. 
H: A ſhall be to D, as E to H. 85 TT, 

Becauſe A, B, C are three magnitudes, and E, F, G other 
three, which, taken two and two, have the ſame ratio; there- 
fore, by the firſt caſe, A is to C, as E to G: But C is to D, 
as G to H; therefore again, by the firſt cafe, A is to D, as E 
to H; and ſo on, whatever be the number of maguitudes. 


Wherefore, &c. Q. E. D. 


PROP. XXIII. THEO R. 


F there be any number of magnitudes, and as 
many others, which, taken two and two, in a 


= croſs order, have the ſame ratio; the firſt hall have 
to the laſt of the firſt magritudes the fame ratio which 
| the firſt of the others has to the laſt . 


CD, and other thre E, F, GH, which, 


to GH, and as B is to CD, ſo is E to F: A 
mall be to CD, as E is to GH. 

Take MA, MB, ME any equimultiples of 
A, B, E, ſo that MA be greater than CD; k: 
and take NC the leaſt multiple of CD that is 
greater than MA, and NF, NG the ſame mul- + 
uples of F, GH: and becauſe MA, MB are 
equimultiples of A, B; Ais to B, as M\ to NI 
MB *: and, for the ſame reaſon, F is to GH, 


M 

; 3 

lame ratio, that is, ſuch that A is to B, as F | 
A 


— 1 t—5-1z 


e e 


| R 2 | to N 
* N. B. This is ſaid to be by Perturbate Equality. 
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Boox V. to GH; as therefore MA is to MB, ſo is NF to NG b. 
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Ar 


o becauſe B is to CD, as E to F, and that MB, ME are equi.þ wg 


Db 11. 4. 
0 4. 5 


d 21. 5. 


e 5. Def. 5. 


multiples of B, E, and NC, NF of CD, F; as MB is to Ne. 
ſo is ME to NF Cc, Therefore MA, MB, NC are three may. 
nitudes, and ME, NF, NG other three, which have the ſam: 
ratio, taken two and two in a croſs order: 
NC; therefore ME is leſs than NG 4: In like manner, be. 
cauſe MA 1s not leſs than ND, it may be proved, that ME; 
not leſs than NH: and ND, NH contain CD, GH equally; 


therefore MA, ME contain them equally; as many tines i in 


therefore, as any multiple of A contains CD, ſo many times 


does the (ſame multiple of E contain GH; therefore e as A is to 


CD, ſo is E to GH. 
Ne t, Let there be four magnitudes, A, B, C, D, and other 
four E, F, G, H, which, taken two and two in 


a croſs order, have the ſame ratio, viz. A to B, 


E to F: A is to D, as E to H. 

Becauſe A, B, C are three magnitudes, and F, G, H other 
three, which, taken two and two in a croſs order, have the 
{ame ratio; bv the firſt caſe, A is to C, as F to H: But Ci 
to D, as E to F; wherefore again, by the firit cafe, A is to D, 
as E to H: and ſo on, whatever be the number of magnitudes, 


Wherefore, &c. QE. D. 


PROP. XXIV. THEOR. - 
F the firſt has the ſame ratio to the fecond, which 


the third has to the fourth; and the fifth to I 


the ſecond, the ſame ratio that the iixth has to tne 
tourth; the firſt and fifth together ſhall have to the 
ſecond, the ſame ratio which the third and fixth to- 
gether have to the fourth. 


Let AB the firſt, have to C the ſecond, the ſame ratio which 


DE the third, has to F the fourth; and let 


a B. 5. 


BG the fifth, have to C the ſecond, the ſame 
ratio which EH the fixth, has to F the 
fourth; AG, the firit and fifth together, 
{hall have to C the ſecond, the ſame ratio 5 } | 
which DH, the third and ſixth together, has 
to F the fourth. „ 
Becauſe BG is to C, as EH to F; by in- A D 
verſion, *, C is to BG, as F to EH: and 
becauſe, 


and MA is leſs tha 


la, B, C, D. 
as G to H; B to C, as F to G; and C to D, as E F, G, H, 


ch 


N 
— 


And becauſe AG is equal to E, and CH to 
; AG and F together are equal to CH 


We, as AB is to C, ſo is DE to F; and as C to BG, ſo F Boon V. 


Ell; by equality d, AB is to BG, as DE to EH: and, by A 
| poſition 4 as AG is to GB, ſo is DH to HE ; but as GB b 22. 5. 
to C, ſo is HE to F; therefore, by equality », as AG is to 8. 5 
E { is DH to F. Wherefore, &c. Q. E. D. 

Con. 1. If the ſame hypotheſis be made as in the propoſition, 

& exceſs of the firſt and fifth ſhall be to the ſecond, as the ex- 

ok the third and ſixth to the fourth. The demonſtration of 

lis is the ſame with that of the propofition, if diviſion be uſed 

inſtead of compoſition. 

*Cor. 2. The propofition holds true, of two ranks of mag- 


nitudes, whatever be their number, of which each of the firit 


rank has to the ſecond magnitude the ſame ratio that the corre- 
ſponding one of the ſecond rank has to a fourth magnitude ; 
3 is manifeſt, 

, 


5 
2 w 
A 


PROP. XXV. LHEOR, 


T four magnitudes of the ſame kind be propor- 


tionals, the greateſt and leaſt of them together 


[ge greater than the other two together. 


Let AB be to CD, as F. is to F, and let AB he the greateſt 


of them, and conſequently F the leait *: AB, together with F, is a A. & 14 


greater than CD, together with E. | 5 
Take AG equal to E, and CH equal to F: Then, becauſe as 


AB is to CD, ſo is E to F, and that AG is equal to E, 
and CH equal to F; AB is to CD, as AG 
'to CH: wherefore the remainder GB is to 


the remainder DH, as the whole AB to 60 D I 
the whole CD®: But AB is greater than 1 n | b 19% . 


CD ; therefore GB is greater than HDs. C A. 5. 


and E together d. If therefore AG and F C 2) . % An, 1. 
de added to the greater magnitude BG, and CH and E to 


the leſs DH; the whole AB and F together are greater 
tan the whole CD and E © t gether. Wherefore, &c. e4. Ax. 1. 


E. D. | 


PROP. 
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PROP. F. THEOR. 


are the ſame with one another. 


Let the ratios of A to B, and B to C, be the ſame wit! q 
ratios of D to E and E to F; the ratio of A to 4 6 
C, which is compounded of the firſt ratios, is the ? 
ſame with the ratio of D to F, which is compound- D, E,! 
ed of the other ratios. | 


Firſt, Let A be to B, as D to E; and B to C, as E wi} 


then, by equality “, as A is to C, ſo is D to F. 
Next, Let A be to B, as E to F; and B to C, as D to! 


therefore, by perturbate equality“, A is to C, as D to F; th 


is, the ratio compounded of the ratios of A to B, and Bt 
is the ſame with the ratio compounded of the ratios «! [ 
to E, and E to F: and in like manner, the propfico | mi 


be demonſtrated, whatever be the number of ratios in cith: 
caſe. 


ATros which are compounded of the ſame rat 
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DEFINLTIONS. 
I. 


ImiLaR rectilineal figures are 


Book VI. 


choſe which have their ſeveral 2 
angles equal, cach to each, and 1 a 
| the fides about the equal angles 


proportionals. 

, | II. 

Two magnitudes are ſaid to be reciprocally proportional to two 
others, when one of the firſt is to one of the other magni- 
tudes, as the remaining one of the laſt two is to the remaining 
one of the firſt. 

| III. 


A ſtraight line is ſaid to be cut in extreme and mean ratio, when 


the whole is to the greater ſegment, as 
the greater ſegment is to the leſs. - 
IV. wo 

* The altitude of any figure is the ſtraight 1 


line drawn from its vertex perpendicular 
to the baſe, 


PROP, 


See N. 
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THE ELEMENTS 


PROP. I. THEOR. 


R1anGLEs and parallelograms of the ſame altitul 
are one to another as their baſes. 


Let the triangles ABC, ACD, and the parallelograms E 


CF have the ſame altitude, viz. the perpendicular drawn {ry 


the point A to BD: Then, as the baſe BC is to the baſe CD, ; 


is the triangle ABC to the triangle ACD, and the parallelogr: 
EC to the parallelogram CF. 

Produce BD both ways to the points H, K, and take x 
number of {traight lines BG, GH, each equal to the baſe h. 
fo that CH be greater than CD; and join AG, AH: and b 
cauſe the baſes CB, BG, GH are all equal, the triangles ABC 
AGB, AG are all equal *; 


{fame multiple of ABC, that the baſe HC is of BC. In lib 


manner, if CK be taken the leaſt multiple of CD tha i or 
greater than CH, and AK be joined, it may be proved, that u Ara! 


L. A 


triangle ACE 1s the ſame multiple 
of ACD: Wherefore the baſe DK 
and the triangle ADK contain CD 
and ACD equally. And if the baſe 
HC be equal to DK, the triangle 
AHC 1s equal * to the triangle ADK: 
But, if not, the bale HC is greater £44 RY 
than DK, but leſs than CK, and the HG B C 

triangle AHC 1s greater than ADK, 

but leſs than ACK ; therefore the baſe CH contains CD the ſem: 


& 


number of times that DK contains it“; and the triangle Ah 
contains ACD the fame number of times that ADK does: Bu 


the baſe DK and the triangle ADK contain DC and ACC“ 
equally ; therefore the baſe HC and triangle AHC contain then 
equally : and the baſe HC and tirangle AHC are any equimul 


tiples of BC and ABC : as many times, therefore, as any mu 


tiple of the baſe BC contains the baſe CD, ſo many times cov 


the fame multiple of the triangle ABC contain the triang 


ACD; therefore © as the baſe BC is to the baſe CD, ſo is ti 
triangle ALC to the triangle ACD. 


And becauſe the parallelogram CE is double of the triangi*h 


ABC ©, end the parallelogram CF double of the triangle ACU, 


and that magutiudes have the ſame ratio which their equimul | 


tiples have 4; as the triangle ABC is to ACD, fo is the paralle 
legram Fi t CF: Ard as the haſe BC is to CD, fo is the tri 
angle ABC to ACD; therefore, as the baſe BC is to CD, o 1 


the 


therefore the triangle AHC is #Þ. 
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angles, &c. Q. E. D. 

Cos. From this it is plain, that triangles and parallelograms 
St have equal altitudes, are one to another as their baſs. 
Let the figures be placed fo as to have their baſes in the ſame 
Faight line; and having drawn perpendiculars from the vertices 
the baſes, the Araight line which joins the vertices, is paral- 
I to their baſes *f „ becauſe 308 perpendiculars are both equal 
"| parallel to ons another: Then, if the ſame conſtruction 


b made as 1n the propoſition, the demonſtration will be the 
ame. 


PROP. II. THEO R. 


F a ſtraight line be drawn parallel to one of the 

ſides of a triangle, it ſhall cut the other ſides, 
r thoſe produced, proportionally: And if the 1ides, 
r the fides produced, be cut proportionally, the 
Fraight line which joins the points of ſection, ſuall 


he parallel to the remaining fide of the triangle 


Let DE be drawn parallel to BC, one of the ſides of the tri- 
nz!» ABC: BD is to DA, as CE to EA. 
Join BE, CD; then the triangle BDE 1s equal to the tri- 
Angle CDE ?, bebte they are on the ſame bate DE, and be- 


een the ſame parallels DE, BC: ADE is another triangle, 


Wd equal magnitudes have to the ſame, the (ame ratio d; there- 


pre, as the triangle BDE, to the triangle ADE, ſo is the tri- 


'F ig CDE to the triangle ADE ; bur as the triangle BDE to 


2 triang'e ADE, ſo is © BD to DA, becauſe having the ſame 


B:itude, viz. the perpendicular drawn from the point E to 


TY 


-, 


B. they are to one another as their baſes ; and for the ſame 
Eaſon, as the triangle CDE to the triangle ADE, ſo is CE to 


| Ea. Therefore, as BD to DA, ſo is CE to EA d. 


Next, Let the ſides AB, AC of the t ri- A 


| LSE ABC, or thele produced, be cut pro- 


porttonally in the points D, E, that is, ſo 


Fat BD be to DA, as CE to EA, and join 
D. DE is parallel to BU 


The ſame conſt ruction being made, 1 2 2 
kauſe, as BD to DA, ſo is CE to EA ; : and XN. 
| b BD to DA, ſo is the triangle BDE to [<< J 


the triangle ADE *. and as CE to EA, fo 


b the triangle CDE to the triangle ADE; 
merefore the triangle BDE is to che triangle ADE, as the tri- 
ingle CDE to the triangle ADE; that is, the triangles PDE, 
8 


(DE 


Fit parallelogram EC to the parallelogram CF, Wherefore Book VI. 
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5 | ö 2 
Boos VI. CDE have the ſame ratio to the triangle ADE; and therefore = 


WV the triangle BDE is equal to the triangle CDE: And they ay 
f 9.5. on the ſame baſe DE; but equal triangles on the ſame baſe au 
g 39. 1. between the ſame parallels ?; therefore DE is parallel to BCI 

Wherefore, if a ſtraight line, &c. Q. E. D. 


PROP. III. THEOR. 


* the angle of a triangle be divided into tue! 
equal angles, by a ſtraight line which allo cut; 
the baſe; the ſegments of the baſe ihall have th: 
ſame ratio which the other ſides of the triangle have 
to one another: And if the ſegments of the baſe 
have the ſame ratio which the other ſides of the pa 
triangle have to one another, the ſtraight line drann 
from the vertex to the point of ſection, divides the 
vertical angle into two equal angles. 


Let the angle BAC of any triangle ABC be divided into tw duc 

equal angles by the ftraight line AD: BD is to DC, as BA the 

AC. pert 

2 31. 1. Through the point C draw CE parallel * to DA, and let Ba ang 
produced meet CE in E. Becauſe the ſtraight line AC meet 

the parallels AD, EC, the angle ACE is equal to the alternate Le 

b 29. 1. angle CAD®: But CAD, by the hypotheſis, is equal to th into 

angle BAD; wherefore BAD is equal to the angle ACE,] baſe 


Again, becauſe the firaight line a I 
BAE meets the parallels AD, EC, E, | firai, 
the outward angle BAD 1s equal LI: equa 
to the inward and oppoſite angle A angle 
AEC®: But the angle ACE has TN Apa; 
been proved equal to the angle 7 , 
BAD; therefore alſo ACE is equal 5 to tl 
to the angle AEC, and conſequently ., But 
c 6. 1. the fide AE is equal to the fide © > _— equa 
AC: And becauſe AD is drawn D C Alſo 


parallel to one of the ſides of the triangle BCE, viz. to EC, Wang]: 

d 2. 6. BD is to DC, as BA to AE ©: But AE is equal to AC; there- {AF 1 

e 7. 5. fore, as BD to DC, ſo is BA to AC ©. tauſ. 

Let now BD be to DC, as BA to AC, and join AD; tie e 

_ BAC is divided into two equal angles by the ſtraight line I Aua 

The ſame conſtruction being made; becauſe, as BD to DC, gl. 

f ſo is BAr: AC; and as BD to DC, fo is BA to AE 9, becauſe ] IL 

f 11,5, AD is parallel to EC; therefore BA is to AC, as BA to AE Wk E 
| | Conſequentiz 
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F onſequently AC is equal to AE 8, and the angle AEC is there- Boos. VI. 
"Sore equal to the angle ACE ": But the angle AEC 1s equal to 


t PROP. A. THEOR. 
FFF the outward angle of a triangle made by pro- 
e ducing one of its fides, be divided into two 
le equal angles, by a ſtraight line which alſo cuts the jt 
ne baſe produced; the ſegments between the dividing 1 
u Jine and the extremities of the baſe, have the ſame 4 
be ratio which the other ſides of the triangle have to by 
dne another: And if the ſegments of the baſe pro- 4 
wht Quced, have the ſame ratio which the other ſides of 1 
tf the triangle have, the ſtraight line drawn from the bl 
pertex to the point of ſection, Givides the oatward bh. 
BA pngle of the triangle into two equal angles, 1 
eld 7 : : 
ate Let the outward angle CAE of any triangle ABC be divided 14 
the into two equal angles by the ſtraight line AD which meets the 4 - 
E. baſe produced in D: BD is to DC, as BA to AC. 3 | 
Through C draw CF parallel to AD *; and becauſe the 2 37. ;. 14 
right line AC meets the parallels AD, FC, the angle ACP is 1 : 
equal to the alternate angle CAD ®: But CAD is equal to the b 29.1 1. bo 
angle DAE ©; therefore alſo DAE is equal to the angle ACF. c hyp, 13 
Again, becauſe the ſtraight line FAE meets the parallels AD, i; 
, the outward angle DAE is equal : { | 
to the inward and oppoſite angle CFA: 1 14 
{But the angle ACF has been proved A — 13 
equal to the angle DAE; therefore E 19 
Wo the angle ACF is equal to the . 8 * 
LC Fuge CFA, and conſequently the ſide SE 2 1 
erc- AF is equal to the fide AC 0: And be- F : D 46.1 
aufe AD is parallel to FC, a file of 
tle he triangle BCF, BD is to DC, as BA to AF ©; but AF is 2.6 
line I Mual to AC; as therefore BD is to DC, ſo is BA to AC. 
Let now BD be to DC, as BA to AC, and join AD; the 
DC, Ile CAD is equal to the angle DAE. 
auſe ] The ſame conſtruction being made, becauſe BD is to DC, 
E. BA to AC; and that BD is alſo to DC, as BA to AF ©; 


nthy 


She ontward and oppoſite angle BAD; and the angle ACE is 
gu- to the alternate angle CAD d: Wherefore alſo the angle 
BAD is equal to the angle CAD : Therefore the angle BAC is 
Tut into two equal angles by the ſtraight line AD. Therefore, 
if the angle, &c. Q. E. D. 


82 


therefore 


g 9. 5. 
h 5. I, 
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Bcox VI therefore BA is to AC, as BA to AF f; wherefore AC is equip 7 
Ys to AF 5, and the angle AFC equal h to the angle ACF: b x 
f 11. 5. the ang]: AFC is equal to the outward angle EAD, and 
* 4 angle ACF to the alternate angle CAD; therefore alſo I. \D; 

* equal io che angle CAD. W herefore, if the outw ward, Mo 


Q. E. D. 


PROP. IV. THEOR. 
4-5 ſides about the equal angles or” equiang 


«> 
rular triangles are proportionals ; - and the 
wulch ace oppoſite to the equal angles, are hom 
logous tides, that is, are the antecedents or cone 


quents of the ratios, 


Let ABC, DCE be equiangular triangles, having the any. 
ABC equal to the angle DCE, and the angle ACB to the aig; 
4 3. 1. DEC, and co aſequently 2 the angle BAC equal to the ang 
CDE. The ſides about the equal angles of the triangles AH 
DCE are proportionals; and thoſe are the homologeus u Pair 
which are oppoſite to the equal angles. 4 
Let the triangle DCE be placed, ſo that its fide CE may ing. 
coniiguous to BC, and in the fame {irarght line with it: Au Fon! 
becauſe the angle ABC 15 equal to the F 
b 28. 1. angle DCE, BA is parallel “ to CD. 
Again, becauſe the angle ACB is cqual A 
to the angle DEC, AC is parallel to 
DE >: Produce BA, ED, until they 
cCor. 39. 1. meet in F: Therefore FACD is a p. 
rallelogram; aud conſcquently AF is 


d 34. 1. equal to CD, and AC OFD 4: And | | 
becauſe AC is parallel to FE, one of B C ihe 
the ſides of the trungle FRE, BA is | = 

e 2. 6. to AF, as BC to CE ©; But AF i is eg! aal to CD; therefore qu. 

17-5" as BA to CD, ſo is BC to CE; and alternately, as AB 10 B ther 


E 16. 5. fo is DC to CE 8: Again, becauſe CD is parallel to BY, 
BC to CE, fo is FD to DE © ; but FD is equal to AC; there 
fore, as BC to CE, ſo is AC to DE: And alternate ely s, as BU 
to CA, fo CE to ED: Therefore, becauſe it has been prove 
that AB is to BC, as DC to CE, and as BC to CA, fo CEt 

h 26. 5. ED, by equality ®, BA is to AC, as CD to DE. Thereio 
the ſides, &c, . E. D. 


rn 


$0 BC, ſo is GE to EF; but as 


OF EUCLID. 


PROP. V. THEOR. 


F the fides of two triangles, about each of their 

angles, be proporttonals, the triangles ſhall be 

Equiangular, and have their equal angles oppoſite to 
the homologous ſides. 


Let the triangles ABC, DEF have their fides proportionals, 
D that AB is to BC, as DE to EF; and BC to CA, as EF to 
FD ; and conſequently, by equality, BA to AC, as ED to DF; 
the triangle ABC 1s equiangular to the triangle DEF, and their 
nal angles are oppoſite to the homologous fides, viz. the 
cle ABC equal to the angle DEF, and BCA to EFD, and 
dſo BAC to EDF. 
At the points E, F, in the ſtraight line EF, make * the angle 
FEG <qual to the angle ABC, and the angle EFG equal to 
CA ; wherefore the remaining 
angle BAC is equal to the re- 
paining angle EGF ®, and the 
angle ABC is therefore equi- 
gular to the triangle GEF ; and 
ponſequently they have their ſides 
oppoſite to the equal angles pro- B 
ortionals ©: Wherefore, as AB 


> 


AB to BC, fo is DE to EF; 


14t 
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LIN YN 


UA 23. 1. 


Etherefore as DE. to EF, ſo 4 GE to EF: Therefore DE and © 11+ 5. 


| For the ſame reaſon, DF is equal to T 


PE have the fame ratio to EF, and conſequently are equal ©: 


44 * 


Friangles DEF, GET, DE is equal to EG, and EF common, 


e two ſides DE, EF are equal to the two GE, EF, and the 
paſe DF is equal to the baſe GF; therefore the angle DEF is 
ore equal * to the angle GEF: and GET is equal to the angle ABC; 
B berefore the angle ABC is equal to the angle DEF: For the 
F, me reaſon, the angle ACB is equil to the angle DFE, and 
here 1 angle at A to the angle at D. Therefore the triangle ABC 
5 BUS <quiangular to the triangle DEF, Wherefore, if the ſides, 
rove Ke. E. D. 
E 
relo 
PRO P. 


And becauſe, in the 


e 9. 5 


1 


Ms * 7 ff 2% . Re e 1 *.. ye” 1 2 
* 4 ** 3 I 5 — * 
A . i jd * 9 - " - "R : 
1 28 — 2 a a 4 — A 0 2 * 7 - 2 1 A r 5 *} 2 
mM : : , : "__ 4 9 7 4 1 8 4 
4 4 . — Yer « — * * 
"of 2 a — Ju LES (6 —— wit; . =, ' 8 — _— 
——U—— 22 3 OO | " . * 


JT 


4 - „ 2 
—— —— ———— 


. 1 SY : car es 


nd » — ge rnony "RY 


eee le 


wow *% ' _ PR & 


anvierac ous ooo — ;Þ.t 
To ATT wee 


Sn 


OT FT 


— 
— a 
2 98 


— wlll ag hc 3a es wel ws.» rt 
wt; 1 5 _ A — + — * a - wy = _—_ 
- - W - . 


17 


142 THE ELEMENTS 


2 
2 ap; — n FS 4 1 * 


Box VI. PROP. VI. THEOR. 


F two triangles have one angle of the one equal ty 
one angle of the other, and the ſides about th: 
equal angles proportionals, the triangles ſhall he equi. of tl 
angular, and ſhall have thoſe angles equal which ar: two 
oppoſite to the homologous ſides, The 


Let the triangles ABC, DEF have the angle BAC in th 6. 
one equal to the angle EDF in the other, and the ſides ab 
thoſe angles proportionals ; that is, BA to AC, as ED to DF. Let 
the triangles ABC, DEF are equiangular, and have the auge the o 
ABC equal to the angle DEF, and-ACB to DFE. about 

2 23. 1. At the points D, F, in the ſtraight line DF, make * th is to 


angle FDG equal to either of the angles BAC, EDF; and the abcle: 
angle DFG equal to the angle ACB: , equal 
Wherefore the remaining angle at B D to th 
b 32. 1. is equal to the remaining one at G, 1 
and conſequently the triangle ABC at F. 
is equiangular to the triangle DGF; oi 
c 4. 6. and therefore, as BA to AC, fo 1s © . is or 
GD to DF: But, by the hy potheſis, B C E T Ft 
as BA to AC, ſo is ED to DF; as, ABG 


d 11.5, therefore, ED to DF, fo is 4 GD to DF; wherefore ED :Wcau 
e 9 5+ equal © to DG; and DF is common to the two triangles EDF 
1 GDF: Therefore the two ſides ED, DF are equal to the tw 
4 fides GD, DF; and the angle EDF is equal to the ang: Wh 
4 f 4.1, GDF; wherefore the baſe EF is equal to the baſe FG *, ance 
: the angle DFG to the angle DFE: But the angle DFG if 
= equal to the angle ACB; therefore the angle ACB 1s equa 
to the angle DFE: And the angle BAC is equal to ti 
angle EDF ©; wherefore alſo the remaining angle at B 1 
equal to the remaining angle at E. Therefore the - triang!: Wa 
ABC is equiangular to the triangle DEF, Wherefore, if tw 
triangles, &c. Q. E. D. ; 


© Hyp. 
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PROP. VII. THE OR. Book VI. 


CY 
4 
* . 
* 
2 
. 
c 
1 
0 
1 
= 
3 
1 
15 
* 
C 


FF two triangles have one angle of the one equal See x. 


to one angle of the other, and the fides about 
ho other angles proportionals, then, if either one 
of the remaining angles be a right angle, or the 
tro together be not equal to two right angles: 
The triangles ſhall be equiangular, and have thoſe 
angles equal about which the tides are propor- 
nals. 


JF, Let the two triangles ABC, DEF have one angle BAC of 
ge che one equal to one angle EDF of the other, and the fides 
about two other angles ABC, DEF proportionals, fo that AB 

th: Wis to BC, as DE to EF; and let either one of the remaining 
Uo angles at C, F be a right angle, or elſe the two together not be 
equal to two right angles: The triangle ABC is equiangular 

to the triangle DEF, viz. the angle ABC is equal to the angle 
k, and the remaining angle at C, to the remaining angle | 


l — * 
— 


at F. 

/ For, if the angles ABC, DEF be not equal, one of them 
is greater than the other; let ABC be the greater, and at the 
point B, in AB, make the angle 


3 


G equal to DEF *: And * 1 7 . 1 
1) 1: Whecauſe the angle at A is equal 4 D 1 
Db the angle at D, and the \ | 3 
e Watole ABG to the angle DEF; 8 A G | ; 
age Wie remaining angle AGB is 5 4 
e egual d to the remaining ang le 5 8 5 of is 
: WIFE: Therefore the triangle : b 32. 1 "I 

{ 


qua is equiangular to the triangle DEF; whierefore, © as AB 4 N 
i: Was to BG, fo is DE to EF; but as DE to EF, fo, by hypothe- "KY 4 
3 ; is AB to BC; therefore, as AB to BC, fois AB to BG 4; 1 of. 
age and becauſe AB has the fame ratio to each of the lines BC, BG; FO ji 
is equal to BG, and therefore the angle BC is equal to 9 
IU *: Wherefore each of che angles BUG, BGC is leſs than a : 5 : "4 
ut angle é, and conſequently AGB is greater than a right 15 75 9 
ele“: But it was proved, that the angle AGB is equal to 137K 1 


WE; therefore DFE is greater than a right angle: and be- 
guſe, by hypotheſis, the angles ACB, DFE are not equal to 
0 right angles, and that CGB is equal to ACB, and AGB to 
WE,; therefore the angles AGB, BGC are not equal to two 
Wt angles: But they are equal h co two right angles, becauſz 
y are adjacent angles; which is impoſſihle. 


Therefore 
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Boox VI. Therefore 5 angles ABC, DEF are not unequal, that j, 
they are equal; and the angle at A is equal to the angle at D. N 
therefore the remaining angle at C is equal to the remainig | 


angle at F: Wherefore the triangle ABC is equiangular to the 
triangle DEF. Therefore, &c, Q. E. D. 


PROP. VIII. THEOR. 8 | 

: ; : any 

N a right angled triangle, it a perpendicular he F 
drawn from the right angle to the baſe ; the tri. Nuit 
angles on each {ide of it are fimilur to the Whole ti. aa 


angle, and to one another. 


Let ABC be a right angled triangle, having the right angle cu! 
BAC; and from the point A let AD be drawn perpendicular ty i f 
the baſe BC: The triangles ABD, ADC are ſimilar to the whole Wo © | 
triangle ABC, and to one another. Wto | 

Becauſe the angle BAC is equal to the angle ADB, each « {Mit 
them being a right angle, and that the angle at B is comma CA 


to the two triangles ABC, ABD; the 
the remaining angle ACB is equal to A AL 
2 32. 1. the remaining angle BAD *: There- line 


fore the triangle ABC is equiangular 
to the triangle ABD, and the ſides 


about dei equal angles are pro- | 
D 


d 4. 6. portionals d; wherefore the triangles P 
c 1. Def. 6. are ſimilar : In the like manner, it 
may be demonſtrated, that the triangle ADC is equiangular 
and ſimilar to the triangle ABC: And the triangles Ab 5 
ADC, being equiangular to ABC, are equiangular, and the 
fore fimilar d to each other. Therefore: in a right angle „ 
ve. DK. | 1 


Cok. From this it is manifeſt, that the perpendicular drawn * 


from the right angle of a right angled triangle to the baſe, 152 1 L4 

mean proportional between the ſegments of the baſe : And all E os 

that each of the hides is a mean proportional between the hate, 36a 

and its ſegment adjacent to that fide : Becauſe in the trizng's mY 
BDA, ADC, BD is to DA, as DA to DC; and in the tri F 

angles ABC, DBA, BC is to BA, as BA to BD Þ; and in the oe 

triangles ABC, ACD, BC is to CA, as CA to CD b. . 

HD : 

PROMWG! ; 

GF: 

dne 


to D 


OF EUCLID: 


PROP. IX. PROB. 
le ROM a given ſtraight line 


4 


required. 


| any part from it. 
From the point A draw a ſtraight 


e ing 85 
. | with AB; and in AC take any point D, and take AC am 
= multiple of AD, that AB is ot the part which 4 
is to be cut off From it; join BC, and draw 5 
EE parallel to it: Then AL is the part re- /\ 
ge aulted to be cut of: E. 
"8 Becauſe ED is parallel to one of the ſides 
e et the triangle ABC, viz. to BC, as CD i 18 
10 DA, ſo is BE to EA; and, by compo- -- \ 
1 of ſition ® * A is to AD, as BA to AE : 3at B 6 
Ca is a multiple of AD; therefore BA is 
the ſame multiple of KE: Whatever part, therefore ; AD is of 
AC, AE is the ſame part of AB: Wherefore, from ch je oy gut 
Ine AB t 12 part req juired is cut off, Which was to b 
\ | PROP. X. PROB. 
C O divide a given ſtraighit line ſimilarly to a given 
OY divided firaio ght SOS that is, into palts that mall 


-:e. Nef the divided given ſtraight line have. 


Let AB be the ſtraight line given to be divided, and AC the 
1 eivided line; it is required to divide AB ſimilarly to AC. 

* | Let AC be divided in the points D, E; and let AB, AC be 
ay placed fo as to contain any angle, and join BC, and th rough the 


HB is a parallelogram; wherefore DI is 
equal o to FG, and HK to GB: Ard becauſe 
HE is parallel to KC, one of the {ics of the 
triangle DKC, as CE to ED, fois © EH to 
HD: But KH is equal to EG, and HD to 
EH; therefore, as CE to ED, ſo is BG to 
GF: Again, becauſe FD is parallel to EG, 
one of the ſides of the triangle AGE, as ED 
to DA, ſo is GF to FA: But 1t has been 


1 proved, 


It; Je AC 1117 * 


to cut off any part 


Let AB be the given ſtraight line; it is required to cut 


80 have the lame ratios to one another which t 


4 
7 
N 


\ 0 


ne parts 


points D, E draw DF, ECG parallels to it; ; and through D 
raw DHK parallel to AB: Therefore each of tlie firures FF, 
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Book VI. proved, that CE is to ED, as BG to G; and as ED to 331 


WY fo GF to FA: 


i Rs bs 


b 2. 6. 


2 31. To 


b ai 6. 


Ls D is equal to A, Gi. to B, and 


Therefore the given ſtraight line AB is divide 
ſimilarly to AC. Which was to be done. 


PROP. XI. PROB. 


O find a third proportional to two given ſtraigh 
lines. 


Let AB, AC be the two given ſtraight lines, and let then 


be placed ſo as to contain any angle; it is 
required to find a third proportianal to AB, 
AC. 

Produce AB, AC to the points D, E; and 
make BD equal to AC; 5 having joined 3 
BC, through D, draw DE parallel to it *. 

Becauſe BC 1s parallel to DE, a fide of the 
triangle ADE, AB is ® to BD, as AC to CE: 
But BD is equal to AC; as, therefore, AB to Db 


AC, fo is AC to CE. Wherefore to the two given h I 
lines AB, AC a third proportional CE is found. Wich va 


to done. 


PROP, XII. PRO 


4 44 


2 


| O Bud no £ 1 TSS Dr 1 Ir „rarer ien * vn Tb 
Ind a LOUETIL 17 10 Ort 144 LO tree 2 ad ake tom, 
8 . 
1 , 
11531e * 


Let A, 
to find a nk pr Aer nal to 
Take two tatig 


B, . 
t lines DE, DF containing any angle J Dh 


L 

[ 

1 21 7 0 * \ ＋ 

and upon thcie Kb DG equal to A, GE equal to B, 3.) U 


equal io C; and having joined GH, 
draw EF parallel * to it through the 
point E: And becauſe GH is par allel to 
5 one of the ſides of the triangle 


EF, BG 15 10 GE, as DH to HF»; 


DII to C; thereiore, as A is to B, fo is 
to HF. Wherefore to the three 
prven ſtraight lines, A, B, C a fourth 
proportional BF is found, Which was to be done. 


1. LS „ 
, C be the three given ſtraight lines; it is require 


thel 
Port 


ok 
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17 PROP. XIII. PROB. Book VI. 
zo find a mean proportional between two given 


3 ſtraight lines. 

1 Let AB, BC be the two given ſtraight lines; it is required to 

$14 a mean proportional between them. 

Place AB, BC in a ſtraight line, and upon A deſcribe the 

en ſemicircle ADC, and from the point 

E Graw * BD at right angles to AC, 
aud join AD, DC. 


Then the angle ADC in a ſemicircle 


8 E „ "01 


4 pas —ů —„—y-—̊— 2 — 


41. T4 


r ; — rn aw r f 
_ * ws ——— "PEI — — > —— Gay — — r : 


ee . — i ot — 


is a right angle ®, and becauſe in the b 2t. 3. 

ficht angled triangle ADC, DB is 5 

Fran from the right angle, perpen- A4 . id 
Hicular to the baſe, DB is a mean | th 


proportional between AB, BC the ſegments of the bale ©: Cor. 8. C. 
Therefore between the two given ſtraiglit lines AB, BU, a mean 
proportional DB is found. Which was to be done. 


81 


PROP. XIV. THE OR. 4 

R 5 

QUAL parallelograms which have one angle of iI 

| the one equal to one angle of the other, have 'Y 
their tides about the equal angles reciprocaity pro— þ 
a 9 
portional: And parallelograms that have one angle 1 
Kt the one equal to one angle of the other, and 1 
Their . 0 - Angle 81 6 . -Y 
Er ſides about the equal angles reciprocally pro- 3 
i portional, are equal to one another. 'I 
1.4 ks 1 14 


Let AB, BC be equal parallelograms, which have the angles 

at B equal, and let the ſides DB, BE be placed in the ſame 

Graight line; wherefore alſo FB, BG are in one ſtraight line “: a z. Cor. 

The ſides of the parallelograms AB, BC: about the equal angles, 15. 1, 

pare reciprocally proportional; chat is, DB is to BE, as GB to 

BF. 

> Complete the paraliclogram FE; and A "8 

becauſe the parallelogram AB is equal to | Ze | 888 | 

BBC, and that FF. is another parallelo- | 

ram, AB is to FE, as BC to FE ®:. 5 B 

But as AB to FE, ſo is the baſe DB to | 

„Ee; and, as BC to FE, ſo is the baſe 

z to BF; therefore, as BB to BE, fo : 
= GB to BE 4. Wherefore the fides 0.11.6 
: 1 2 ot X 


Q\ 
Qi 


148 


IHE ELEMENTS 


Poor. VL. of the parallelograms AB, BC about their equal angles are u. 


a 3. Cor. 


£2685 


e 1. 6. 


rr 


ciprocally proportional. 

But, let the fides about the equal angles be reciprocally pr, 
portional, viz. as DB to BE, ſo GB to BF; the paralleloyra 
AB 1s equal to the paraliclogram BG. 

Becauiz, as DB is to BE, ſo GB to BF; and as DB to BE 
ſo © is the parallelogram AB to the parallelogram FE; 1 ; 
GB to BI, ſo is the parallelogram BC to the parallelogra:n FF 
therefore, as AB to FE, ſo BC to FE ©: Wherefore the pardth 
logram AB is equal © to the paralle logram BC. Thereforc cdut 
parallelograrms, &e Q. E. . ; 


7 p 1 Hh, 4.1 7 1 10 
4+ 4 - * * * P . 27 * \ 44 
QUAL triangles which have one angle of thi 
: * - * T -. 
1 1. e ry eV ry et +» c +] . Ke el 
4 one eg al. to one angle of the other, have 
L \ 


3 n 1 1 1 = PRs WR . Ty % ET 
heir ſides, about the equal angles reciprocally pro: 
4+ — My * And ian clas 5 ry Tov _ 7 — 4 
portiona! * 110 trlangles V 111011 Have Cile oh. 12 
* . * . " 

'  # 4 " 7 7 2 } | A 
the one equal to one angle in the other. and ons 
* $ . 
* » - . 2 17 1 1 CY. * 18 * 14 re 
ſides about the equal angles ICCINTC Ca! 'y P. oport! 

ks — 


* 
are equal to one another. 


Let ABC, ADE be equal triangl. s, v nich have the angle 
BAC equal to tlic angle DAE: the iides about the ed zual angle 
of the triangles are reciprocally proportional; that 1 is, CA is 1 


AD, as EA to AB. 


Let the triangles be Placed to mat thei 
in one ſtraight line; wherefore alſo EA 
ſtraight line *; and join BD. 5 cauſe 


equal to the triangle Anat aud that 
ABD is another triangle : there tore, as 
the triangle CAB 1s to the triangle 
BAD, fo is triangle EAD to triangle 
DAB “: But as triangle CAB to 
triangle BAD, ſo is the baſe CA to 
AD ©; and as triangie EAD to triang] e | \ 
DAB, to is the baſe EA to AB =; a3, © | 7 
therefore, CA to AD, fois FA to AB 4: 
whereſore the ſides of the triangles ABC, ADE about the equal 
angles are reciprocally proportional, 

But let the ſides of the triangles ABC, ADE about the cqual 


angles be reciprocally proportional, viz. CA to AD, as EAt 


AB; the triangle ABC is equal to the triangle ADE. 


Having ; Joined I BD as before; becauſe, as CA to AD, ſo is 
EA 
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't N to AB; and as CA to AD, fo is triangle ABC to triangle Boox VI. 
Dez; and as EA to AB, ſo is triangle EAD to triangle Cad 


RAD ©; therefore © as triangle BAC to triangle BAD, ſo is ci.s. 4; 
210 4 angle AD to triangle BAD; that is, the triangles BAC, d 11,6, un 
b have the ſame ratio to the tri angle BAD: Wherefore the 11 
b iangle ABC 15 312 eto the triangle ADE. Therefore equal e 9. 5. iq 
[ A Engles, GC . 4 
2 „ & 4 
ht 1 
1.x 4 
8 PROP. XVI. THEOR. 1 
i 4 
* * * "a: * = * 1 = f „ NG x . FE 4 * 1 
b tour 1 ratgp nt lines De proportionais, the rect. 'q 
angle contained by the extremes is cqual to the 1 
oh c Rats 71 | 
$ectiin, ve contained by the meuns-: And tit the rect- . 
V SEES Ke want #w vt; 1 
„eile contained by the extremes be equal to the 4 
10 . 14 . 71 . 
ſectangle coutamned Dy tlie means, mne ion [tral nt 21 
e 1. 2 70 . "LF; IM 8 
F( Pots 41e LrC PO A. 1 
1 Let the four fratght lines, AB, C3); E F be proportionals, 9 
erz. as AB to CD, 0 E to F; the recten le contame. by AB, U 1 
„equal to the rectangle contained by CD. E. iN 
From the points A, C draw AG, CH at right: angles to 221. . 1 
AB, CD; and make AG equal to F, and CH equal to E, and y 


, 
£ 
| 
. 
j 
U 
3 
x; 
3 
q 
T x 
| 
; 
U 
: 
| 
: 
\ 
| 
f 


ele emplete the parallelograms BU, DH: Becauſe, as AB to CD, 
1c is E to F; and that E is equal to CH, and F to AG; Ab 
10 to CD, as CH to AG: Therefore the ſides of the parallo- 
Boczrams BG, DH about the cqual angles are reciproc: ally Pro- 
dortional ; but parallelograms which bars tl: err fide „bolt 
one qual angles reciprocally proportional, are equal to one another ; © 14.6, 
13 thcrefore the parailelogram BG is equal to the Parallelogram 
DH: And the parallelogram BG 1s f 
Fontained by the ſtraight lines AB, F; © 3 
becauſe AG 18 equa al to F; and the 
Pparallelogram DI is contained by C 


knd E; becauſe CH is equal to E: | | 
3 


D e non II NY Ra >. 


"as 


Phhercfore the rectangle contained by | : 
te lirught lines AB, F is equal bs A 3 
iat which is contained: by CD and E. 
And if the re tangle contained by the ſtraight lines AB, F be 
24 WWE qual to that which is contained by 0b, E; theſe Sur lines are 
proportional, V1L. AB 1 15. to CD, AS J* tO i F. 
fal The ſame conſtruction being made, becauſe the reckangle 
to rontained by the ſtraight lines AB, F is equal to that which is 
Contained by CD, E, "ati that the rectangle BG is contained 
„Ag, F, becauſe AG is equal to F; and the recte male DH 
A py C D, E, becauſe. CH is equal to I.; therefore the p avalleto. 
Cram 


1 50 


Book VI. gram BG is equal to the parallelogram DH; and they 2 
YyY cquiangular : But the ſides about the equal angles of cqu 


c 14. 6. 


a 7. 5. 


D 1. C. 
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parallelograms are reciprocally proportional ©: Wherefore, ; 


AB to CD, fo is CH to AG; and CH is equal to E, and A 3 
toF: As, therefore, AB is to CD, ſo E to F. Wherefore, q 


four, &c. Q. E. D. 


PRO P. XVII. THEOR. 


F three ſtraight lines be proportionals, the rectangs 

contained by the extremes is equal to the {quar 

of the mean: And if the rectangle contained by the 

extremes be equal to the ſquare of the mean, ths 
three ſtraight lines are proportionals. 


Let the three ſtraight lines A, B, C be proportionals, viz, 
as A to B, ſo B to C; the rectangle contained by A, C is equi 
to the ſquare of B. 

Take D equal to B; and becauſe as A to B, ſo B to C, ani 
that B is equal to D; A is to B, as D to CG: But if four 
ſtraight lines be proportionals, the rectangle con- 
tained by the extremes 1s equal to that which is A — 
contained by the means d: Therefore the rectangle 3 
contained by A, C is equal to that contained by D 
B, D: But the rectangle contained by B, D is 
the ſquare of EB; becauſe B is equal to D: There- 
fore the reQangle contained by A, C is equal to 
the ſquare of B. 

And if the rectangle contained by A, C be equal to the ſquat 
of B; A is to B, as B to C. 

The ſame copitruttion being made, becauſe the reQanzk 
contained by A, C 1s equal to the ſquare of B, and the ſquare 
of B is equal to the rectangle contained by B, D, becauſe B 
equal to D; therefore the rectangle contained by A; C is equal 
to that contained by B, D: But if the rectangle contained by 
the extremes be equal to that contained by the means, the tout 
{traight lines are proportionals d: Therefore A is to B, as Vt 
C: But B is equal to D; en as A to B, ſo B 10 (. 
Therefore, if three firaioht lines, &. Q. E. D 


PROP 


OF EUCLID. 


I 
1] PROP. XVIII. PROB. 
0 PON a given ſtraight line, to deſcribe a rectili- 


i neal figure ſimilar, and fimilarly ſituated to a 
en rectilineal Aigure. 


Let AB be the given ſtraight line, upon which it is required 
deſcribe a reCctilineal figure ſimilar, and i milarly fituated to 
de given. : 
8 Firſt, Let the given reQilineal be the triangle ODE: And 
Wa the points A, B 1a tlie 


12 e line AB, make * 


It 
he angle BAG equal to G ＋ 
CE, and the angle ABG F. 
Equal to CDE; che refore I 
the remaining angle AGB R 
Is equal d to the remain- 
A DG 1 * 


Ig angle CFD: Where- C 
pre the triangle AGB is 
Mulangular, and therefore ſimilar © to the triangle CDE. 

Next, Let the given figure be the quadrilateral CDFE : and 
-in DE, and upon AB deſeribe the triangle AGB ſimilar, and 
- Wnlly fitnatcd to the triangle CED: and let the fide GB be 
_ MWhonologous to DI: and upon CB deſcribe the triangle BGH 
Wnilzr, and ſimilarly ſituated to the triangle DF: and becauſe 


angle AGB is equal to CD, and BGH to DEF; the whole 
le AGH is equal to tle Whole GEF. For the ſame reaſon, 
We angle ABH is cqual to CDF: and the angles at A, II are 
marc ut to thoſe at C, F ; therefore the hgures AH, CF are equi- 
ugular: and becante the triangies AEG, CDE are equiangular, 
ge eis to GB, as © CE to E D;: and becaute the triungles BGH, 
uu Dr are equiangular, BG is to GH, as © DE to EF; therefore, 
Bir equality 4, AG is to GH, as CE to EF. For the fame 
-quaiWcaton, AB is to BH, as CD to DF: and BA is to AG, as DC 
d CE; and GH to HB, as EF to FD. Wherefore, becauſe 
toute figures AH, CF are equiaugular, and have the ſides about 
Þ toaWictr equal angles proportionale, they are ſimilar ©, 
%% Again, Let the given figure be COK EIL of five ſides. 
Join DF, and upon AB deſcribe the quadrilateral ABHG 
Iimilar, and fimilarly ſituated to CDFE : and upon BH deſcribe 
ſh: triangle BHL fimilar, and ſimilarly fituated to DEF: Then, 
Kore may be demonſtrated as beſore, that the rectilineal ABLHCG 


ö ſimilar to CDK FE: and ſo on. Which was to be done. 


PROD, 


151 


Bock VI. 
e, 
See N. 


4 23 1. 


b 32. Its 


C 4. Go 


42 


2e te Det. Co 


m—S 


mg en. a 


** - 6 
cf an : 2 
eo —B— —ů—ů— 


— 


—— 


* 


— ———— eats, 46 


+ er 4 
2 


act = 4 +> < #7 
Gn 


”—_— —. 1 


22 K EE 
4 * ah 
_— a * 4 7 : 8 6 - . 2 * 
Cod ra ͤ terre rr nee i 2.2502 —— — —⅛4 


„3 * 


4 ˙ * * 


r EE a i aaa. „ „„ „ „% „1% 
— „„ * 


* err 8 2 


„ —_—— _ 
a . 4 * 


9 
— TE. 


12 'Þ 
* ga 1 >» with * hp * 
— 2 — „ OS. 5 . 
. x eh git — . 


* a=, 
1 * 


8 — 
fs EPL . by 
ho gg” 4 . , 


4 2 IEC 


on 


152 THE ELEMENTS 


Boox VI. PROP. XIX. TEEOR. 
LYN 


ImIiLaR triangles are to one another in the dag. 
cate ratio of their homologous ſides. 


Let ABC, DEF be fimilar triangles, having the angle 

equal to the angle E, and let AB be to BC, as DE to E F. 6 

5 that the fide BC is homologous to EF *: The triangle Ah 

has to the triangle DEF, the duplicate ratio of that which B 
lat to EF. 

d 11. 6. Take EG a third proportion? to EC, ETF , fo that BC is h 

EF, as EF to BG, and join GA : Then, becauſe as AB to BC. 


C16. 4: 10 DE to EF; alternately ©, AB 1s to DE, as BC to LF: Bu 
c 11. 5- as BG to EF, ſo is EF to BG : - therefore d as AB to DE, ſo n 


FJ) to BG: Wherefore the ſides of the triangles ABC, DEF, 
which are about the equal angles, are reciproeally proportional. 
But triangles which have the ſides about two wth angles rc 
procally proportional, are equal to 

e 1:. 6. One anotlier ©: Therefore the tri- 


an! AB is equal to the triangle N 

EF: And becauſe, as BC is to 

JF, ſo EF to BG; and that if 

three ſtraight lines be 3 FA 
flo. Def. s £ 


nals, the firit is ſaid * to have to Rs 

the third the duplicate ratio of ar 

which it has to the ſecond; BC therefore has to BC the dus. 

cate ratio of that which BU has to EF: But as BC to BG, 

g 1. 6. is 5 the triangle ABC to the triangle ABG. Therefore the it 
angle ABC has to the tri: nge ABG the duplicate ratio of thx 

wiich BC has to EF: But the triangle ABG i is £qual to Li 'Þ 

krise DEF ; wherefore alſo the triangle ABC has to the ,.. 

angle DEF the duplicate ratio of that which BC las 0 Ul Ka, 


Therefore ſimilar triangles, &c. Q. E. D. ECL 
Cor. From this it is raanifeſt, that if three ſtraight line "Mk 
proportionals, as the firit is to the third, ſo is any triangle ue f 
the firſt to a {imilar, and ſimilarly deſcribed triengle die ons 
the ſecond. 105 
Mided 
me 
A 

we 
ok 

And 


OF EUCLID. 


PROP; XX. IHEOR. Book VI. 
e 


Ana polygons may be divided into the fame 
0 number of fimilar triangles, having the tame 
11140 to one another that the polygons have; and the 
polygons have to one another the duplicate ratio of 
that which their homologous lides have, 


Let ABCDE, FGHKL be fimilar polygons, and let AB be 
the homologous fide to FG: the polygons ABCDE, FGHKL 
may be divided into the ſame number of ſimilar triangles, 
whereof each to each has the fame ratio which the polygons 
have; and the polygon ABCDE has to the polygon FGHKL 
the duplicate ratio of that which the fide AB has to the ſide FG. 

Join BE, EC, GL, LH: And becauie the polygon ABCDE 


W: fimilar to FGHKL, the angle BAE is equal to GFL, and a 1. Def. 6. 


A is to AE, as GF to FL.: Wherefore, becauſe the triangles 

ABE, FGL have aa angle ia one equal to an angle in the other, 

and their ſides about theſe angles proportional-, the triangle 

ABE is equiangular b and therefore ſimilar to FGL ©; where. b 6. 6. 
/\ Wore the angle ABE is equal to FGL: And, becauſe the poly- © 4: 6. 
pons are fimilar, the whole angle ABU is equal a to FGE; 
therefore the remaining angle ILBU 15 equai to LGII: Aud be- 
Tt {Weauſe the triangles ABE, FGL are fimilar, EB is to BA, as LG 
Mo GF *; and allo, becauſe the polygons are fimilar, AB 1s to 
BC, as FG to GH *; therefore, by equality d, EB is to BC, as 
„ 8G to GH; that is, the fides about the equal angles EBC, LG 
rc proportionals; therefore. * the tizangle EBC is equiangu- 


I — 
CG 2 2. 


h | 
("Sr to LG, and 
0 Ui f : C A 
un. 14 37 
0 er 1 4 
or the ſame rea- . . 5 
py: En, the triangle 1 5 — 2 I 
co is ſimilar too / oy — — 70 
Sb LYK: Therefore * WM / KO / 
U, ns ſimilar poly- \ be F LY Wa 
. eas ABCDE, — — „ 
EGHKL are di- D C KI 
mided into the | 
me number of ſimilar triangles. 
Alſo theſe triangles have, cach to cach, the fame ratio which 
05 me polygons have to one aiother, the autecedents being 


IBE, EBC, ECD, and the conſequents FGL, LGH, LHK: 
And the polygon ABCDE has to the polygon FGHEL the du- 
7T ratio of that which the file AB has to the homologous 
is FG, 
| U Becauſe 
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WY FCL the duplicate ratio e of that which the "FM BE, 


e 19. 6. 


111. 5. 


in 


£ 12. 5 


1 TY 0 * . * Ty 1 4 'P 
E10. Del. 5. a third ee oy: b. taken, B has to M the duph 


ratio of that which AB has to FG: Bat the four-fided 7 

Pc olyg S191 upO 1 AB has to the four. ſided lie! ure 61 1 e 

FG owls the duphcate ratio of that which AB ha 

Therefore, as AB is to M, fo is the kenve upon & 5 
i Cor. 19.6. figure upon FG; her wy was allo proved in triangles „ 

for e, univerſally it is manifeſt, chat if three ſtr azght liv 


THE ELEMENTS 
Becauſe the triangle ABE is ſimilar to FGL, ABE 53 th 


GL: For the ſame reaſon, the triangle BEC has to GT 
the duplicate ratio of that which Bn, has to GL: There! fore 
os the trian gle ABE to FGL, fo f is the triengle BE“ 
GLH. Again, becauſe the triangle EBC is ſimilar to Lol 
"BC has to LGH the duplicate ratio of that which ECG 
to LI: For the ſame reaſon, lie iriangle E!“ D has is Li 
the dnplicate ratio of that which "he has to LH: As, them 
fore, the triangle EBC to LGH, fis *f ECD to LAK: PAFA 
it has been proved, that the Manat EBC is to Lau, des 
ABE to FGL; therefore, as ABL to FGL, fo. is EHC ion 
LGH, and ECD to LHK: and as one of the autecedent w ful: 
its cot nlequent, ſo are all the antecedents to all t the conſeg 2 Moi 
Wherefor S 28 the trian yin ABE to FC 7L, ſo 15 the Pal gan | 
ABCDE to FGHEL : But the triangle ABE has to FCL. the 
duplicate, ratio of that which the ſie AB has to the homs! 

gous fide FG. Therefore alſo the pol; gon ADCDE 0 a 
the polygon FGHEL the duplicate r: 1 of that which I! 
has to the homologous fide FG. Wherelore, Fins POL pol 


P22 « þ | 4 
&c. Q. D. 12 


— * y 8 E "A 8 «4% 
Co. 1. In like manner, it may be proved, that ſimilar ur Wl 
2. fi f a 8 13 5 11 3 4 1 N con brag © , 
ſided zures, or of any number of tides, are one to ant line 
8 LEE 3 1 LY 32 
the di VP: [cate ratio of their nomologous licles; and it Ras 211 pre 
© > i . 9 144 * * AC F1 4 
been proved in triangles. herefore, univerſally imilas +3 
lineal bg Fares. are to one another in the duplicace ratio o g T 
homology us id es. | | 
D 1 7 41 
Cor. 2. And + Af . | 3 8 


proportionals, 10 * lirſt is to the third, fo is any 1. 
figure upon the firii, to a ſimilar and ſimilarly deſeribed f. 
upon the ſecond. 


2 * Y F 1 4 4,” 1 TH F. " * 
1 4K Ul ente KF. OR. 


* 


98 „r „Ar i Ae _—_ „ Henk. 7 
* I LIELINI. AI. ti 4 8 1110 YI 64d & %- 131143:Qh1T 
e . „ 5 ae . 
N Lame: ICOCULLLII1GA1 HZILT, Are a0 mila 5 
azuothber. 


—— 
* 


OF EUCLID. 255 


Let each of the rectilineal i>ures A, B be fimilar to the rec- Book VI. 
1 ti lineal figure C: The figure Vis fimilar to the figure B. — 
Hg Bec: auſe A is fimilar to C, the V are equianigilacy and alſo 

are their ſides about the equ: al angles proportionals . Again, a z. Def. 6. 
pecauſe B is fimitur to C, they 


BY > T6 equiangu!: ar, and have their 8 

| | it t. 1 ual 4119 es 910 

ies abot Nos q | y A Bit. 10 

4 iN Portions als 2 ie t! 18 1 1 SS 3 — 


ores A, B are each of them 

Equiangular 10 G. Ref have the 

ails about the equal angles of each of them and of C propor- 

' offtionals. Wherefore the retilinea] figures A and B are equian- 

o gular d and have their files about the equal angles Propor- b 1. Ax. 2. 


17 
. 


2 TIT 9 1 . 7 1 88 a 5 
5 ionals . Therefore A is fimilar“ to B. „E. D. e . . 
the 


PROP. XXII. IHE OR. 


9 _ . 4 - * 
rr four ſtreicht lines be proport! ionals, the ſimilar 
+4 I 1 0 , . 3 1 5 5 N 5 
wn | IC Ailincal DgZüres i ul * deter i 1 bed Fee the! In, 


of * 
1 { 1. «= — — 1. 8 '® * 1 0 s _ the « ws * 
11 ali atio- De PropDoOTilynas ys ald Hiinllar rec- 
. JJV 7 r Uralt 
tillneal ngures Unttlarty desteribed upon ILL {train ht 
— = C 
7 3" 1 hy 3 1 * 4, | I} 7 11 b 
lines be Proportongts, le ſtralg ht lines itt ALL E 


proportionais. 


Let the four trat! ut lines AB, CD, EF, GH he PrODOT® . 
Wtionals, viz. AR to CD, as EF to GH, and 1 upon AD, CD let 
the ſimilar redctilinea! figures Is AB, LCD be fire: rly deſcrit- 
bed; and Upon EF, CH the ſimilar rectilineal figure 7. MF, NH, 
in like manner: The — 5 lincal figure KAB is to LCD, as ME 
10 NHL. 
10 AB, CD take a third Prop 20rtional Ns X; ; and to EF, EH a 1. 6. 


S2 t::ird propo Jr tional 28 And becauſe AB is to CD, as EF co bf 
(CH, and ihat CD is ve X, „ GH to Oz wherelore, by equa= 9 = 
ty af a8 AB to X, 10 1 t 0 But as AB to X, 10 4 the C 22, £. 
inc rectilineal KAB to the rectilines LCD, and as EF to 0, 1 is 4 d 2. Cor. iN 
te the reftilincal MH to the req linea] NH : Tt:erefo:i e, as s KAB 2 fi. 
to LCD, ſfo® is MF to NH 20. 6. | 


And if the rectllineal KAB be to L CD, as MF to NH; the b 11. 5. f 
ſtraight line AB is to CD, as EF to GH. * 
Make eas AB to CD, ſo EF to PR, and upon PR deſcribe f e 12. 6. 

% the rectilineal figure SK fimilar and fimilarly ſituated to sicher | 35. 6, 
Wet the figures MF, NH: Then, becauſe as AB io CD, fo is 
EF to PR, and that upon AB, CD are deſcribed the fimilur and 
| imilarly ficuated reQulineals KAB, LCD, and upon LF, ER, 
Li in like? manner, the ſimilar ee ME, SR; KAB is to 
+ I-24 LCD, 


i — E Ae 1 5; 


. RT 
I ret) 


b 


* 
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Door vl. LCD, as MF to SR; but, by hypotheſis, KAB is to LCD er: 


as MF to NH; and therefore the rectilineal MF having the 


89. 5 


2 3. Cor. 
13. bs 
b 12. 6. 


e A. Def. 5 


d 1. 6. 
0-356 % 


ſame ratio to each of the two NIH, SR, theſe are equal s to on 


* 
, 8 L; 
1 BC D 
— Hs 
5 7 > . 
K, T G6 1 5 KR 


another: They are alſo ſimilar, and fimilarly ſituated; there. % 
fore GH is equal to PR: And becauſe as AB to CD, ſo i. Er 


to PR, and that PR is equal to GH; AB is to CD, as EF 


GH. If therefore four ſtraight lines, &c. Q. E. D. 


PROP. XXIII. THEOR. 
QuraxcuLar parallelograms have to one another 
the ratio which is compounded of the ratios oi 
their ſides. 


Let AC, CF be equiangular parallelograms, having the angle 
BCD equal to the angle ECG: The ratio of the parallelogram 
AC to the parallelogram CF, 1s the fame with the ratio which 
is compounded of the ratios of their ſides. 

Let BC, CG be placed in a ſtraight line; therefore DC and 
CE are alſo in a ſtraight line à; and complete the parallelogram 
DG; and, taking any ſtraight line K, make d as BC to CG, 
ſo K to L; and as DC to CE, fo make d L to M: Therefore 
the ratios of K to L, and L to M, are the ſame with the ratio 
of the ſides, viz. of BC to CG, and DC to CE. But the ra- 
tio of K to M 1s that which is ſaid to be compounded © of the 
ratios of K to L, and L to M: Wherefore alſo K has to M, 
the ratio compounded of the ratios of the ſides: And beczule 
as BC to CG, ſo is the parallelogram AC to the paralleJog:am 
CH 4; but as BC to CG, ſo is K to L; therefore K 1s © to I. 
as the parallelogram AC to the parallelogram CH: Again, 
becauſe as DC to CE, fo is the parailelogram CH to tie 
parallel, am CF; but as DC to CE, ſe is L to M; where- 
fore L 3s © to M, as the parallelogram CH to the een 


kalle! 


of ch 
md 
log! 
anole 
comn 


t or 
BC, 


q 4 
Der: Therefore, fince it has been proved, that as K to L, fo is Boon. VI. 1 
th: We parallelogram AC to the pa- MY 1 Law | 
o m!lclogram CH; and as L to M, - 1 

o the parallelogram CH to the 1 = 1 

pacallelogram CF; by equality, B CG 1233 2 

K is to M, as the parallet. gram f 1 

AC to the parallelogram CF: 1 
ut K has to M the ratio which £ if 

is compounded of the ratios of 1 I Ty 1 

the ſides; therefore alſo the pa- II I. 1 555 1* 

rllclogram AC hes to the pa- | 4 

rilelogram CF the ratio which is compounded of the ratios 

of the fides. Wherefore, equiangular parallelograms, &c, 1 

E. D. J 

15 PROP. XXIV. THEOR. | 
2 HE parallelograms about the diameter of any 4 
parallelogram, are {tmilar to the whole, and to f 

one another. | 4 

Let ABCD be a parall-logram, of which the diameter is 1 
her AC; and EG, HK the parallelograms about the diameter: The 1 
or Prallclograms EG, HK are ſimilar both to the whole parallelo- 4 

gram ABCD. and to one another. 1 

Becauſe DC, GF are parallels, the angle ADC is equal“ to , 29.2; F 
oe e angle AGF: For the ſame reaſon, becauſe BC, EF are pa- 1 
on (els, the angle ABC is equal to the angle AEF: And cach 4 
vr & the angles BCD, EFC is equal to the oppoſite ungle DAB ®, 1, —_ 3 

Ind therefore are equal to one another; wherefore the para!- 4 
5 lograms ABCD, AEFC are equiangular: And becauſe the q 
1m 3! ABC is equal to the an le AEF, and the angle BAC 1 
G. Nmmon to the two triangles BAC, EAF, they arc equiangulzr 
re one another; therefore, © as AB to 0 4.6, 

858 BC, fo is AE to EF: And becauſe the A. 2 
3 poſite fides of parallelog rams are equa! AN 
the done another > AB 1s te A, as AE 5 F 3 


Therefore the ſides of the parall-lograms 
(> BCD, AFFG about the equal a gles 
Pe proportionals; and they are therefore D K O 
ular to one another ©: For the fame | 
alon, the parallelogram ABC Ds fimilzr to the parallelogram 
am HCK. Where de each of the parallelograms GE, KH is 
Far to DB: But rectilineal figures which are ſimilar to the 
ö fame 


DAG; and DG to CB, as GF to FE; | Pe * 
Ed allo CD to DA, as FG to GA: 


e t. Def. 6. 
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Book VI. ſame rectilineal figure, are alſo ſimilar to one another ; th 
por the parallelogram GE. is ſimilar to KH. Where: e l. 
2 21. 6. parallelograms, &c, Q. E. D. 


PROP. XXV. PROB. = 


1 


O deſcribe a rectline 1 figure which ſhall be 
milar to one, and equal to another given rect 
neal figure. 


Let ABC be the ee rectilineal figure, to which the gg 
to be deſcribed is required to be fimilar, and D that to which} 
muſt be equal; it is required to deſcribe. a reQthnent 1 

fimilar to ABC, and equal to D 
2 Cor. à 5.1. Upon the itraight line EC deſcribe à the parallelogram 3! 
equal to the figure ABC; and produce BC to F, and © (| 
apply the parallelogr: m CM «qual to D, and having FOE fr 
one of its angles: Therefore LE and EM are in a fl 7216 
8 line d: Between BC and CF find © a mean D1 ;roportional (4 
ex 2 and upon GH deſcribe 4 the reQuineal figure K (H ami] 
d 13. 6. ſimilarly ſituated to the figure ABC: And becaute BC 82 
GH, as GH to CF, and if three ſtraight lines be proportional 
e 2. Cor. as the Aclt is to the third, fo is © the figure upon the firi: to th 
20. 6. ſimilar and ſimilarly deſeribed figure upon the ſecond; therefar 


as BC to CF, fo is che reQiline 41 figure ABC to KGH: Butt 


8 


A 
. K 
KEE 
} _ 7 OTIS EPI AEE F | 
| e 4 
* 1 L gn 
1. E. 
f. c. BC to CF, fo is * the Parallelogram BF. to the par- U 
EF: Thercfore, as the rectilineal figure ABC is to EGA fob * 


g rr. 5, the parallelogram BE to the parall logs am EF s: 8 on 
lineal figure ABQ is equal to the parellel'gram BE. 

qh 14. f. the ref linea] figure KGH is equal“ to the parallelogra: 0 H | 
But EF is quel to the figure D; wherefore alſo KC 3H i 18 e Em. 

to D; and it is ſimilar to ABC. Therefore the recti 

gure KGH has been deſeribed ſimilar to the figure A,, al 

equal to D. Which was to be done, 


ri {2 
PRO 


OF EUCLID. 


Tops 
0 ö PROP. XX VI. THE OR. Book VI. ; 
Tr two ſimilar and ſimilarly placed parallelogtams i; 
have a common angle - they are about the ſame 4 
j: meter, | 
il I Let the parallelograms ABCD, AEFG be fimilar and ſimilarly i 
- Situated, and have the angle DAB common: They are about it 
the ſame diameter. | 


% ſoin AF, FC, and produce GF to H: and becauſe the paral- S 
4 ſoz cams BD, GE are ſimilar, DA is to 


e 
—_—_ 2 


B, as GA to AE: therefore he re- A Dat Det. g. 
inder DG is to the remainder BE, as EN 
n I eto AE b: But DG 1s equal to 10 8. 5 8 bCor. 19. 5. 
„co HF, and AE to GF; therefore CH S 4 
oe HF, as AG to GF: and the angle \ 1 
oy SHY is equal to gg d,; theretore the d 29. r. 1 
| Ci Fiangles G IF, AGF are equiangular ©; | | e 5.5, i| 
d the angle CFH is ; therefore equal r G I 
= "bh : and GFA 1s a itra ght line; there- 4 
„F and FC are in the 3 ſtraight line f, Wherefore, f 3. Cor. 

0 0 *. Q. E. D. | $5: * 


ut PROP.: XKN VII. IHEOR. 


111 3 * W XL : % %A = vv |Y #% » ©» 8 — 2 5 — 
F all equianguiar. parel'c.ograms contained by See N. 
- . * 
N ip — YAY , — ig 1. * #7 LY - {3 5 ＋ ; EP . 18. — 4 $i . 1 * ' 
teg ments ot the lame Krairht hne, and 1 raight 
CJ o 


Des which have to the remairin ſegments tne lame 
tio, the greateſt is that which is deſcribed upon the 
Lalf of the line. 


Let AB be a {traight line divided into two equal parts in C; 3 
d upon AC let the parallelo gram A be deſcribed, and join 
WD: and let 1 be any other part of AB; and draw KF 231. «. 

arall:l to CD, and BL > paralle AB: and becauſe the angles 
pez, FRB are equal, and DBC common to the triangles DC 
IB, therefore DC is to CB, as b FR 0 b 4. 6. 
KB: The equiangular parallelograms AD, 


S Q Yon hg get 5 


Pe 


"WF are therefore contained by the ſezments 
c, AK, and by DC, KF which have the 
ww Eme ratio to the remaining ſegments CB, 
1 KB: The parall-tograin AD 33 greater 
en AF. Complete the parallelo, Tram 


LE, and produce GF to meet BE in E, 
bud let KF meet DE in IL. 


Firſt, 
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436. 1. 


2 10. 1. 
.. 
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Firſt, Let AK be greater than AC: and becauſe the comp, 
ment CF is equal © to FE; the whole DH is greater than Cf. 
But DH is equal * to DG, for HM is equal to MG, becay; 
BC 1s equal to CA; therefore DG 1s | 
greater than CF: to each of theſe add C FM RH 
CG; then the whole AD is greater than [FN | 
the whole AF. A 

Next. Let AK be leſs than AF: and be- | 

| 


cauſe the complement DK is equal e to 
DH; and that DH is equal 4 to DG, for 
HM is equal to MG, becauſe BC is equa 


to CA; therefore DK is equal to DG; EY 
DK is therefore greater tha: LG: to each 1 3 


of thoſe add AL; then the whole AD is 
greater than the whole AF, Wherefore, &c, Q. E. D. 


PROP. XXVIII. PROB. _ 4 


O divide a given ſtraight line into two parts 
ſo that the parallelogram having a given angle 
contained by one of the parts, and the ſtraight line 
which has a given ratio to the other part, ſhall be 
equal to a given rectilineal figure: But this figur | 
muſt not be greater than the parallelogram upon 
half of the line, having the given angle cont..ned 
by ſides in the given ratio. 


Let AB be the given ſtraight line, and C the given rectiliei 
fizure, and KDL the given angle contained by the ſides K), 
DL, which have a given ratio to one 


another : and let C not be greater than GN I B, { 
the parall-logram upon the half of AB, \ ente 
having an angle equal to KDL contained TY 
by ſides which are to one another as KD P Bi 
to DL. It is required to divide AB \ \\N rod 
into two parts, ſo that the parallelog ram 1 \ N ak 
having an angle equal to KDL contamed 5 U N 5 BI. 0 
by one of theſe parts, and the ſtraight ; \ H, 
line, which is to the other part as LD to / nd 
DK. ſhall be equal to C. 1 DI 2m 

Biſea* AB in E, and at B maked _ D 1 
the angle EBF equal to KDL, and as qua 
KD is to DL, ſo make © EB to BF, and complete the parallelo- Ne 
gram EF: Then, if EF be equal to C, what was requiſ e ee 


done; for EF has the angle EBF equal to KDL —— 
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F one of the parts of AB, and BF, which is to the other part Boo VI. 
. as LD to DK. 8983 
| But, if EF be not equal to C, it is greater than it, To BF 
ay“ the parallelogram MF equal to C, and having EBF for d Cor. c. f. 
1 Wc of its angles: and find © ES a mean proportional between e 13. 6. 
* BE and EM; and join BG, and draw * SP parallel to GE or f zi. . 
r, meeting BG in P, and complete the paralleſogram AP; it 
15 equal to C. Becauſe EB is to ES, as ES to EM, by conver- 
fon ?, EB is to BS, as ES to SM: and as one of the antece- g E. 5, 
| Weents to an conſequent, fo are all the antecedents to all the con- 
ſeq! nents b; therefore, as EB to BS, fo is AS to BM: But as EB h 12. 
i BS, fo * is EG or BF ! to SP: therefore, as AS to BM, ſo k 4. 6. 
is FB to SP; that is, the fides of the parailelograms AP, MF 5 ; 
about their equal angles are rec iprocally proportional; therefore ” 
the parallelogram AP is equal * to EM: but FM is equal to C; n 14 6. 
Jefore AP is equal to C. Wherefore AB is cut in 8, ſo that 
the parallelogram AP, having the angle ASP equal to KDL, 
13 by AS, and SP, which is to SB, as LD to DK, is 
tual to C. Which was to be done. 
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PROF. XXIX. PROB. 


O produce a given ſtraight line, ſo that the pa- 
rallelogram having a given angle contained by 
Be whote produced line, and the ſtraight line which 
Jas a given ratio to the produced part, ſhall be equal 
0 a given rectilineal figure. 


> 4, 
„ » of 


* * "2 


Let AB be the given ſtraight line, and C the given rectilineal 
eure, and GDH the given angle of which the fides have a 
Pren ratio to one another: it is required to produce AB beyond 
, ſa that the parallelogram having an angle equal to GDH, 
! tained by the whole produced line, and the ſtraight line, which 


to the prodnced part as HD to DG, ſhall be equal to C. ; 
Biſect AB in E, and 1 


| ence it to K, and at B * _L = 
bike * the angle LBK equal D% \ 

dd GDH, and as GD to \ 1 

E, ſo © make EB to BL, X >: 

ad complete the parallelo- ' 1 es 8 K 
im EL; and to BL ap- * K. 

Il the parallelogram LK 11 
qual to C, having LBK for Pa XX 


ne of its angles; and be- A \ 

ween EB and EK find © a E . e 

Ian proportional EO; and . 

X join 


. ˙ 


31 
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Book VI. join FB, and draw OX parallel to EF or BL, meet; 
— produced i in X, and complete the parallelozram AX; it is equ 


. 
217.5 


h 12. 8. 


12. 6. 
m1. 3 


N 14. 6. 


A 40. 1. 
b 29 6. 


C 14. 6. 
d 34. 


— 14. # 


-* 0 4 4 a 3 7 1 ts ev * 7 4 Ry 
1 3. Def. 6. ratio in E. Which was 


to C. 
Becauſe KE is to EO, as EO to EB; by diviſion 2, KO ; 
OE, as OB to BE or EA: and as one of the antece: dents to i 
conſequent, ſo are all the antecedents to all the conſequ*n;, ! 
the: efore, as. BK is to AQ, ſo is OB to EBF. 
ſo 1 is OX to EF or BL; therefore u KB 1; 
BL; 
their equ?| angles LBK, AX 
therefore AX is cqual to LK * and L is equal to G; 
fore AX is equal to C. Wherefore, the 
produced to O, ſo that the parallelogram AX T4 WY the 
ROKR equal to GDH contained by the whole X. [i 
OX, which is to the produced part OB, as HD to b. G, . 
to the given rectilineal figure C. Which was to be done. 


to 0. A, A8 N 
that is, the ſides of the par allelograms LK, AX, 


£ 
Lai) 


' . 
474 prog Ally Propor: 
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PROP. XXX.  PROB. 
O cut a given ſtraight line in extreme 
ratio. 


Let AB be the given ſtraight line; it is required to cut i 
extreme and mean ratio. 

Upon AB deſcribe * the ſquare BC; 
G, ſo that the rectangle contained by CG 
GA, be equal to BC: And becauſe AG is 
equal to GD, the iigure AD is a ſquare: and 
becauſe BC is equal to CD, by taking the 


common part CE from each, the remainder , | 58: 


( D 


BF is equal to the „ AD : and theſe Af 25 as 
figures are eq uiangular; therefore their ſides | 
about the equal angles are reciprocally pro- | 
portional ©: v. therefore, as FE. to ED, fo is me 
AE to EB: But FE. is equal to AVC 4. that 0 75 


is, to AB; * F. D is equal to AE; there- 
fore, 23 BA to AE, ſo is AE, to EB: but AB is great. 
AF; wherctore AL is greater than EB © 
Therefore the ſtraight line AB is 
to he done. 


cut Me 


O ther wiſe, 


Let An be the ov en ſtraigb t line it 10 requirec 


vs 


OR eme and mœan rat; 


LI 
40. 


but 15 5 10 \ br 


ſtraight lun A 


and mea 


and produce d CA t 


, and GD, equal t: 


— 98 96 4% * , 
xtreme aud wa 


as, as the firſt to the third, fo 1s | 
he ſigure apon the firſt to the fi= <_, 
Ipular and ftrailarly deſcribed fi- B35 5 C 
ure upon the ſecond 4; therefore, 

BB: CB to BD, fo is the figure upon 5 
TB to the hmilac and timilarty deſcribed ſigure upon BA: 
| ' 1 , 7 5 © p 7 os 1 - 2 d. 9 3 " «- 15 

A inverſely ©, as DB to BC, fo is the figure upon BA. to 
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by AB, BC be equal to the ſquare of AC s. 


EZ Then, becauſe the rectangle AB, BC is equal Tp — 


the ſquare of AC, as BA to AC, fo is AC 


Which was to be done. 


* 


& 


PROP. XX XI. THEOR. 


TN right angled triangles, the rectilineal figure de- 
ſcribed upon the ſide oppolite to the right angle, 


s equal to the fimilar, and fimilarly detcribed figures 


upon the ſides containing the right angle. 


Let ABC be a right angled triangle, having the right angle 
PAC: The rectilineal figure deſeribed upon BC is equal to the 


Emilar and ſimilarly deſcribed figures upon BA, AC. 


Draw the perpendicular AD; therefore, becauſe in the 
tight angled triangle ABC, AD is drawn from the right angle 
at A perpendicular to the baſe BC, the triangles ABD, ADC 
are ſimilar to the whole triangle ABC, aud to ous another “: 


aud becauſe the triangle ABC is ſi- 
Emilzr to ADB, as CB to BA, fo is If 
AB to BD ©; and becauſe theſe 


tlcce flraight lines are proportio- 


* 


at upon EC: For the ſame reaſon, as DC to CB, to is 
te beure upon CA to that upon CB. Wherefore, as BD 
ni DC together to BC, ſo are the figures upon BA, AC 


bo that upon BC *: But BD and DC together are equal to 
BC: therefore the figure deſcribed cn BC is equal 8 io the 
milar and fiinilarl 7 detcribed figures on BA, AC. Wherefore, 


Fe. Q. E. D. 
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Divide AB in the point C, ſo that the rectangle contained Book VI. 
LV JS 


g 1 t. 2. 


CB b: Therefore AB is cut in exireme and mean ratio in Cf. * 8. 6. 
3. Def. C. 


2 12. I, 
b 8. 6, 


C 4. 6. 
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THE ELEMENTS 


PROP. XXXII. THEOR., 


F two triangles which have two ſides of the cn 

proportional to two ſides of the other, be joins 
at one angle, ſo as to have their homologous {id: 
parallel to one another; the remaining fides ſba 
be in a ſtraight line. 


Let ABC, DCE be two triangles which have the two fide 
BA, AC proportional to the two CD, DE, viz. BA to AC, x 
CD to DE; and let AB be parallel to DC, and AC to DF, 
BC and CE are in a ſtraight line, 


Draw * EF parallel to AB or CD, and let it meet AC pr. 


* duced in F; therefore CDE is a parallelogram *, and CD 


therefore equal d to EF, and DE to 
CF: But BA is to AC, as CD to 
DE; therefore BA is to AC, as EF 
toFC: and the alternate angles BAC, 
CFE are equal ©; therefore the tri- 
angles ABC, CFE are equiangular, 
and have the angle ACB equil to 
ECF: But ACF is a ſtraight line; 
therefore BC and CE are in the 
ſame ſtraight line. Wherelore, &c. 


Q. E. D. 


PROP. XXXIII. THEOR. 


N equal circles, angles, whether at the centres u 


circumferences, have the fame ratio which tl 
arches on which they ſtand have to one another 


ſo alſo have the ſectors. 


Let ABC, DEF be equal circles; and at their centres tf 


angles BGC, EAF, and the angles BAC, EDF at their or: 


cumferences; as the arch BC to the arch EF, ſo is the ang 


BGC to tlie angle EHF, and the angle BAC to the angle EDF, 


and alſo the ſector BGC to the ſector EHF. 


Take any number of arches CK, KL, each equal to BC, 
that BL be greater than EF; and join GK, GL: And becaul 
the arches BC, CK, KL are all equal, the angles BGC, CGd, 
KGL are alſo all equal ; therefore the arch BL is the fam 


multiple of he arch BC, that the angle BGL is of the ang! 


Take, in like manner, the arch EM the leaf multipt 
hy 
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& the arch EF, that 1s greater than the arch BL, and join Book VI. 
HM; and it may be proved as before, that the angle EHM 13 ya 
the ſame multiple of the angle FHF: conſequently the angle 
M contains EHF the fame number of tines that the arch 


ON! , 
nei $M contains EF: and 
Pi the arch BL be D 


Dual to FM, the 
Lal angle BGL 13 alto / 
equal * to FHN: It / 
got, the arch BL 1s 
0. N than FM, but 
oF than EM tlie 
ert greater mul- 
* tple of EF; and 
be angle BGL. is 
1 greater than FHM, but leſs than EHM: therefore each ct tlie 
arches BL, FM contains EF the ſame number of times, and 
each of the angles BGL, FHM contains EHF the ſame number 
of times: But the arch FM and the angle FHM contain IEF 
and EHF equally; therefore the arch BL and angle BGL con- 
Jin EF and EHF equally: and BL and BGL are any equimul- 
/ "Wi tiples of BC and BGC; as many times, therefore, as any mul- 
/ tiple of BC contains EF, ſo many times does the {rae multiple 
/ df the angle BGC. contain EHF; therefore, as the arch BC is 
' to the arch EF, fo? is the angle BGC to the angle EHF. But bs. Def 
bs the angle BGC. to the angle EHF, fo © is the angle BAC to © *=: 5: 
EDF, for each is double of each 4: Therefore, as the arch; B 
to the arch EF, ſo is the angle BGC to EHF, and the angle 
BAC to the angle EDF. 8 
Alſo, as the arch BC to EF, ſo is the ſector BGC to th: 
Wlictor EHF. 
. | Join BY, CK, and in the arches BC, CK take any points 
TEX, o, and join BX, XC, CO, OK: Then, becauſe in the tri- 
angles GBC, GCK 


4 9 . . 
2 S236 2 ewe. 40 as 2 Sees... 29 ey 9 
— — r 
— - * Dy » 


* NT ned 4 5 — "ur * * = 5 ; 
. — PEIEED —— — an at 
2 


- _ 


A $A anal: ear og - - 


x the two ſides BG, GC ES MI. 
- aa. equal to the two | } 
1 UG, GK, and that 1 . 4 
Ff tſiey contain equal * | 
gngles; the baſe BC 0 i 

30,4 Ps equal © to Ck, | of OO a 
I nd the triangle BGC 9 A 8 

CGh, to CG K: and becauſe 0 8 


4+ 


the arch BC is equal | 
to CK; if each of them be taken from the whole cirenmference 
Phe remainder BAK C is equal to the remainder CBAK ; there- 
4 Pore the angle BXC is equal * to the angle COK; and the ſeg- 227. 3. 
mont 


EI 3 . e 


12 ———— — 


| 
Þ 
: 
4 
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Boox VI. ment BXC is therefore ſimilar f to the ſegment COK: and th 
therefore they are equal * tog 
fri- Def. 3. another: and the triangle BGC i 15 equal to the triangle CG] 


cr 


BS. Def. g. 


b. 3. 


are upon equal baſes BC, CK; 


& 24.3. therefore the whole ſector BGC is equal to the whole ſed 


CGR. For the ſame reaſon, the ſector K GL is equal to c 
of the ſectors BGC, CGK : . Therefore the ſector BGL HA 


fame multiple of the ſector BGC, that the arch BL is of u 
it may be 


arch BC. 


arch EM 1s of the arch EF; 
to the arch FM, the ſector BGL is equal to the ſector FHN, 
and if BL be not equal to FM, it is greater than it, but I 
than EN; 


In the ſame manner, 


{tor EHM is the ſame multiple of the ſector EHF, that th 


tain them, that 1s, equally : 


EHF; 


15 An 


1ectangle BD: DC, 
the qu re of AD. 


therefore . 


* * wm 
an 81 CG 


PROE. 
a triangle be biſected by a fraivht 


L* 
01 


line, which a!to 


5 411 ied by 


0 


unte. 
STS _ 


* * 
Wirn 
* APP 


Cant! 

LAST 1 

1Ogether 
the ang! 


- 
| WP 


Let ABC be a triangle, and let the angle BAC be biſed 
by tt: C itrawght hue AD; 


+, 
Lie 


: 10 


7 
the 


1 
463 
a + 


cuts the ba 
of 


* 


CCS 


the rectangle BA, AC is equal is 


together with 


Defcribe * the circle ACB 
the triangle, and produce AD to E, 
becauſe the 
angle BAD is ; equal to CAE, and 
the angle ABT to the angle AEC ?, 
for they are in the ſame ſegment 
ABEC; 
are equiangular : : therefore, as BA 
to AD, 
conſequently the 


and 


join F. 


Then, 


10 bo 18 ere 10 AC; 


and that, 


proved, 


if the arch BL be equi 


1 


1 


therefore the ſector BG is greater than the !-& 
EHM, but leſs than the ſector EHM: 
und the {cor BGL contain the arch EF 
{fame number of times that the arch FM and ſector FHN wn 
as many times, therefore, 2s 2 
multiple of the arch BC contains the arch EF, fo many tima 
does the fame multiple of the ſector BGC an the {Ca 
as the arch BC to the arch EF, fo d 1s th: 
ſector BGC ts the ſector EHF. 


Wheretore the arch N 
and ſector 


Et IF tf: 


Wheretore, &c. Q. E. D. 


about 


the triangles ABD, AEC 


and 


tang! 1E BA, AC 


13 


B.  THEOR. 


{a « 
18.5 


the 


rectangb 
t] 110 i] > , Y * SY 10 
the triangle 1s equal ly 
contained by the ſegments of the bale 
uure ot the ſtraight line biecluig 


thy 1 the 


HG, 24448 165 — 3 AY N 


J about the triangle. 1 


le BDA is equal “ to the angle 
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— 
bel 
+] 


8 


* equal 4 to the refturigle EA, AD, tnat ! is ©, to the rectangle Book VI. 
„ DA, together with the ſquare ot AD: But the rectangle 


' DA i 15 equal f to. the rectaugle BD, Dc. tharefare the 
tangle BA, AC is equal to the rectang! le BD, DC, together 
3700 CAD. E. I 
th the ſquare of zerefore, &c. Q. E. D. 


PRO. C. LHEOR, 


F from any angle of a triangle, a firaight line 
be drawn perpendicular to the baſe: the rect. 
ale contained by the [102% of the triangle, is equa! 


. 4 ty 1 1 1 Fi A's 1 i 
2 diameter OL the Circle GCLCILUEU ADOUL Tie tri 


1 15 * I 1 1 {% 2 1 4 % . 2 0 411 a - 
: the-1 ecanvole contained by the perpendicular and 
Cl * 
1 


Let ABC be a triangle, aud AD the perpendicular from the 


4 — 


3 an 1: A to the bulſc BC: . the rectanole BA AK 10.4 cual to tes 


— 7 4 
angle containda by AD and the 
Ganter of the CLIC ie dete: 1b 40 


. / 

Deſcribe * the circle ACB about 1 / 
F f TE 

the triangle, and draw its Gimncter 3 


AE, and join EC : Bocautle tlie \ 


ECA! in a ſemicircle, and the ang] \ 
ö | - a” 4 : \ 
BD to the angle AT. in the 05 
il a 4 4 4 2 
{7 3 ſeg nent 5 01} LI Das K Þ F hs 
: | - 
* *4 4 


EC are equancular : 
"i. "4 71 
b BA to AD, 0 13 0 K ne conſequently the rchangle 
E — | | By \ ; 1 14 + } . ; 
A, AC is equal ©. to. the rectzugle EA, KD. It, therefure, 
* 


c. Q E. D. 


FPROP. D. THEOR. 


7 . : 7 ” : : 4 i 
THE rectangle contained. by the diagonals of a 
P "ng  ,4*f ” 5 7 W © 1 F : * 
quadrilateral Ty Icribed 111 A GizCi = 1 ( aul J 


both the rectangles contained by its oppoiite lides. 
5 * 


Let ABCD be a quadrilateral inſeribed in : 2 circle, and draw 
the diagonals AC, BD; the reQangle AC, BD is equal to the 


two rectangles AB, CD "and AD, BC. 


Tt the angle ABD be equal to DBC, let AC, BD meet in E: 


But, if they be not equal, let AED be the greater; and make * 
be angle ABLE equal to the angle DBC, therefore, if the 


angle 


r 


— Ts 2 . 0" _—_ 822 
"x 222 — . ney, — — = 


— — —— RT a Sore ES 


a 4 
LS 7 
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Fook VI. angle DBE be added to each of them, the angle ABD is eq; 
WY to EBC. 
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Becauſe the angle ABD 1s equal 
to EBC, and the angle BDA to the 
angle BC E, for they are in the {ame 
ſegment BCDA *®; the triangles ABD, 
BCE. are equianguiar: Wherefore © 
as BD to DA, fois BC to CE; an a 
conieguently the 1eftanyle BD, CE 
is cquul d to the rectangle AD, BC. 
Again, becauſe. the angle ABE is pA 
equal to the angle DBC, and the 1 3 4) 
angle BAY to the angle b BDC; the triangle AL is equian. N 
gular to BUD: as, therefore, BA to AE, fo © is BD to DCS g 
whercfore the rectangle BA, DC is equal to the rectangle BD, wait 
AE: But the rectan gle BC, AD has been ſhown equal to i: {WB : 


WA BD, CE; "therefore the > LC. 
whole reQangle AC, BD is equal = "In 02 10 
to the rectangle AB, DC, together f ARS A Pi: 
with the rectangle AD, BC. Wnere- \ Cat 


fore, Ke. Q. E. D. . 5 
mM 


Cook. If AD be equal to DC, or BE 
the angle ABD equal to DBC, the E Gs a) 
xectanvis AC, BD is equal to the 8 7 D E30 
e AD, BU and AD, AR; PDR 

dy F 7 

TH if 15 7 to * J. nc Conta! ned DY 

AD and the tum of AB and BG. Conſequently AB, BC tote 


ther are to BD. as AG to AD. 


PROP. E. THEOR. 


F two points be taken in the ſemidiameter ol: 
1 circle, ſuch that the rectangle contained by:!“ 
ſegments between them and the centre is equal tf 
the ſquare of the ſemidiameter: ſtraight lines drawn 
ſrom theſe points to any point of the circumfereic 
Mall have the ſame ratio that the {ſegments of th. 
diameter between them and the circumference have 
to one another, 


Let ABC be a circle, of which AC is the diameter, ard 
the centre; and let E, F be two points in AC, on the ſame fi- 
of the centre, ſo that the rectangle ED, DF is equal 19 the 
ſquare of AD; and draw EB, FB to any point B of the ch. 
cumference: EB ; is to FB, as EA to AF. 


fol. 


$a.» 


qu | 


Ilan. 
DC, 
BD, 


? 
k $5 
O wut 


equal to BED: But BED 


FABLE; therefore the two 


| S... » e Þ þ - ' Ny . 
Saining angle ABI; tat is, the angle FBE is 
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| Join AB, BD; and becauſe the rectangle ED. DF is equal Book. VI, 
t the ſquare of AD or DB, FD is to DB, a, * DB to DE ; TY 


that is, the ſides of the tri. 
angles FBD, EBD, about EE by 


Me 1 * 
heir common angle D, are 7 — N 
proportionals; therefore the 5 „ 8 


triangles are equiangular “, 
and have the angle FBD x- 


equal © to the two EA, 


FAB, ABE are equal to 

BD: of which EAB is equal to ABD, heraufe BD is equal 
© DA; therefore the remaining angle ABE 15 cual to the re- 
biſected hy 
A: Wherefore, as FB to BE, ſo © Lherefore, 
Ke. Q. E. D. 

Con. Hence, AB biſects the angle FBE, And if BC be 
ſpied, and FB produced to G: becauſe the angle ABC in a 
Emiciccie is a right angle *, it is half the ſum of the angles 
WBE and EBG 5; of which the angie KBE, is the half of 
BE; therefore the remaining angle LBG is the balf of the 


fox be 7 1 
131 A TO Ak. 


3 3 7 7 1 * , : T3 £4 0 — a 
EDaninz angle LBG: Theretore BU biſects the exterior anole 
NY 2 

13G. 
* T * 
| LIE 


2 17. 6. 


6 6. 6. 


© 5. 55 
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ELEMENTS 


0 F 


. 


DEFINITIONS. 


| A Som is that which hath length, bread 
II. 
it which bounds a ſolid is a ſuperficics. 
III. 


A ſtraight line is perpendicular, or at rig! 


it in that plane. 


IV. 


A plane 1s perpendicular to a plane, when the ſtraight lin 
drawn in one of the planes perpendicularly to the con:m! 
ſection of the two planes, are perpendicular to the 


plane. 
V 


The inclination of a ſiraight line to a plane is the acute . 
contained by that ſtraight line, and another drawn from! 
point in which the firſt line meets the plans, 
which a perpendicular to the plane drawn from any pole 
the firſt line above the plane, meets the fame plane. 


VI. 


See N. The inclination of a plane to a plane is the angle containes 


þ 


two ſtraight lines drawn from any the ſame potat of the 


1, and thick: 


Qt angles to a Ilan 
when it males right angles with every ſtraight ] line mecti: 


to the point 
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common ſection at right angles to it, one upon one plane, and Book XI. 


a 


the other upon the other plane. 
| - VII. 
To planes are ſaid to have the ſame, or a like inclination to 
one another, which two other planes have, when the ſaid 
angles of inclination are equal to one another. 


VIII. 
Parallel planes are ſuch as do not meet one another though pro- 
| duced. 
IX. 


Similar ſolid figures are ſuch as are contained by the ſame num- 
ber of fimilar planes having the fame inclination to one an- 
other. 

X. Omitted, 
XI. 
A folid angle is that which is made by the meeting of more than 
two plane angles, which are not in the ſame plane, in one 
point, the inclinations of all che planes being inwards. 
A. 
A parallclopiped is a ſolid figure contained by fix quadrilateral 
tigures, whereot every oppoſite two are parallel, 
XII. 
A pyramid is a fohd figure contained by planes that are conſti- 
tated bet wixt one plane and one point above it in which they 
„ meet. 
nels, XIII. 
A bpriim is a ſolid figure contained by plane ſigures of which 
two that are oppohte are qual, ſimilar, and parallel to one 


„ aboiticr; and the others parallelograms. 
Sh XIV. 
© A iphere 15 a ſolid figure deſeribed by the revolution of a ſemi- 


circle about its diameter, lich remains unmoved. 
: U XV. 
Ile axis of a ſphere is tlie fixed ſtraight line about which the 


11008 Sb 
* lemlelrcle revolves. 
"i | XVI. 
The centre of a f phere is the ſuine with that of the ſemicircle. 
XVII. 


Ile diameter of a ſphere is auy ſtraight line which paſles 
through the centre, and is terminated both ways by the ſuper- 
ucles of the ſphere. 


XVIII. 

Keone is a ſolid figure deſeribed by the revolution of a right 
| angled triangle about one of the ſides containing the right 
angle, which ſide remains fixed. 


Y 2 XIX. 
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See N. 


See N. 


See N. 
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Book XI. > .2 + $ 
YN The axis of a cone is the fixed ſtraight line about which ti; 
triangle revolves. 


A As 

The baſe of a cone is the circle deſcribed by that ſide containia, 

the right angle, which revolves, | 
XXI. 

A cylinder 1s a ſolid figure deſcribed by the revolution of a right 
angled parallelogram about one of its fides, which remain; 
hxed, 

XXII. 

The axis of 2 cylinder is the fixed ftraight line about which the 
parallelogram revolves. 

XXIII. 

The baſes of 2 cylinder are the circles deſcribed by the two 1. WAB 
volving oppoſi te ſides of the parallelogram. Aa 

XXIV. 

Similar cones and cylinders are thoſe which have their axes ond 

the diameters of their baſes proportionals. 


PROP. I. THEOR. 


NE part of a ſtraight line cannot be in a plan? 
and another part above it. 


If it be poſſible, let AB, part of the flra!zht line ABC, be: 
the plane, and the part BC above it: And fince the ſtraigl. 
live AB is in the plane, it can 
Le produced in that plane: Let 


it be produced to D: And let ot „ 
any plane paſs through the PSA WES eu Ib 
firaight line AD, and be turned \_ 4 ©» 


about it until it paſs through 

the point C; and becauſe the points B, C, are in this plane, 
a 7.Def. 1. the ſtraight line BC is in it“: "Therefore there are two ſtraight 

lines ABC, AED in the fame plane that have a common ſeg- 
bo. Ax. I. ment AB; which is 1mpoflitle d. Therefore one part, & 


Q. E. D. 


PROP. II. THE OR. 


WO ftraizht lines which cut one another are 1! 
one plane, and three ſtraight lines which meet 
one another are m one plane, 


Let 
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Let two ſtraight lines AB, CD cut one another in E; AB, Bock XI. 
pb are one plane: And three ſtraight lines EC, CB, BE which HAR 
Dcct one another, are in one plane. 
Let any plane paſs through the ſtraight 
ung Wine EB, and let the plane be turned 
out EB, produced, if neceſſary, until 
& paſs through the point C: Then, be- 


ich: We uſe the points E, C are in this plane, / 
; | 4 * 1 <= o * p * . 2 A Ka . 
aus Me ſtraiglit line LC is in it“: For the / 47 5% 


Ime reaſon, the {triiglit line BC is in 
We ſame; and, by the hypotheſis, EB 2 wk 
the in it: Theretore the three ſtraiglit + 3 
Wes EC, CB, BE are in one plane: 
But in the plane in which EC, EB are, in the ſame are“ CD, b. 
) r- B: Therefore AB, CD are in one plane, Whereſore two 


Iraiglit lues, &c. Q. E. D. 


and 


1 


PROP. III. IHE OR. 


1 two planes cut one another, their common ſection 


is a ſtraight line. 


Let two planes AB, BC, cut one another, and let the line 
DB be their common ſection: DB is a 


Rraight line: If it be not, from the point Hows 
ben to B, draw, in the plane AB, the TART, 
ieh raight line DEB, and in the plane BC | | / |) 8 
Pee firaight line DFB: Then two ſtraiglit 51 || | | 
Ines DEB, DFB have the ſame extremi- BE 1 | 
es, and therefore include a ſpace be- 8 7 | 
Evixt them; which is 1mpoſlible *: There- . | 10. Ax. 
pre BD, the common ſection of the planes A N 
B, BC, cannot but be a ſtraight line. 1 
1 'herefore, if two planes, &c. Q. E. D. | 
aight i 
x ; PROP; IV. IHEOR. 
1 
Fa ſtraight line ſtand at right angles to each of 
two firaight lines in the point of their inter— 
ction, it thall allo be at right angles to the plane 
Phich paſſes through them, that is, to the plane in 
ren hich they are. | 
neet 5 
Let the ſtraiglit line EF fland at right angles to each of the 
10 lraight lines AB, CD in E, the point of their inter ſection: EF 


allo at right angles to the plane paſſing through AB, CD. 


Take 
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a 16. 1. 
b 4. 1. 


C 26, Is 


0 3, I, 


gic Def. 1. 


f;. Def. 11. 
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Take the ſtraight lines AE, EB, CE, ED all equal to 


another ; aad through E draw, in the plane in which are } 
CD, any ſtraight line GEH; and join AD, CB; then, from w 
point F in EF, draw FA, FG, FD, FC, FH, EB: And heci. 
the two raight lines, AE, ED are equal to the two BE, F( 
and that they contain equal angles A. D, BEC, the bale 1 
is equal ® to BC, and the angle DAE to EBC: And the ab 
AEG is equal to BEH -; therefore the triangles AEG, BER 
have two angles equal to two, and the fides AE, EB, ad x 
to equal angles, are equal; the fide GE is therefore © equily rn 
EH, and AG to BH: And becauſe AE is equal to EB. ail 
FE common, and at right angles to them, the baſe AF 1s equal 
to FB; for the ſame reaſon, CF is equal to FD: And beau 
AD is equal to BC, and AF to FB, the two fides FA, AD 


equal to FB, BC, each to each ; and % 
the baſe DF was proved equal to FC ; T* * 
therefore the angle FAD is equal dito N 10 
FBC: Again, it was proved, that GA 1 BAY 35 
is equal to BH, and alſo AF to FB; CT x wa 


FA, then, and AG, are equal to FB "of # 
and BH, and the angle FAG has been A / 
proved equal to FBI; therefore the 15 8 


baſe GF is equal ® to FH: Again, / ">= 48s. 
becauſe it Was proved, that GE 15 n 24 5 1 


equal to EH, and EF is common; GE, 
EF are equal to HE, EF; and the bafe GF 1s equal to Pl, 
therctore the angle GEF is equal © to HEF; and conſequent L 

each of theſe angles is a riglit © angle; ; therefore FE makes right 
angles with GH. In like manner, it may be proved, that H 
makes ficht angles with every ſtraight line which meets it in the 
plane p- fling through AB, CD. But a ſtraight line is at right 
angles to a plane when it makes right angles with ev ery ftraioh 
live which meets it in that plane ©: Therefore EF i is at ri 
angles to the plane in which are AB, CD. Whereforc, it 
{traight line, &.c. Q. E. D. 


r THEOR: 


F three ſtraight lines meet all in one point, and! 

ſtraight line ftands at right angles to each of them 

in that point; thete three ſtraight lines are in one off 
the lame plaue. 

Let the ſtraight line AB ſtand at right angles to each o. 5 


ſtraight lines BC, BD, BE, in B the point where they 1 
BC, BD, BE are : one and the ſame plane, 
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ik not, let, if it be poſſible, BD and BE be in one plane, and Book SI. 
T he above it; and let a plane pals through AB, BC, th. 


* al mon ſeQion of which, with the plane in which BD and BE 

"_ W {hall be a ſtraight * line; let this be BF: Therefore the a 3. 11. 
* Gree ſtraight lines AB, BC, BF are all in one plane, viz. that 

4 


Þich paſſes through AB, BC; and becauſe AB ſtauds at right 


© A Wolcs to each of the ſtraight lines BD, BE, it is alfo ac right 

ang”. b 5 > Gro th chen: herefore makes b 4. t. 
prolif gles o to the plane paſſing through tem ; and theretore makss 

BL n angles c with every {lraplt line N .. 3. Def. i t. 
"= Weeting it in that plane: But BF, which is -* 


chat plane, meets it; therefore the 


\ „ anole ABF is a right angle: but the | 

TY ole ABC, by the hypotheſis, is alſo a > 

iy cht angle; therefore the angle ABF Dn 1* 

Du w equal to the angle ABC, and they TIED 
both” in the fame plane; which izzi { 
poſſible : Thercfore the ſtraiglit line 3 . | 
RC is not above the plane in which are > Þ, 


BD and BE: Whicrefore the thice ſtraight lines BU, BD, BE 
We in one and the fame plane, Therefore, if three ftraight 


| Ines, &c. Q. E. I). 


PROP. VI. TIHEOR. 


IF two ſtraight lines be at right angles to the ſame 


; plane, they hall be parallel to one another. 
) Oils 
zen Let the ſtraight lines AB, CD be at right angles to the fame 
rich ene; AB is parallel to CD. 
t FFI Let them meet the plane in the points B, D, and draw the 
in tleWraight line BD, to which draw DE at right angles, in the 
ri-iSme plane; and make DF. equal to AB, 
raid joia BE, AE, AD. Then, becauſe ** | 
11:1: B is perpendicular to the plane, 1t ſhall a * C 
ke e right * angles with every ſtraight \ | a 3. Def. r. 
Ine which meets it, and is in that plane | 
But BD, BE, which are in that plane, | \ 
do each of them meet AB; therefore \ | 
each of the angles ABD, ABE is a right [3 * > D 
ele: For the ſame reaſon, each of the 
11.1 28 ngles CDB, CDE is a right angle: 
1,010 nd becauſe AB is equal to DE, and BD 
1 ommon, the two fides AB, BD, are equal 
lo the two ED, DB; and they contain 
aht angles; therefore the baſe AD is equal ® to the baſe BE: b 4. x. 
F p Again, becauſe AB is equal to DE, and BE to AD; AB, BE 
Lee 


Ne equal to ED, DA; and, in the triangles ABE, EDA, the 
| baſe 


— — * — * naw 3 — 


CC 
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Book XI. hiſe AE, is common; therefore the angle ABE is equel t; 1, 
- ave EDA: But ABE. is a right angle; t herefore EDA 


wy 


{i} 


— * 


"N 


CY 


$1 
29 
. 


allo a right angle, and ED per -pendicular to DA: But it is al 

perpend: (cular to each of the two BD, DC: Whercfore J. Di, 
at right angles to each of the three ſtraigl nt lines BD, eh A, DC 
in the point in which they meet: Th ere ſore theſe tires e rag 
lines are all in the ſame pl. me *: But AB is in the plane h 
which are BD, DA, becauſe any three ſtray bt lines which me 
one another are in one plane ©; therefore AB, BD, BDC are 
one plane: And each of the angles ABD, BDC 1s . right angle, 

therefore AB is parallel * to CD. M. herefors; f two Its raich 


lines, &. Q. E. D. 


PROP. VII. THEOR. 


e two ſtraight lines be parallel, the ſtraight jm, 
di rawn = any point in the one to any point i 
Q 


7 
4 ; 2 
L i? * 1 ler . 1 


om 
in the ſame plane with the parallels, 


tor the prrahllets are es the ſame plane *: and a firaight liz 


-jolulag two points in a plane lies whoily in that plane 25 
FRO. Vile HEOR: 
„ of} Pre © POP ht Be FE EK. Lo . = x1 
two ſtraighit lines be parallel, and one of thein be 
* rio nt 2 1010 th the 311. 1-1: ha 
* a CLISTE ola lane; the other allo mal de 


Y * 


at right angles to the . plane. 


It AB, CD be two parallel ſtraight lines, and let one of 
them AH be at right angles to a plane; the other CD 1 is 2: right 
angles to the ſame plane. 

Let AB, CD mect the plane in the a 1 7 
points B, D, and join BD: Iherefore“ AN * 
AB, C D, BD are m one plane. Ja the 1 
plane to which AB is at right angles, 3 
draw DF at right angles to BD, and ö | 
make DE equal to AB, and join BE, | \ Si 
AE, AD. And i it may be demonſtrated, B = 1 
az in the fixth prop*fition, that the anglcs | 
ABD, ADE are right angles ; therefore \ / 
DE is perpendicular to D: But it is R 
alſo perpendicular to BD; therclore LD V im 
is pzrpendicular ® to the plane which paſſes 
. throngh BD, DA, and ſhall © make right 
| angles 
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Bre in the plane 1 in which are the parallels AB, CD *: Where- 
Wore ED is at right angles to DC; and therefore CD is at right 
Knoles to DE: But GD is alſo at right angles to DB. for the 
Pnterior angles ABD, BDC being equal to two right angles 4, 
and ABD a right angle, CDB is alto a right angle ; CD then is 
F right angles to the two ſtraight lines DE, DB in the point of 
their interfection D; and therefore it is at right angles d to the 
plane paſſing through DE, DB, which is the ſame 8 to 
which AB is at right angles. Wherefore, &c. Q. E. D 


PROP. IX. THEOR. 


To ſtraight lines which are each of them parallel 
to the lame ſtraight line, and not in the ſame 
plane with it, aic parallel to one another. 


Let AB, CD be each of them parallel to EF, and not in the 
ſame plane with it ; AB {hall be parallel to CD. 
In EF take any point G, from which draw, in the plane 
paſſing through EF, AB, the ftraight line GH at right angles to 
EF; and in the plane paſſing through EF, CD, draw GK at 
fight angles to the ſame EF. And 
becauſe EF is perpendicular both to a 1 E 
CH and GK, it is perpendicular * to — EET 
the plane HGRK paſſing through them: 
And EF is parallel to AB; therefore . | 
AB 1s at right angles » to the plane E a G 3 
eK. For the fame reaſun, CD is 
: tv wiſe at right angles to the plane 
HSK. Therefore AB, CD are each ( 1 
f them at right an les to the plane 
ik. But if two ſtraight lines be at 
Pit angles to the ſame plane, they are parallel ©; therefore 


E. D. 


PROP. X. THEOR. 


F two ſtraight lines meeting one another be parallel 
to two others that meet one another, and are not 
the fame plane with the firſt two; the firſt two and 
he other two ſhall contain equal angles. 


Z. Let 


A is parallel to CD. Wherefore two ſtraight lines, &c. 
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MS with every ſtraight line meeting it in that plane: But Boox XI. 
be is in the plane paſſing through BD, DA, becauſe ail three WWW 


a 7. 11. 


d 29. 1. 


d 4. 11, 


2 4. 11. 


b 8. 11. 


C 6. 11. 


8 
2 


— — > 


— 2 4 AF. Ss , 
— . I 2 
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Boox XI. 


oe parallel to the two ſtraight lines DE, EF that meet one an. 


& 33. 1. 


hb D 11. 


Cl. Ax. 1. 


d . 1. 


a 12. I. 


b it, 1. draw ®, in the plane BH, the ſtraight ; A 
line DE at right angles to BC; and E. 
from the point A draw AF perpendi- \ 

c 31. 1. cular to DE; and through F draw © G__ | H 

| GH parallel to BC: And becauſe 1 \ 

d 4. 11. BC 1s at right angles to ED and DA, \ \ 
BC is at right angles * to the plane g 
paſſing through ED, DA. And GH — —. 

is parallel to BC; but, if two 13 1) L 

e 8. 1c. {ſtraight lines be parallel, one of which 

is at right angles to a plane, the other ſhall be at right © ang 
3. Def. 11. to the ſame plane wherefore GH is at right angles to the pla 


THE ELEMENTS 
Let the two ſtraight lines AB BC which meet one another 


other, and are not in the fame plane with AB, BC ; the ang}: 
ABC is equal to the angle DEF. 

Take BA, BC, ED, EF all equal to one another; and join 
AD, CF, BE, AC, DF: Becauſe BA is equal and parallel v 
ED, therefore AD 1s * both equal and pa- 
rallel to BE. For the fame reaſor, CF is B 
equal and parallel to BE ; therefore AD | 
and CF are each of them equal and parallel A [ 0 
to BE. But ſtraight lines that are parallel 
to the ſame itraight line, and not in the ſame 
plane with it, are parallel “ to one another; | | 
therefore AD 1s parallel to CF; and it is AT 
equal © to it, and AC, DF join them to- 3 
wards the fame parts; and therefore? AG x T7 
is equal und parallel to DF. And becauſe 
AB, BC are cqual to DE, EF, and the baſe AC to the ba? 
DF; the angle ABC is equal © io the angle DEF. Therefore, if 
if two ſtraight lines, &c. Q. E. D. | 


PROP. IX. PROB. 


O draw a ſtraight line perpendicular to a plane, 
from a given point above 1t. 


Let A be the given point above the plane BH; it is require 
to draw from the point A a ſtraight line perpendicular to the; 
plane BH. | |: 

In the plane draw any ſtraight line BC, and from the point 
A draw AD perpendicular to BC. If then AD be alto per. 
pendicular to th- plane BH, the thing required is already done; 
but if it be not, from the point D 


through ED, DA, and is perpendicular f to every ſtraight line 
meeting it in that plane, But AF, which is in the plane throws 
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Pendicular to DE; therefore AF is perpendicular to each of the 
: E caight lines GH, DE. But if a firwght line ſtands at right 

Wngles to each of two ſtraight lines in the point of their inter- 
Wein, it ſhall alſo be at right angles to the plane paſſing 
Shrough them. But the plane paſſing through ED, GH is the 
Plan- BH; therefore AF is perpendicular to the plane BH. 
Therefore, from the given point A, above the plane BH, the 
Mtraight line AF is drawn perpendicular to that plane. Which 
was to be done. 


PROP. XII. PRO B. 


O erect a ſtraight line at right angles to a given 
plane, from a point given in the plane. 


Let A be the point given in the plane; it is required to erect 
. line from the point A at right 

angles to the plane. 5 
From any point B above the plane draw * 4.1 
BC perpendicular to it ; and from A draw 
Þ AD parallel to BC. Becauſe, therefore, 13 


the given plane, the other AD is alto at 
{AC 


ight angles to it ©. Ihercfore a straight 
line has been erected at right angles to a 
ven plane from a point given in it. Which was to be done. 


PROP. XIII. THE OR. 


THERE can be but one ſtraight line perpendicular 
to a given plane, drawn from the ſame point. 


For, if there could be two, they would be parallel * to one 
another ; which 1s abſurd. 


\ il PROP. XIV. THEOR. 


Lanes to which the fame ſtraight line is perpeudi— 
cular, are parallel to one another, 


Let the ſtraight line AB be perpendicular to each of the planes 
CD, EF; theſe planes are parallel to one another, 
Z. 2 If 
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Eb, DA, meets it; therefore GH is perpendicular to AF; Book XI. 
Ind conſequently AF 15 perpendicular to GH: and AF is pe- 


a 11. 11. 


b 31. 1. 


AD, CB are two parallel flraight lines, | 
End one of them BC is at right angles to / | 


eg. 11. 


a 6. 11. 


A 
4 
| 
? 
1 
1 
| 
; 
| 
þ 
? 
N 


180 


Book XI. 


YN 


a3. Def. 11. 


b 17. 1. 


cg. Def. 11. 


4 11. Il. 


D 3. 1. 


c;. Def t. 


is a right angle: And becauſe BA 


d 9. ir, 


e 29. 1. 


are not in the {ame plane with the firſt two; the plane 
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nd! 


» - 


If not, they ſhall meet one another when produced; |, 
them meet; their common ſection ſhall be a ſtraight line Gy 
in which take any point K, and join 
AK, BK: Then, becauſe AB is per- 
pendicular to the plane EF, i is per- 
p<nd'cular * to the ſtraight line BK 
which is in that plane; therefore 
ABK is a right angle. For the ſame 
reaſon, BAK is a right angle; where- 
fore the two angles ABK, BAK of | 
the triangle ABK are equal to two 
right angles; which is in poſſible d: 
Therefore the planes CD, EF, though 8 W 
produced, do not meet one another; J 


that is, they are parallel ©, Therefore planes, &c. Q. E. D. 


"Mc 


PROP. XV. THEOR., 


F two ſtraight lines meeting one another, be parallel 
to two ſtraight lines which meet one another, but 


Which paſſes through theſe is parallel to the plane 
paſſing through the others. 


Let AB, BC, two ſtraight lines meeting one ↄnother, be ps. 
rallel to DE, EF that meet one ancther, but are not in the {ame 
plane with AB, BC: The planes through AB, BC, and DE, 
Et ſhall not meet, though produced. 

From the point B draw BG perpendicular * to the pln! Whe 
which paſſes through DE, EF, and let it meet that plane in G. 
and through G draw GH parallel“ 


to ED, and GK parallel to EF: ww xl 
And becanſe BG is perpendicular 3 5 
to the plane through DE, EF, it - ” "ab | E 


ſhall make right angles with every 1 | 


ſtraight line meeting it in that 1 I | 
plane ©: But the ſtraight lines GH, | 
GK in that plane meet it; there 3 
fore each of the angles BGH, BGK A | D -» 
is parallel 4 to GH, for each of them is parallel to DE, and 
they are not both in the fame plane with it, the angles GBA, 
BGH are together equal © to two right angles: And BGH is: 


right angle; therefore alſo GBA is a right angle, and GB per 
pendiculac 
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adicular to BA: For the ſame reaſon, GB is perpendicular Boox XI. 
BC: Since, therefore, the ſtraight line GB ſtands at ight Wy va 
Soles to the two ſtraight lines BA, BC, that cut one another in 
j Gg is perpendicular * to the plane through BA, BC: And f 4. 11. 
is perpendicular to the plane through DE, EF; therefore BG 
perpendicular to each of the planes through AB, BC, and DE, 
; F: But planes to which the ſame ſtraight line is perpendicular, 
e parallel © to one another; therefore the plane through AB, g 14. 1. 
\p {WIC is parallel to the plane through DE, EF, Wheretore, if 
Po ftraight lines, &c. Q. E. D. 


bl 
7 


| | PROP. XVI. THEOR. 


D MF two parallel planes be cut by another plane, their see N. 
common ſections with it are paraliels, 


N Let the parallel planes AB, CD be cut by the plane EFHG, 
nd let their common ſections with it be EF, GH: EF is paral- 
to GH. 


Ne | Becauſe the planes AB, CD are parallel, they do not meet *, a8. Det. tt. 
, Wough produced: and the ſtraight 
Ane Wes EF, GH are wholly in thete 5 1v H 
12% Wanes >; therefore EF, GH donot } FT D 
| ' . > D 1. 11. 
eet, though produced either way: 15 
And they are in the [ame plane EI GH: | | 
e pa. Put ſtraight lines which are in the | | f 
lame me plane, and do not meet though | | j | 
DE, {Wroduced either way, are parallel ©; 7 6 HO 
erefore EF is parallel to GE. A 1 | c35.Def.r, 
1:02 Wherefore, &c. Q. E. D. Fo 8 


PROP. XVII. THEOR. 


| F two ſtraight lines be cut by parallel planes, they 
{hall be cut in the lame ratio. 


Let the ſtraight lines AB, CD be cut by the parallel planes 
PH, KL, MN, in the points A, E, B; C, F, D: As AE is to 
B, ſo is CF to FD. 


M Jon AC, BD, AD, and let AD meet the plane KL in the 
and eint X; and join EX, XF: Beciuſe the two parallel planes 
24, L. MN are cut by the plane EBDX, the common ſections 


X. BD, are parallel *. For the ſame reaſon, becauſe the two 3 6. x, 
parallel 


— 1 


r 
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Boox XI. parallel planes GH, KL are cut by the plane AX FC, n 
common ſections AC, XF are pa- 
rallel: And becauſe EX is parallel 2 To] 

to BD, a fide of the :riangle ABD, 2 N 
b 2. 6. as AE to EB, ſo is ® AX to XD. & | 3 
1 


Ag ain, becauſe XF is parallel to AC, 
a fide of the triangle ADC, as AX 
to XD, fo is CF to FD: And it | 
was proved, that AX 1s to XD, as fe 
K 


e 11. 5. AE to EB; therefore 8 8 AE to 
EB, ſo is CF to FD. We efore, 
if two ſtraight lines, &c. Q. E. D. 


PROP. XVIII. THEOR. 


F a ſtraight line be at right angles to a plane 
eV<ry plane which paſſes through it ſhall be at 
1ght angles to that plane. 


Let the ſtraight line AB be at right angles to a plane CK; 
every plane which pail.s through AB ſhall be at right angles u 
the plane CK. 
Let any plane DE pats through AB, and let CE be the com. 
mon ſection of the plates DE, CK; take any point F in CF, 

from which draw FG in the : 5 
plane DE at rig t angles to CE: | —— — 
And becauie AB is perpendicular | 
to the plane CK, therefore 1t | 
is alſo perpendicular to every 
ſtraight line in thai plane meet- 
a3.Def.11.ingit * ; and conlequenily it is | 
perpendicular to CE,; where- | | 
fore ABF is a right angle: but F 

GFB is likewiſe a right angle; 

b 28. 1. therefore AB is parallel > to FG. And AB is at right angles to 
the plane CK; therefore FG is alto at right angles to the fame 
E 8. 11. plane ©; that is, any ſtraight in the plane DE, at right angles 
to CE, the common ſection of the planes, is at right angles (0 
the other plane CK: But one plane is at right angles to anothe! 
plane, when the ſtraight lines drawn in one of the planes, 4 
right angles. to their con mon ſection, are alſo at right angles to 
84.Def.1r. the other plane 4; therefore the plane DE is at right angles to 
the plane CK. In like manner, it may be proved, that 3 the 
P ants 


— oe oro mT 


WH 
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nes which paſs through AB are at right wz1es to the plane Book XI. 
K. Therefore, if a ſtraight line, &c. 2. E. . 


PROP. XIX. THEOR. 


F two planes cutting one another be erch of them 
perpendicular to a third plane; their common 
tion hall be perpendicular to the lame plane. 


I 
| 
2 
2 
12 


Let the two planes AB, BG be each of them perpendicular to 
third plane, and let BD be the comman ſection of the ſirſt 
yo; - BD is perpendicul ar to the third plane, 

lk it be not, from the point D dra e, in the plane AB, the 
brvight line DE at right angles to AD. the cominon fe: Fion of 
the plane AB, with the third pline; and in the phme BC draw 
DF at right angles to CD, the common ſection of the plane BY, 
ith the third plane. Aol becauſe the plane B 


kB is perpendicular to the tlurd plane, and 

DE is drawn in the plane AB at right angles ef] S@ 
o AD their common ſection, DE is p: rpendt- | 

ular to the third plane . Jn the ſame man-j | F 


er, it may be proved, that DF is perpendicu- } | 
ar to the third plane. Wherefore, from the | | 
point D two ſtraight lines ſtand at right angles | 

o the third plane, upon the ſame ſide of it; 7 
which is impoſſible “s: Therefore, from the 
ont D there cannot be any ftraight line at A 3 
ight angles to the third plane, except BD, the common ſection 

if the planes AB, BC. -BD, therefore, is perpendicular to the 

hird plane. Wherefore, if two planes, Se. XE. P. 


PROP. XX. THEOR. 


F a folid angle be contained by three plane angles, 
any two of them are greater than the third. 


les to Let the ſolid angle at A be contained by the three plane angles 
ſameff AC, CAD, DAB. Any two of them are greater than the 
angles bird. 

les o If the angles BAC, CAD, DAB be all equal, it is evident 
other bat any two of them are g. eater than the third. But if they 
es, Are not, let BAC be that a gle which is not leſs than either of 
les tothe other two, and is greater than one of them DAB; and 


les to 
ill the 
planes 


at the point A in the {tra ight line AB, make, iu the plane BY 
ich paſſes through BA, AC, the angle BAE equal to the * 
angle 


p | 24 Def.r1. 


r h . e . . . 


ME oof. — 


} 
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Book XI. angle DAB; and make AE equal to AD, and through } Je: 
WWW draw BEC, cuttiag AB, AC in the points B, C, and join D} 5 
DC. And becauſe DA is equal to AF, and AB is cor nm, Wi. + 
the two DA, AB are equal to the two EA, AB, and the any is 
DAB is equal to the angle EAB ; © 
b 4. 1. therefore the baſe DB is equal ® to D = 
the baſe BE. And becauſe BD, x 
s :0.1, DC are greater © than CB, and a 
one of them BD has been proved FY . 
equal to BE a part of CB; there- Y 
fore the other DC 1s greater than W 81 
the remaining part EC. And be- "gs 1 0 Nt 
cauſe DA is equal to AE, and AC 4 
common, but the baſe DC greater than the baſe EC; there 
d 25. 1. the angle DAC is greater 4 than the angle EAC; and, by th 
conſtruction, the angle DAB is equal to he angle BAE; where. 
fore the angles DAB, DA are together greater than BAE 
EAC, that is, than the angle BAC. But BAC is not leſs tha j 
either of ihe augies DAB, DAC; therefore BAC, with either 
of them, is greater than the other. Wherefore, if a ſolid angle, ui 
&c. . E. Þ . 
cir 
PROP. XXI. THEOR. | th 
Set N. VERY ſolid angle is contained by plane angle, ic 


which together are leſs than four right angles, 


Let the ſolid angle at A be contained by any number of plane 
angles BAC, CAD, DAE, EAB. Theſe together are 1: is th. 
four right angles. 5 

Let the planes in which the angles are be cut by a _ and 
let their common ſections with it be BU, CD, DE, EB: Then, 
becauſe the ſolid angle at B is contained by hs three 0 * 
angles CBA, ABE, EBC, any two of them are greater than the 
third ; 1 the Sl s CBA, AEE are greater than the 
engle EBC: For the ſame reaſon, the two plane angles BCa, E 
ACD are greater than BCD, and the two CDA, ADE greater A 
than CDE; and DEA, AEE greater than DEB: Theref. e all 
the angles at the baſ-s of the triangles ABC, ACD, DE 
ABLE, which have their common vertex at A, are together 
greater than all the angles of the rectilineal figure BCDE : and 
becauſe the three angles of a triangle are equal to two right 
angles, ail the angles of the triangles ABC, ACD, ADE, AEB 
are equal to twice as many right angles as there are triangles; 
that is, as there are fades of the figure BCDE ; and all ths 


ang 00 
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* of the figure BCDE, together with four right angles, Boos XI, 
8 alſo equal to twice as many right angles as there are ſides of 

> figure ; therefore all the angles of the 

jangles ABC, ACD, ADE, AEB are A 

tial to all the angles of the figure, to- 
ner with four right angles: But it 
bs been proved, that all the angles at 
be baſes of the triangles are greater 
m all the angles of the figure ; where- 
re the remaining angles at the vertex 
N | of the triang gles, are leſs than four 


— 


0 gut angles. "Wherefore every ſolid 


ac Ox Awe. ca Ad cf) ooo PI nh 1 oli 5 . 
— 


„c. Q. E. D. 
re fote 
y the 
| PROP. XXII. THEOR, 
BAL, 


* F three iſoſceles triangles have their ſides equa, 
either and any 10 ot tue vertie 21 angles greater thai 
nel: third ; a triangle may be made of their baſes, 


Let ABC, DEF, GHK be three iſoſceles triangles, having 

eir ſides AB, BU, D, EF, GH, HK all equal, aud any two 

{ the angles at B, E, II greater than the third; any two of the 

Wis AC, DF, CK are allo greater than the third, 

Se If two 'of the angles at B, E, H be cqual, aud not leſs than 

les. he third, it is evident that two of the bates are equal * and not a 43. 
d than the third; and theretore any two of the baſes are p 24. 1. 
reater than the third. In any other ” let tlic N ABC 

e greater than cither 

che other angles at 


Then „H, therefore AC 18 

5 56 than either 

* lf" or GK. At B, in 

i B, make © the angle C 23. In 
N 8 equal to DFF, | 


504 0 
3 0 . equal O one 8 I» 
nao the equal des, and 


DE n AL, LC: and becauſe the two ſides AB, BL are 2 equal to the 

ee DE, EF, and they contain equal angles; the refore the baſe 

A. is equal a to DF: and becauſe the angles at E, iT are greater d 24, 1. 
= un ABC, and that E is equal to ABL, the rep; LAT angle at 

AFB is greater than the rem: lining angle CBI.: and becauſe the 

o fides LB, BC are equal to the two H, IK, but the angle 

BU lets than (iK; therefore the baie J. (: 15 |. 1 > than GK; 

ad it was proved, that AL is equal to D'; therefore BF, GK 
e greater than AL, LC: but AL, LC are greater © than AC; e 20. 1. 
A a therefore 


pl ane 


; Lian 


gles; 
1 the 
ng ls 
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Book XI. therefore DF, GK are greater than AC: and it is evident, thy 
A with either of the two DF, GK are greater than the other 


f 22.1. therefore a triangle may be made f , the ſides of which ſhall l 
equal to AC, DF, GSK. Q. E. D. 


PROP. XXIII. PROB. 


See N. O make a ſolid angle which ſhall be contains 
by three given plane angles, any two of then 
being greater than the third, and all three togethe 

leſs than four right angles. 


Let the three given plane angles be ABC, DEF, GHK, an 
two of wilci are greater than the third, and all of them toge 
ther leſs than four right angles. It is required to make a ſol 
angle contained by three plane angles equal to ABC, DEF 
GHR, each to each. 

From the fides of the angles cut off AB, BC, DE, EF, GH, 
HK all equal to one another; and join AC, DE, GK : and k 


/? = | 
a / 
= | "1 


, 2 

5 * A 

. = A E 
1 | , 5 
JL | % „ 

2 3 — 1 2 Es * . 5 | S& { req 
1 CO TIRE EE ——J.M 
| qu: 

the angle GK not be lefs than either of the other two; there- 1 
Dale 


2 4, or fore GK is not lefs * than either AC or DF. At the point þ 
4. 1. make d the angle CBP equal to DEF, and make BP equal to eu 
23. 1. one of the equal ſides, 1 join CP: a becauſe the a {ides \ 

CB, BP are equal to the two DE, EF, and the angle CBP 1s b 

© 4. 1. equal to the angle DEF ; the baſe CP is equal © to DF, If A 


4 eat 
7 . eng 
| - . Fre. 

\ 1 1 

A. N ,. . ad 

N 5 2 8 be 

— —upͤ—' —ͤ— X\ 
| 3 K LX 
LY 


4 BP be in the ſame ſtraight line; AP is equal to GH, HK to-Wſſo 
à 420. 1. gether ; ; and GH, HK are greater © than GK; therefore AP Mio 
great 


there. 
int B 
ual to 
| ſides 
BP 15 
£ AR 


a + + 


K to- 
AP 5 


Cate! 


b F 4 
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- AP: and if the point B be without the triangle ACP; be- 
fe the two angles ABC, DEF are greater than GHK ; and 
BP is equal to DEF; therefore the two ABC, CBP, that is, 


be angle ABP is greater than HK: and the two ſides AB, BP 


re equal to the two GH, HK; therefore the baſe AP is greater © 
dan the baſe GK. But if the point B be within the triangle 


ep, the three angles ABC, CBP, ABP are equal * to four 


bet angles: and the three angles ABC, CBP, GHR are leſs 


Pen four right angles; therefore the angle ABP 1s greater than 


FAK: and the ſides AB, BP are equal to CGH, HK; herefore 


he baſe AP is greater © than GK, Wherefore in every caſe AP 


& greater than GK. 


— - —— ———— —ͤ—ũ—ÿ24— — — - —— — 
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| And becauſe every two of the angles ABC, DEF, GHK are 
greater than the third, a triangle may be made of the three baſes 
RC, DF, GK: let this be the triangle LMN s, fo that LM be 
equal to AC, MN to DF or CP, and LN to GR: and becauſe 
he two fides AC, CP are equal to the two LM, MN, but the 
aſe AP greater than the baſe LN; therefore the angle ACP is 
reater h than the angle LIN. About the triangle LMN de- 
eribe k a circle, and find ! its centre X, and join XL, XM, XN: 
AB is greater than XL: For if AB be equal to XL, BC is equal 
o XM: and becavſe BC, CA are equal to XM, ML, and AB 
qual to XL; the angle ACB is equal to LMX: For the ſame 
reaſon, the angle BCP is equal to XY MN ; therefore the whole 
angle ACP is equal to the whole LYN : and it was ſhown to be 
greater than it; which is impoſſible ; therefore AB is not equal 


fo LX: Neither is it leſs, for, if it be, make the triangle LOM 


"1 the ſame fide of LM with the triangle LXM, fo that LO, OM 
be equal to AB, BC; therefore LO, OM are leſs than LX, 
AM; and therefore the triangle LOM falls within. a the triangle 
LXM. Conſequently the angle LMO is leſs than LMX: but 
LMO is equal o to ACB; therefore ACE is leſs than LMX. 
Tor the ſame reaſon, the angle BCP is lefs than XMN; there- 
bre the whole angle ACP is leſs than the vc hole LMN; and it 

Aa 2 | 15 
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| enter than GK. But, if AB and BP be not in a firaight line, Book XI. 


e 24. Io 


1 
15. 1. 


2 22. 11. 
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1 21. I's 
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Book XI. is alſo greater than it; which is impoſſible: "Therefore g, 
2 


P 12. 11. 


3. Def. 11. 


9 4. 1. 
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not leſs than LX: and it has been proved, that it is not can 
to it; therefore AB is greater than LX. 
From the point X exrect ? XR at 
right angles to the plane of the circle 
LMN: and find a ſquare equal to the 
exceſs of the ſquare of AB above the 
ſquare of LX, and make RA equal to 
its de, and Jo! N RL, RM, KN. Be. 


Came R A. 3 18 D of 3 Del. 1 4 * 1. ar 7 » ti 2 


In 
13418 


LMM, it is pet pendi cular 4 to each of 
the ſtroicht tines LX. MX, NX. 


And becauſe LX is equal to MX, 
aud RA ccwmon, and at right an $403 
to euch of them, the baſe RL is a 5 al o to K* 

For the 8 re aſon, RN is equal to each cf the two RL, RN 


4 
5 15 
3 GP PAIR 8 nO 3h. , 1 7 O 
Aud beomiic the ſquare of VV! equal to the excels of tt! 
- S | Y 1 — T3 * 74 9 7 FRY * T 0 % 1 0 a 1 
qua! Or AB ab bove that Ol LX , the IOUAare of AB IS E al L 


the ſqusres of LX, XR: But the ſquare of LR 1s equa! r 0 thi 
ſame ory becauſe LAR is a right angle; therefore * 
ſquare of AB is <qua! to the 1 Iquare of LR, and the ſtraight! 
\B to LR: But cach of the ſtraight hnes BC, DE, LI, 
K is equal to AB, and each of the two R M, RN is £quil t 
L; therefore each of the former is equal to each; of the latter: 
and becanic KL, RM, are equal to AB, BC, and the baic I. 
«+ i 1 


to the bee AC; the angle LRM is equal ® to the angle A. 
WV 
For the lame reaſon, the angle M RN is equal 0 91 aud 
IRT ro CHE. There? 4 Talid 2 ; 
Y 4% £4 TS CILIA» cre OTe there 13 mace Co 10:1 111 4 I 


which is contained by three plane angles LRM, MR! I. NR 
which are equal to the three given plane angles ARC 


DE 
GH, cach to cach. Which was to be done. 


PROP. A. TIIEOR. 


F each of two fold angles be contained b 
plane angles equa! to one another, cach to 0. 
he planes in which the equal angles are, have! 
lame meolination to ons another. 


Let the ſolid angle at A be contained by the three plane angles 
CAD, CAE, E AD; ; and the ſolid angle at B by the three plz 
angles FBG, FBH, GBH ; of which the angle CAD is equa! © 
the angle FBG, and CAE to FBH, and EAD to HB : Tue 
planes in which the equal angles are, have the fame inclinaticn 
to one another. 

Make 


a” * = 
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cauſe the triangles are all iſoſceles, each of theilt angles at the 
points C, D, E, F, G, H, is leſs * than a right angle. In AG 
take any point K, and from it draw * KL in the plane CAD, 
and KM in the plane CAE, each of them at right angles to AC; 


o the 255 ane CAE. In FB take FN equal to CK; and from N 
draw NO in the plane FBG, and NP wm the plane FBI, eaca 
lor them at riglit angles to FB; therefore the angle ONP is the 
| inclination © of the plane FBO to the plane F GH : join LM, OP: 

and becauſe in the triangles CAD, tBG, CA, AD are equal to 
FR. rh - and the angle SAD equal to FBG; the baie CD i; 
Ecqual 4 to FG, and the cther a aules do the other angles. For 
b the ame raab „ 
| CE ts equal to 4 JI. 
and FD to GH : - 
and becanſe DU, 


| CE are equal to Pad W 
Gb, FH, as -ailo CU \\ 
— A I. 


me baſe DE to » 


— \ * —— 
the baſc (+14 - che N 5 1 1 0 | 
angle DCE is e- — * CG 


qual © to (F: 
| and becauſe in the triangles CE 5 FNO, the angles KCL, NFO 
are equal, as alſo the right aitzics U KL. FNO; and that the 
ide Ct, FIN, ad;acent to the equa 0 SP les, are alſo equal; the 
nde KL 1s equal f to NO, an! CL to FO: Fo r the ſame reaſon, 

in the triangles CEN, FNP, KM is I to NP, and MC to 
FP: and in the triangles MCL, PFO, the ſides C, CL are 
equal to PF, FO, and the angle MCL to the angle PEO; there- 
tore the baſe LM is equal © to OP. Laſtly, in the exinngles K! IL, 
NPO, the ſides MK, KL are equ: 1 to PN , NO, and | the baſe LM 
to the baſe Op; therefore the enple LEM is equal © to the angle 
ONP; that is, the inclination of the planes CAD, CAE is the 
ſame with the inclination of the planes FBG, FBH to one ano- 
ther. In the ſame manner, it may be dc monſtrated. that the 
other planes in which the equal angles are, have the ſame incli- 
nation to one another. Therefore, &c. Q. E. D. 

Cor. Likewiſe, if two ſolid angles be each contained by thre: 

plane angles, and have two angles ol the one equal to two angles 
of the other, and tlieſe angles be in planes which have the ſame 
inclination to one another; the third angle of the one is equal 
to the third angle of the other. 

Let CAD, CAE two of the three plane angles which contain 
the ſolid angle at A, be equal to FBG, FBH two of the plane 


angles 
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Make the ſtraight lines AC, AD, AE; BF, BG, BH all equal Boos XI. 
Ito one another, and join CD, CE, ED; FG, FA, A: and be- — | 


Is 


E therefore the angle LEM ts the inclination © of the plane CAD cb, Oct ar. 


d 4. 


E 8. Is 


—— «f 5 „ 7 -cwT7 
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Nor. NT. angles which contain the ſolid angle at B; and let the inclinatinn 
uf the plane CAD to the plane CAE, be the lame with that of 


PA 
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the plane FBG to the plane FBH ; the third plane angle EA) 
is equal to the third plane angle GBH. 

For the ſame conſtruction being made as in the propoſition, it 
may be proved as before, that the ſtraight lines DC, CE, EL, 
LC, KM, MC, are equal to GF, FH, NO, OF, NP, PF, each to 
each. And becauſe LK, KM are equal to ON, NP, and the angle 


Lk M to the angle ON; the baſe LM is equal © to OP: and be. 


cauſe LC, CM are equal to OF, FP, and the baſe LM to OP, 
therefore the angle LCM is equal © to OFP: and becauſe DC, 
CE are equal to GF, FH, and the angle DCE to GFH ; the 
baſe DE is equal 4 to GH: and becauſe the two tides DA, Ak 
are equal to GB, BH, and the baſe DE alſo equal to the baſg 
GI; therefore the angle DAE is equal © to the angle GBI. 


PROP. B. THEOR. 


8 figures contained by the ſame number of 
5 equal and ſimilar planes, alike ſituated, and 
having the fame inclination to one another, are equal 
to one another. 


Let AG, KQ be two ſolid figures contained by the ſame num- 
ber of ſimilar and equal planes, having the ſame inclination to 
one another; and let theſe ſimilar planes have the ſame ſituation 
and order in each of the ſolids, viz. let the plane AC be ſimilar 
and equal to the plane KM; the plane AF to EP; BG to LQ; 
GD to N; DE to NO; and FH to PR: The ſolid AG 13 
equal to the folid KQ. 

For, it the plane AC be applied to the plane KM, fo that the 
ide AB may coincide with the homologous fide KL, and A with 
R; the point B coincides with L, becauſe AB is equal to EL 
and the plane figure 
AC coincides with II G K * 
the figure KM, be- 1 


f 6 7 Er... 
: Ta WY % 
cauſe they are equal | — — % = No. 1Xx 


and ſimilar; there- |} F | | ' 
fore the traight lines 33 lc XN | | TY 
AD.. com NEFF. | UG ERIE | 
cide with KN, NM, l * N 
ML; and the point C A 43 ö J. 


with M, and D with N 

N: and the planes AF, KP are, by the hypotheſis, on the? 

de of the planes AC, KM, and have the ſame inclination t 
| them; 


the 
with 


KL. 


1 
. 
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bem; therefore the plane AF coincides with the plane KP, and Book XI, 
hne points E, F with O, P, becauſe the figures AF, EP are fimi- wow 
ur and equal. In the ſame manner, it may be proved, that the 
Ether plane figures of the ſolid AG coincide with the plane 
Þoures ſimilar to them of the ſolid KP. Wherefore the folid 
G coincides every way with the ſolid KP, and is therefore 


n 2 to it. Wherefore, &c. Q. E. D. | 2 S. Ax. 1. 


PRO. G. IHEOR. 


TF two triangular priſms have one of the ſides of See & 
their paraliclograms common to both, and the 
des oppoſite to it in the ſame ſtraight lines ; the 
priſms are 85 to one another. 
Let AB C- DEF and BGH-EKL be two priſms, of whicli 
hne bates arc the & triangles ABC, GBH, and the oppoſite triangles 
EDF, KEL; and let tie two Parallelograms AE, EC of the 
irſt, and the two KB, BL of the oth er, have the {ide BE com- 
non to them, and their oppoſite ſides in the ſtraight lines AK, 
LL; the priſm ABC-DEF is equal to the priſm GBH-KEL. 
| Becauſe AE, EG are parali:lograms ; AD, GK are each equa 
o BE 2, and to one another: and DG 1s common; 60208 434.71 
AG is equal to DK. For the ſame reaſon, | . 
H 15 equal to FL: and AC 1s equal and 8 1 
arallel to DF *; and GH to KL; there- ; => f 
ore the figure AH is equal and ſimilar to . 
L. For the ſame reaſon, ABG is equal LFE | | 
ad fimilar to EDK; and CBH to FEL : . 
Ind the triangles ABC, GBH are equal and | © with $ 
Imilar to DEF, KEL: and becauſe the | | 
lune angles BAC, BAG, GAC are equal | | 
o the angles EDF, EDK, KDE ; the planes 5 [x j 
bout the ſolid angles at A, D have the _ | _--—7 
me inclination to one another b. For the © | L A. 17, 
ame reaſon, the other planes have the OD 
ame inclination to one another: and all a 
heſe planes are on the ſame fide of the . 


ommon plane AL, and are in the fame 

der. Therefore the ſolid ACHCG-B is equal to the ſolid 
VFLK-E ©: Take theſe equals from the whole ſolid © B. 
\DC-EKL ; and the remaining priſm GBH-KEL is equal to 

de remaining priſm ABC- DEF. Wherefore, &c. Q. E. D. 
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Book XI. 


2 


A 16. 11. 


THE ELEMENTS 


PROP. XXIV. THE OR. 


F a ſolid be contained by fix planes, two and to 
winch are parallel ; the oppolite planes are ima 
and equa] parallelograms. 


Let the ſolid CDGH be contained by the parallel planes AC, 
GF; BG, CE; FB, AE; its oppoſite planes are fimilar an 
equal par allelograms. 

Becauſe the parallel planes BG, CE are cut by the plane AC, 
their common ſections AB, CD are parallels . Again, b<cauf 
the parallel planes BF, AF are cut by 
the plane AC, their common ſections 
AD, BC are parallel *; therefore AC 
is 2 parallelogram. lu the ſame man- 
ner, it may be proved, that each of 
the ſigures CE, FG, GB, BF, AL is a 
parällelogram: Join AH, DF; and be- 
cauſe AB 1s parallel to CD, and BH to 


———— E—jäàä-˖ũł⸗4v: a 


CF, and AB, BH are not in the ſame C [ 
plane with DC, CF; therefore the 0 
angle ABH is equal b to the angle DCF: And becauſe AB, BY 


b 10. 11, 


C6: 1. 
G 34. Is 


are equal to DC, CF, and the angle ABH to DCF; therefore 
the baſe AH is equal © to DF, and the triangle ABH to or 
and the parallelogram BG 1s double © of the triangle AB! 2 
CE of DCF; therefore the parallelogram BG is equal and fim 
lar to CE. In the ſame e, it may be proved, that th 
parallelogram AC is equal and ſimilar to GF, aud AF. to | 
Therefore, if a fold, &. Q. E. P 


PROP. XXV. THEOR, 
Fa ſolid parallelopiped be cut by a plane par. 


to two Oi. its oppolite planes; it divides the 
the bate of one of bie cl 
{as the Olle fold 


whole into two lolids, 
ſhall be to the baſe of the other, 
is to the other. 


Let the ſolid paralletopiped ABCD be cut by the plane EN, 


which is paralle] to the oppolite planes AR, HD, and divides 


the whole into the two ſolids ABFV, EGCD; as the bil 


AEFV of the firſt is to the baſe EHCF of the other, ſo is ti 


{olid ABFVY to the ſolid EGCD, 


| KX, 
ELL, | 
and ſi 


Pre 


lines 


ęram 


| Lt raig 
are e 


equal 


of th 
are ec 


the 1 
| equal 
have 


E the 0 
L, ! 


chere 
the f. 
caſt 


E Dara! 


befor 
that 


and t 
E num] 
the { 
Eo E 
TRI@ 


the b 


| and t 
E ime 
ſolid 
ther 
| ore, 
q Mah; 


3 o 
A 
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IJ 
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are equal“ and 
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produce AH both ways, and take any number of {traight Book XI. 


equal and ſimilar o: For the ſame reaſon, the parallelograms b 


EKX, KB, AG are equal and fimilar ; as alſo the parallelograms 
ELZ, KP, AR: Therefore three planes of the ſolid LP, are equal 
and fimilar to three planes of the ſolid KR, as alfo to three planes 
of the folid AV: But the three planes oppoſite to theſe three 
and becauſe c 24. 11. 
| the ſolid angles at A, K, L are contained by three plane angles 
© equal to one another, each to each, the planes in which they are, 
have the ſame inclination to one another 4; For the ſame reaſon, d A. 11, 


are equal and ſimilar to them in the ſeveral ſolids © : 


. 8 5 5 N 0 
In Ll yp r 
Al | e. * _ 
SES LINN dy, 
Oo YT F C D 


| the other planes have the fame inclination : Therefore the ſolids 
Lb, KR, AV are equal to one anorher “. 


therefore, the baſe LF is of the baſe AF, the fame multiple is 
the ſolid LV of the ſolid AV. Take, in like manner, EN the 
icalt multiple of EH, that is greater than EL, and complete the 
narallelogram HS, and the ſolid HT; and it may be proved, as 
before, that the ſolid ET is the ſame multiple of the ſolid ED, 


| that the baſe ES is of the baſe EC; conſequently the baſe HS 
und the ſolid HT contain the baſe EC and the ſolid ED the ſame 
number of times. | 
the ſolid LV is equal © to the ſclid HT; and if LF te not equal 
0 HS, it is greater than HS, but lefs than ES; and the ſolid 
{LV is greater than the ſolid HT, but lets than ET: Therefore 


And if the baſe LF be equal to the baſe HS, 


E lines AK, KL each equal to EA, and complete the parallelo. WW 
rams LO, KY, and the ſolids LP, KR: Then, becauſe the 
| H raight lines LK, KA, AE are all equal, as alſo KO, AY, EF 
parallel; the parallelograms LO, KY, AF are a 34. 1 


4.1. & 
34+ Is 


What multiple ſoever, e B. 12. 


the baſes LF, HS contain the baſe LC the ſame number of times , f Def. A. _ 


and the ſolids LV, HT contain the fold ED the fame number of 
times: and the baſe HS and ſolid HT contain the bafe EC and 
solid ED equally ; therefore the baſe LF and fold LV contain 
them equally : and the baſe LF and fohd LV are any equimul- 
tiples of the baſe AF and the ſolid AV ; as many times, there- 
| fore, as any multiple of the baſe AF contains the baſe EC, fo 
many times does the fame multiple of the ſelid AV contain the 


tond 


B b 
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Book XI. folid ED: Therefore &, as the baſe AV is to the baſe LG, bo 
the ſolid AV to the ſolid ED. Wherefore, &c. Q. E. D 


3 5: Def. 5. 


See N. 


+ I ls 11. 


0 3. Deſ.: . 


EC .. 


© . 


Cor. A. 


Il, 


THE ELEMENTS 


PROP. XXVI. PROB. 
A Ta given point in a given ſtraight line, to mak 
ct 


tolid angle contained by three plane ange 
equal, each to each, to the three plane angles wluch 
contain a given ſolid angle. 


Jet AB be a given ſtraight line, A a given point in it, aud] 
a given ſolid angle contained by the three plane angles FE.DC 
EF „FD; it is required to . at the point A in th 
ſtraight line 7 a folid angie contained by three plane ang; 
equa! to the angles LG, EDEF, FDC. 

la the 1 ht line DF de any point F , from which dray! 
FG perpendicuizr to the plane EDC, meeting that plane in G 
join DG, wy at the point A in the ſtralght line AB, make 
the angle BAL qua to the: avgle IDC, and in the plane Bal 
make the angle BAK equal to the angle EDG; then make pr 
equal to ne. and from the point R eret © KH at right an 
to the plane BAL ; mid 3 KH equal to GF, and join . 
Then the ſolid angle at A is eetitied dy the three plane angle 
BAL, BAH, HAL, which are equal, es ch to each, to the thre: 
plane angles EDC, EDF, FDC, which contain the ſolid angle 
at D. 

Becaute tlie angle BAL 13 1, 
equal to EDC, and the angle 7 1 


1 AH. ro FE DC, the angle KAL AY / of 
is ally cqual to GDC: and : <7 


becauſe PG is perpendicular 
to the plane EDC, the angle 
16 Dis a right angle; and 
the plane FGD is perpendi- II 
cular to the plane DC =. 

For the ſame reaſon, the angle HK is a right angle, and tie 
plane H&K perpendicular to the plane BAL: and becauſe ak 
KH are equal to DG, F, and they contain right angles; t 
baſe AH is equal * to FD, and the angle HAK to the 35 
GDF: and becauſe the two plane angles BAK, KA H are equa 
to the two LDG, GDF; and that they are in planes which 
have the ſame inclination to one another; therefore the thin 
angle BAH is equal & to the third angle EDF. For the fan 
reaſon, the angle HAL is equal to the angle FDC. Wheretur?, 


at the point A in the ſtraight line AB a fold angle lia bec! 


inade, 


i" 


| Piven 


Let 


| piped ; 


ar an 


At 


angle 

the ar 
equal 
ond as 


make 
as GC 


EKA tc 
| by eq! 
CF, f. 


Comp 
ram 


EAL: 
to CC 


the {1 
theref 


ſame 


to Fl 


1mila 


tach 

ſimila 
cauſe 
to one 
£10 th 
a 2 ſoll 
| tuat 


8 
Complete the parallelo- I. i — 


L: and becauſe, as EC A 
to CG, fo BA to AK, 
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bade, contained by the three plane angles BAL, BAH, HAL, Book XI. 
which are equal to the three plane angles which contain the folic! ONS 
angle at D, each to each. Which was to be done, | 


PROP, XXVII. PROB. 


. deſcribe from a given ſtraight hne a ſolid pu- 


rallelopiped, imilar and ſimilarly fituated to one 


piven. 


Let AB be the given flraight line, and CD the given parallelo- 


Epiped; it is required from AB to deſeribe a pacallciopiped, ſimi- 


Bl and ſimilarly fituated to CD. 


At the point A of the given ſtraipht line AB, make * a folid a 16. 11. 


Bangle contained by the plane angles BAK, KI, {AR -qual to 
Ihe angles ECG, GCF, FCE, each to cach; fo that BAK he 


equal to the angle ECG, and KAH to GCE, aud IAB to FCE 


band as EC to CG, to 


make d BA to AK; and 1 44 

GC to CF, fo make ® 7 ky T) 
, - | yu — — 1 

KA to AH; whercfore, Fi RET) 

Eby equality ©, as EC to | | . Nl 1 
CF, fo is BA to AH: | | 


»ram BH, and the folid | 


the ſides about the equal angles ECG, BAK are proportionals 
therefore the parallelogram BK is ſimilar to EG. For the 


lame reaſon, the parallelogram KH is ſimilar to GF, and HB 


to FE: wherefore three parallelograms of the ſolid AL are 
imilar to three of the ſolid CD; and the three oppoſite ones in 
each ſolid are equal © and {imilor to theſe, each to each, and the d 24. 11, 


ſimilar planes have the ſame inclination to one another ©, be- e A, 11. 
cauſe the ſolid angles are contained by three plane angles cqual 


2 


to one another, each to each; therefore the ſolid AL is ſimilar fg. Def. :: 
% the fold CD. Wherefore, from a given ſtraight line AB, 
a folid parallelopiped AL has been deſcribed ſimilar and ſimilarly 
utuated to the given one CN, Which was to be done. 
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Boo XI. 


YN 


See N. 


4 po 11. 


D 34. tf. 3% 
1. Def. 6. 
© 24. £3% 


d A. 11. 


1 


f. 43. 1. 


g Cor. A. 


11. 


h 29. I. 
K 15. 11. 


16.2. 


m 4. Io 


ſhall be cut in two equal parts. 


join equal angles of the oppoſite parallelograms AH, GB; they 


THE ELEMENTS 


PROP. XXVIII. THEOR. 


F a parallelopiped be cut by a plane paſſing throug) 
the diagonals of two of the oppoſite planes, | 


* 


Let AB be a parallelopiped, and DE, CF the diagonels which 


are in the ſame plane, becauſe CN, EF are parallel *, each d 
them being parallel to AG : the plane CDEF ſhall cut the oli 
AB into two equal parts. 

Firſt, Let the ſtraight lines AG, DC, EF, HB be at tight 
angles to the planes BG, AH: and becauſe the triangle GCF i; 
equal and fimilar to CBF b, and the tri- | 
angle DAE to DHE; as alſo the rect- 8 y 
a gle GD to FH, and GE to CH: . /| 
+4 they have the ſame inclination to —— 
one another 4, becauſe the ſolid angles 1 
at G, B are contained by equal plane 


angles; and they are ſituated in the ſame 2 — 1 
order; therefore the priſm GCF-ADE * 
is equal © to the priſm BFC-HE D. A. 1. 


But, let the ſtraight lines AG, DC, 
EF, HB not be at right angles to the planes BG, AH: At de 
point G, in AG, make f in the plane GD the angle AGE equal 
to HBF, and in the plane GE the angle AGL equal to HEC; 
and make KM, LN each equal to AG, and join KL, AM, An, 
MN: and becauſe the angles AGK, AGL are equal to RB", 
HBC; and their planes have the ſame inclination d, for the fold 
angles at A, B are contained by equal plane angles; the: clore 
the third angle KEGL is equal 5 to the third angle CBF; awd be. 
cauſe the angle AGL is equal to 
HBC. And the angle GLF is 
equal h to AGL, and GFL to 
IBC *; the angle GLF is equal 
to GFL; and therefore the ſide 
GL 15 equal“ to GF or CB. For 
the ſame realon, GK is equa] to 
BF: and the angle KGL is cqual 
to CB; therefore the triangle 
KG. is equal and fimilar to 
FEC, and AMN to HED; and 
the parallelograms GM, GN, NK 
are equal and fimilar to BE, BD, 
DF and they are alike fituated, 

and 


ſolid £ 


Bec 
lel to 
to Hl 
two | 
DE is 
Hmila 
parall 
the Ca 
AFG 
LMN 
gram 


to B 
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4nd have the ſame iaclination to one another; therefore the priſm Book XI. 
KGL-MAN is equal © to the priſm EBC-EHU ® » the pin 
ECGF-DAE is equal “ to the priſm KGL-MAN, becauſe their © 2. II, 


Ads; ano 


parallelograms have the fide AG common, and the: s oppo- n. | | 
Fre to it in the ftraight lines CM, FN: Thelefze Ife the [| [| 
priſm CGF-DAE 15 equal to the priſm FBC-EHD. Where- 1 [| 
fore, &c. Q. E. D. if | 
| Jore, 


PROP. XXIX. THEOR. 


| C OLID parallelopipeds upon the fame baſe, and of See N. 
1 the ſame altitude, the ſides of which betwixt 

the baſe and oppoſite plane are terminated in the lame Þ. 

straight lines, are equal to one another. | Wit 


: *, 


LEY 
n 


* - 
——ů— — 


Let the parallelopipeds AH, AK be upon the fame baſe AB, 
and of the ſame altitude, and let the ſtraight lines AF, AG, 
LM, LN be terminated in the ſame ſtraight line FN, and CD, - i 
CE, BH, BK be terminated in the ſame ſtraight line DK : the { 5 


— * — 
——— — — — 
> 2. - 4, wet? 5 


ox MI, 


ſolid AH is equal to the ſolid AK. "Hl 

* Becauſe CH, CK are parallelograms, DC is equal and paral- __ 

jel to HB *; and CE to BE; therefore the angle DCE is equal a 34. 1 1 

to HBK >: and becauſe the two tides DC, CE are equal to the b 2g. 1. f 

tro HB, BK, and the angle DCE to IBK; therefore the baſe 9 

b is equal © to the baſe HK, and the triangle DCE equal and c 4. 1. 7 ; 
i W fimilar to the triangle HBK; aud the parallelogram NG to the +l 
i {Wpzrallelogram HII . For . +8 
e ſame reaſon, the triangle = 


AG is equal and {imilar to 
IN: and the parallelo- 
gram CF is equal and fimilar 


to BM © and CG to BI, e 24. Tt, 
becauſe they are oppoſite : 
Therefore the priſm AFG- 
DCE is equal f to the priſm f B. 11. 


ELMN-BHK. 
| Take theſe equals from 
me whole ſolid ACBL-FDKEN, and the remaining parallelopiped 


AR is therefore equal to the remaining parallelopiped AH. 
herefore, &c, Q. E. D. 


PROP. 
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nich 

> b 

Book Xl. PROP. XXX. THEOR. me 
ty 

OLID parallelopipeds upon the ſame bate, and « W#* -1 

(I the ſame altitude, the infifting ſtraight Jines * Mn" 

which are not terminated in the ſame firaight line, Perefe 

are equal to one another. 1 10 5. 


Let the parallelopipeds CM, CN be upon the fame baſe 4} 
and of the ſame altitude; but their inßſting ſtraight lines AF 
AG, LM, LN, CD, CE, BH, BK not terminated in the ſam 
raight lines; the ſolids CM, CN are equal. 


bY 


"0 xs 3 Let 
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Preduce FD, MH, and NG, KE, and let them meet cue em 
ther in the points O, P, Q. R; and join AO, LP, BO. CR: Amp! 
becauſe the plane LBHM is parallel to the oppofite plan piped 
ACDF, and that the plane LBHM is that in which are tt baſe is 
parallels LB, MPHQ, in which alſo is the figure BLPQ; LO. 7 
the plane ACDF 1s that in which are the parallels AC, FODR, Its nf 
in which alſo is the figure CAOR ; therefore the figures BLPV ECU 
CAOR are in parallel planes: In like manner, it may be ſhew Wharall, 
that the figures ALPO, CBQR are in parallel planes: and te Who the 


planes ACBL, ORQP are parallel; therefore the ſolid CP 153 Bhs is 4 
parallelopiped : But the ſolid CM, of which the baſe is ACBL Whiveq 

- 22, 23, to which FDHM is the oppoſite parallelogram is equal * to th Planes 
ſolid CP, of which the baſe is the parallelogram ACBL, '' t 

| „ies pefore 


o is* 
* The inſiſting Kraight lines are the fides of the parallelogrems ““. eau 


d * 4 * F of FT, 1 A 1 
cwixt the bale and the oppoſite plane, 


ILD are in a ſtraight line “; and the ſtraight line LM, which :; 


piped CR is cut by the 
planes CP, BR; as the baſe CD to the baſe LO. fo is d the ſolid 
UF to the ſolid LR: But as AB to LQ. fo is CD to J. Q. as 


before was proved; therefore as the ſolid AE to the ſolid LR, 
po is © the ſolid CF to the ſolid LR: 
equal * to the ſolid CF. 
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dich ORQP is the one oppoſite, becauſe they are upon the Book XI. 


me baſe, and their inſiſting ſtraight lines AF, AO, CD, CR ; \wvwad 
11, LP, BH, BQ are in the ſame ftraight lines FR, M: and 

ic ſolid CP is equal * to the folid CN; for they are upon the a 29. 11. 
fame baſe AC BL, and their inſiſting ſtraight lines AO, AG, LP, 

IN; CR, CE, BQ. BK are in the fame ſtraight lines ON, RK; 

therefore the ſolid CM is equal to the ſolid CN. Wherefore, 

lid parallelopipeds, &. Q. E. D. 


PROP. XXXI. THEOR. 


10LID parallclopipeds which are upon equal bates, 
and of the fame altitude, are equal. 


Let the ſolid parallelopipeds AE, CF be upon equal b 


ales AB, 
CD, and Le of the fame altitude; the ſolid AE is equal 


to the 


lid CF. 


* 2 hh * 3 2 9 * * * 
Firſt, Let the inſiſtir g ſtraicht lines be at right angles to thc 


Paſes AB, CD, and let the baſes be equiangular, having the 


angle ALB equal to CLD, and let them be placed in the fame 
ye 7 7 y v . .' "2 _—_ . . — 
piene, and fo as that CL, LB be in a ſtraight line; therefore AL, 


7 


2: right angles to the plane in which the baſes are in the point : EE 1 
L. is common * to the b 3. 0 
No ſolids AE, CF; let P 1 = 
the other inſiſting lines | en ee yg 
vi the ſolids be AG, HR. 3 l ESO 8 
E; DF, OP, CN. Pro- FN 
buce OD, HB, and let 0 | 5 . * 
Miem meet in „ DS Wit 8 | 
complete the parallelo- Sal: — B 
piped LR, of which the 2 LN} | 
bale is the parallelogram A 9 
LQ. and LM is one of 
its inſiſting lines: Therefore, becauſe the parallelogram AB is 
dual to CD, as AB to LQ, fois CD to LQ ©: and becauſe the © . 5 
parallelopiped AR 1s cut by the plane LMEB, which is parallel 
po the oppoſite planes AK, DR; as the baſe AB to the baſe LO. 
Vis © the ſolid AE to the ſolid LR: and becauſe the parallclo- d 2 


plane LMFD parallel to the oppoſit- 


2nd therefore the ſolid AF, © 1t. 5. 
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Boox XI. Next, Let the inſiſting lines be at right angles to the hit, 1 erekc 
put the baſes AB, CD not be equiangular. At the point IA ay b. 
g 23. 1. the ſtraight line LB, make b the angle BLS equal to CLD, hat 
let LS meet HA in 8, and complete the parallelogram BS, . b 
the parallelopiped SE, of which the baſe is SB, and one f tieuc 
inſiſting lines is LM: Then, the ſolid SE is equal to the Hes: 
h 29. 11. AE u, becauſe they are upon the fame baſe LE, and of H lia F 
ſame altitude, and their inſiſting lines LS, LA, BT, EH; Ma of 


the ſol 
Mo E. ith 
wa 2 gens {4 MIN 8 
V AF--1 2 | 
1. D . 0) BY 5 | & : 
N i . 
S 5 ELIE. ry Let 
ey a 


MG, EX, EK are in the ſame ſtraight lines SH, VK: and the 

& 35. 1. cauſe the parallelogram AB is equal * to SB, for they are vj Proc 

| the ſame baſe LB, and between the ſame parallels LB, AT; u 
that the baſe AB is equal to the baſe CD; therefore SB is equi 

to CD; and the angle SLB is equal to the angle CLD: ther. 

ore, by the firſt caſe, the ſolid SE is equal to the ſolid CF: hu 

the ſolid SE is equal to the ſolid AE, as was demonſt rated 
therefore the ſolid AE is equal to the ſolid CF. | 
But, if the inſiſting lines AG, HK, BE, LM; CN, Rs, Di. 

DP be not at right angles to the baſes AB, CD: From ti 


4 


r 


he pa 
dne of 

me al 

becauſe 

Atitude 
Ahich 

| S MIN 

117. 11. points G, K. E, M, N, 8, F, P draw GQ. KT, EV, MA equi 

NY, SZ., FI, PU perpendiculars to the plane in which are WY 

baſes AB, CD, and let them meet it in the points Q. T, V, N Wk (li; 

Y, Z, 1, U, and jom QT, TV, VX, XQ YZ, ZI. IU, UI. Co, 

Then, becauſe Q, KT are at right angles to the ſun? price pſes, c 

m 6. 11. they are parallels m. and MG, EK are parallels ; thercfote Let t 
u £5. 11. planes MQ, ET paſſing through them are parallel“ to one gude; 

ther; For the fame reaſon, the planes MV, GT are oy lelop; 

| | there 


F 
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Wercfore the ſolid QE is a parallelopiped. In like manner, it Book XI. 
7 ay be proved, that the ſolid YF is a parallelopiped: But, from — Ye 
What has been demonitrated, the ſolid EQ 1s equal to the fold 

Fr, becauſe they are upon equal baſes MK, PS, and of the ſame 

Wiitude, and have their infilting lines at right angles to the 

Waſcs: and the (olid EQ 1s equal „ to the ſolid AE; and the o 2g. ot 
plid F to the ſolid CF, becauſe they are upon the fame baſes, 39. £2. 
Ind of the ſame altitude: 'Lherefore the ſolid AE is equal to 

be ſolid CF. Wherefore ſolid parallelopipeds, &c. Q. E. D. 


PROP. XXXII, THEOR. 
8 dd parallelopineds which have the fame alti- 
L 


tude, are to one another as their bates, 


Let AB, CD be ſolid parallelopipeds of the ſame altitude; 
they are to one another as their baſes; that is, as the baſe AE 
the baſe CF, ſo is the ſolid AB to the ſolid CD. 
| Produce CG to H; and to FG apply the parallelogram FH 
$qual * to AE, having FGH tor one of its angles; and complete àa Cor. 45. 


* 
"+ 
44's 


5 


WO / I 1 
A a +298 
A P - -W; 9 1 {3 

7 19 
1 E 8 1 


1 — 


he parallelopiped GK upon the baſe PII, aud having FD for 1 
nne of its inſiſting lines; therefore the ſolids CD, G are of the Ws 
me altitude; therefore the ſol'd AB is equal b to the ſolid GK, 
Neauſe they are upon equal bates AE, FH, and are of the ſame 
Ititude: and becauſe the ſolid CK is cut by the plane DG, 
nich is parallel to its oppefi e planes, the baſe HF is to the 
Jai: FC, as © the ſolid BD to the ſolid DU: But the baſe HF 
equal to the baſe AF, and the ſolid GE to the fold AB; 
terefore, as the baſe AE to the baſe CF, ſo is the ſolid AB to 
ge folid CD. Wherefore, &c. O. E. D. | 
| Cor. 1. From this it is manifeſt, that priſms upon triangular 
ales, of the ſame altitude, are to one another as their baſes. 
Let the priſms AEM-NBO and CFG DO have the ſame al- 
tude ; and complete the parallelograms AE, CF, and the pa- 
lelopipeds AB, CD, of which the inſiſting lines are MO, GQ: 
| Ce aud 


ent 


C 25, 11. 
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Book XI. and becauſe the parallelopipeds have the ſame altitude, AB i; 
WY CD, as the baſe AE to CF; wherefore the priſms, which a 


IMILAR ſolid paralelopipeds are one to another h 
the triplicate ratio of their homologous {ides, 


8 


Let AB. CD be ſimilar parallelopipeds, and the fide AE hr. 


mologous to the fide CE: The ſolid AB has to the ſolid C0, 


the ſolid EX, ſo 4 is EX to NP, and NP to CD: 
ET, magnitude 


d 28. 11. their halves d, are to one another, as AE to CF; that 15, as t * 
triangle AEM to CPG. gh 
Cor. 2. Alſo, any priſms of the ſame altitude are to MW 174 

another as their baſes: For priſms upon any other figurcs mw I. 

be divided into priims having triangular baſes : And each tr. if EC 
angle is to each triangle, as the priſm upon the firſt to the prin WW C: 
eCor.24.5. upon the other; therefore the whole priſm is to the whole a;' BMJ 
the baſe of the firſt to the baſe of the other. | FF 
mil: 
PROP. XXXIII. THEOR. . 


the 1 


the triplicate ratio of that which AE has to CE. | 5 0 
Let the bafes AG, CN be in the ſame plane, and the (cli... 
AB, CD on different ſides of it, and let AE, EC be in a fran . 
line ; therefore, becauſe the angles AEG, CEN are equal, GEE TI: 
a 3. Cor, EN are in a ſtraight line“: And if the plane ED be produce the 
15. 1. beyond GN, it ſhall coincide with the plane GH, becauſe the +. 
planes have the ſame inclination B X Tue 
to the common plane; therefore, with 
becauſe the angle GEH is equal KY | FH N Pp EC, 
to REN, RE is in the ſame | 835 RY " Fa 
ſtraight line with EH *: ecmplere | | . RY 
the parallelogram GC and the pa & — — | EEC 
rallelopipeds EX, NP upon the 4 7 OY = hecar 
baſes GC, CN, ſo that EH be an "= be 
inſiſl ing line in each of them, A . Q | uon 
' whereby they muſt be of the ſame N 7 | 220th 
altitude with the folid AB: and R—_—_ Fir 
becauſe the ſolids AB, CD are ſi- NZ [CE 
milar, as AE to EG, ſo is CE to is in 
EN; and, by alternation, as AE to EC, fo is GE to EN: J EF, : 

the ſame reaſon, as AE to EC, ſo is HE to ER: But es AEM the 
b 1. 6. EC, ſo d is the parallelogram AG to GC, and the ſolid AB IM folid 
e 22+ 11. Ie ſolid EX ©, becaute they have the ſame altitude; and as H tlic b 
. to EN, ſo ® is the baſe GC to the baſe CN, and the ſolid EX nad: 
the ſolid NP ©: and as HE to ER, ſo® is the baſe HC to % line 
baſe CR, and the ſolid NP to the ſolid CD ©: But as AE to E mak: 
ſo is GE to EN, and HE to ER; therefore, as the ſolid AB π ] EK, 
d 11. 5, But it feu cuia 
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Hnagnitudes be continual proportionals, the firſt is ſaid to have to Boos XI. 
Ine fourth the triplicate ratio of that which it has to the ſecond ©; | 
W!-refore the ſolid AB has to the ſolid CD, tne triplicate ratio el. Def. 5. 
br chat which AB has to EX: But as AB is to EX, fois AE 
Bo EC; therefore, the ſolid AB has to the ſolid CD, the tripli- 
te ratio of that which the ſide AE has to the homologous fide 
WC. Wherefore, ſimilar ſolids, &c. Q. E. D. 
Cos. From this it is maniteſt, chat, if four ſtraight lines be 
„ ntinual proportionals, as the firſt is to the fourth, ſo is the 
ſolid parallelopiped deſcribed from the firſt to the fimilar ſolid 
ſimilarly deſcribed from the ſecond; becauſe the firſt ſtraight 
line has to the fourth the triplicate ratio of that which it has to 
the ſecond. 


PROP. D. THEOR. 


ol parillclonipeds contained by parallelograms 


10 equiangular to one another, each to each, have 8 
It) one another the ratio which is compounded of the | #1 b 
Iratios of their ſides. j | 
1 
Let AB, CD be parallelopipeds, of which AB is contained by 1 i 
che paralielograms AF, FH, AH equiangular, each to each, to : 1598 
the paraliclograms CG, GK, CK which contain the ſolid CD: 1 
The ratio which the ſolid AB has to the ſolid CD is the ſame x 
with that which i; compounded Of tlie ratios of the iides AE to 2 
EC, EF to ES, aid EH o EK. Wy 
Let the ſolids AB, CD be pliced on different fides of the ſame £58 
\ plane, fo that the baſes AF, C be in the lame plane, and AE, 1 
s in the fame ſtraight line; and 1 
| becauſe the planes Fti, GK have * 3 1 y * 
me lame * inclination to the com- p——- - L V a K. 21. df. 
uon plane, they coincide with one | | N of 
1 another ; therefore, becanſ: the JE: | | 1 
Candles AK“, AEH are qu ] to | | w 
Us | 


k, CER, the firaizht line EG © j 
Is in the ſame ſtraight line with * 
Ho Ek, and KE with EH: Complate a ' 
tne parallelogram GC and the | | 
* lolid parallel»piped GL, of which | | 
0 the baſe is GC and HE one of its 1 
1 ntiting lines. Take any ft: aight 2 hc d 


* 
If 
* 


z— 2 <0 


'$ 
A. x | 
| 1 
* ; 4 : 
! ; - 


= ne” 


*% 
— 
— - = $4 


* 
my 2 -” = $4 2 oy 8 
5 e rr 


- 


line a, and as AE to EC, 1» ® b 12. C. 
make a to b; and as FE io EG, ſo make b toc; and as HE to 
EK, io make c to d: Then, becauſe the parall-logram AF 1s 
equlangular to CG, AF is to CG, as a to c; but as AF UG, 


CC 2 


o 
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But let the altitudes not be equal, and let the altitude of 
CD be the greater: and if MP be at right angles to the bat 
PN, it is the altitude of CD: make PT equal to the altitude 0! 
Ag. But, if PM be not at right angles to the baſe PN, from 
the point M draw MO Dr PIRNgr to the plane PN ©, and on 


Book XI. fo 4 is the folid AB, to the ſolid GL, becauſe they are of t mee 
WMV fame altitude; therefore the ſolid AB is to the ſolid GL, as ap: 
d 32. 1. c: and the ſolid GLI is to the ſolid CD, as * the baſe (H i; , nase 
the baſe GK; that is, as the ſtraight lins EH to EK, or asche; 
e 22. 5. d; therefore, by equality ©, the ſolid AB is to the ſold CD. fp 
the ſtraicht line a is to d. But the ratio of a to d is faid to hie (ol 
Def. A. s compounded * of the ratios of a to b, b to c, and c to d. «lic ROT, 1 
are the ſame with the ratios of the ſides AE to FC, FE to EC, plane 
and HE to EK : Therefore the ſolid AB has to the ſolid CD Sehe (a 
ratio which is the fare with that which is compounded of the Holid A 
rations of the fides AE to EC, FE to EG, and HE to EK, lid A 
Wherefore, mv Q 1 ſo is 
CoR. 4. Hence ir is mauiteſt, that equiangular pars ;Nelopiped; tbaſe F 
have to one another the rate w hich is coinpounded of the ratic; Hhe ſol 
of thuir baſes, and of their infiſting lines. For the ratio of 4} {plane * 
o CN) is compounded of the ratios of AB to GL, and GL tv Mel to 
CD; that is, of rhe rat os of the baſe AF to the baſe GC, aud Wiſs the 
tA of the infilti: 1g line HE to the infilting line EK. ſolid ( 
{ 4 Cor. 2. Hence alſo, any parell lopipeds have to one another MMV: 
| i! the ratio which is compounded of the ratios of their baſes and the fl 
| 41 of their altitudes. For if the; y be contained by rectangles, they Miſithe it 
3 are equiangular, and their juſiſting lines are the ſame with their to the 
i altitudes: and if they be contained by any other parallelograms, Mito the 
| 4 they have the fame ratio with thoſe contained by ret: angles, the ic 
if which are upon equal baſes, and of the ſame altitudes with equal 
4 them, Ealtitu 
| Ne 
} 
; PROP. XXXIV. TIIEOR. x 
_ . 
| | See N. HE baſes and altitudes of equal ſolid par. elo. 77 1 
1 pipeds, are reciprocally proportional; and if the To | 
baſes and altitudes be reciprocally proportional, the 4p 0 
ſolid parallelopipeds are equal. ing 
i Let AB, CD be equal parallclopipeds ; their baſes are rec "ry 
Wi procally proportional to their «lritudes ; that is, as the baſe En Wc 1-4. 
| is to the baſe NP, fo is the altitude of the ſolid CD to the a. to the 
1 tude of the ſolid AB. | lof th 
If the altitudes be equal, the ſolids are to one another # lo 
© 32. 11, their baſes *: and the ſorids are equal; therefore the batt s iz ls eq 
D A. 5 equal d | 
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Wit meet that plane in O; then MO is the altitude of the ſolid Book XI. 
CD: make OQ equal tc the hitude of AB. and join OP, and WWW 


Pra QT parallel to OP 4: Therefore MP is to PI, as MO to «d 3'-1. | | | 
bo; that is, as the altitude of CH to the altitude AB. Draw e 2.c. 4 
TV parallel to PC 4: and bt the plane QTV cut the planes of "I 
ee solid CD in the ſtraight lines TW, WX VX: and becauſe Si. 
WOT, TV are parallel to OP, PG, the plaue TX is parallel to the 1 
e PN * ; therefore CW is a parallelopiped 8: and it is of fs. 11. | 
ne ſame altitude with the L Del. 11. © || 

Eolid AB; therefore, as the SER), 4 

lid AB to the ſolid CM, | 1 

ſo is the baſe EH to the B [1 47 ir f 
: Whiſe PN *: and becauſe | Ty N it 
ge ſolid CD is cut by the / N N 1 
plane TX, which is paral- | 5 | 1 
iel to its oppoſt.e planes, | / | 1 : 
| Ws: the ſolid DT is to the 1 T | pe | 

Wolid CW, ſo ® is the baſe GCC h 25 40 1 

MV to the baſe VP, and A 1 © N 1 


the ſtraight line M to 

the ſtraight line TP *: and, by compoſition , as the ſolid CD K 1. 6. 
Bro the ſolid CW, fo is MP to PT, that is, the altitude of CD | 18. 3. 
Ito the altitude of AB: But the ſolid AB is to the ſolid CW, as 

the ſolid CD to the folid CW, becauſe the folids AB, CD are 
equal: Wherefore, as the bale HE to the baſe PN, fo © is the n 31, 5. 
Ezltitude of the ſolid CD to the altitude of the folid AB. 

Next, Let the baſes of the ſolids AB, CD be reciprocally 
proportional to their altitudes ; that is, as the baſe EH to the 
Ebaſe NP, ſo is the altitude of the ſolid CD to the altitude of the 

ſolid AB: the ſolid AB is equal to the ſolid CD. 

If the altitudes be equal, the baſes are alſo equal“; and there. b A. s. 
fore the ſolids are equal. But, if the altitudes be not equal, m 31. 11 
let CD have the greater altitude: and the ſame conſtruction | 

being made, it may be demonſtrated, as before, that the ſolid i. 
FAB is to the ſolid CW, as the baſe HE to the Laſe PN; and fy 
that the ſolid CD is to the ſolid CW, as the altitude of the M8 
ſolid CD to the altitude of the ſolid AB: But as the baſe HE 
to the baſe PN, ſo is the altitude of the ſolid CD to the altitude 
of the ſolid AB; therefore, as the ſolid AB to the ſolid CW, 
ſo a is the ſolid CD to the folid CW. Wherefore the ſolid AB n 1Z. 5. 
ps equal P to the ſolid CD. Therefore, &c. Q. E. D. * 
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PROP. XXXV. THEOR. 


F from the vertices of two equal plane angle, 
equal ſtraight lines be elevated above their pluug 
making equal angles with their ſides, each to each; 
the perpendiculars drawn from the extremities of th; 
equal lines to the planes of the firſt angles, ſhail be 
equal to one another, ; 


Let BAC, EDF be equal plane angles, and AG, DH equi 
ſtraight lines elevated above the planes BAC, EDF, making the 
angle BAG equal to EDH, and GAC to HDF; and fron, 
H let GK, HL be drawn perpendicular to the planes BAC 
EDF, meeting them in K, L: the perpendicular GK is <qui 
to HL. | 

From the points K, L draw ! KB, LE. perpendiculars to AB, 
DE; and join BG, AK; EH, DL: and becauſe GK is per. 
pendicular to the plane BAC; it makes right angles with Atl, 
KB D; and the plane Kg paſſing through it is perpendicula 
to the plane BAC ©; therefore AB, which 1s at right angles u 
their common fection BK, is at right angles to the plane BECO“ 
and ABG is therefore a right angle 4. 

For the ſame reaſons, the angles HLD, HLE, HED are rigit 
angles: and becauſe the angle BAG is equal to EDH, an 
ABG, DEH are right angles ; 


the two triangles ABG, DEH A ö 
have two angles equal to two; SN 

and the ſides AG, DH oppoſite 5 . 

to equal angles, are alſo equal, 8 / | \ E 
therefore the other ſides AB, \. 5 9 . 
BG are equal © to DE, EH: \X 5 
and becauſe the ſolid angles at “ RY] 6 * 1 


A, D are contained by three | 
plane angles equal to one another, each to each; the planes i 
which they are have the ſame inclination to one another 
and the angle GBK is the inclination © of the planes BAG, Bal, 
becauſe BG, BK are at right angles to their common ſection 
AB: and, for the ſ»me reaſon, the angle HEL is the if clit 
tion of the planes EDH, EDF; therefore the angle GBK» 
equal to HEL: and BKG, ELH are right angles; therefore, i 
the triangles GBK, HEL, there are two angles equal to two 
and the ſides BG, EH oppoſite to equal angles, are «qual ; ther 
fore the other ſides are equal ©, each to each: Wherefore the 
perpendicular GK is equal to the perpendicular HL, I hett 
fore, &c. QE. D. ca 
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Con. Likewiſe, if from the vertices of two equal plane angles, Boox XI. 

i raight lines be elevated, making equal angles with their fides ; 

ey ſhall have the fame inclination to the planes of the firſt 

Ingles. 

l Let the ſtraight lines AG, DH be elevated above the planes 

of the equal angles BAC, EDF, and making the angle BAG 

Equal to EDH, and the angle GAC to HDF. And take AG 

equal to DH, and draw GK, HL perpendiculars to the planes 

BAC, EDF, and join AK, DL: the angles GAK, HDL are the 1 
nclination * of the ſtraight lines AG, DH to the planes BAC, m 5. Def, wy | 
EDF: The angle GAK is equal to the angle HDL. wo a | 

Draw KB, LE perpendiculars to AB, DE; and join BG, 2 12. 1. Hh 
EH: and it may be proved, as in the propoſition, that AB, BK 

„ie equal to DE, EL: and they contain right angles; therefore 

„Je. baſe AK is equal? to DL: and AG is alſo equal to DH; h 4. 

{therefore the two ſides GA, AK are equal to the two HD, DL: 5 
tend the baſe GK is alſo equal to the baſe HL; therefore the 

„ Wengle GAK is equal“ to the angle HDL. Q. E. D. 


1 


— 


0 PROP.: XXXVI.- THEOK. 

UF three ſtraight lines be proportionals, the ſolid a 
parallelopiped deſcribed from all three as its 5 

u ides, is cqual to the equilateral parallelopiped de- | 

u cribed from the mean proportional, equiangular to 
the other. 
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Let A, B, C be three proportionals ; that is, A to B, as B to 
EC: The ſolid deſcribed from A, B, C is equal to the equilateral 
folid deſcribed from B, contained by parallelograms equiangular 

to thoſe of the other figure. 
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| Take a ſolid angle D contained by three plane angles EDE, 
IDG, GDE ; and make each of the ſtraight lines ED, DF, 
DG 
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DG equal to B, and complete the parallelopiped DH: Ma 


IK equal to A, and at K, in LK, make “ a ſolid angle contzing 


$ 26. 11. 


b 14. 6. 


e 12. 6. 
7 kt: 


by three plane angles LEM, MKN, NKL equal to the angle 
EDF, FDG, GDE, each to each; and make KN equal to ; 
and KM equal to C; and complete the parallelopiped KO : ang 
becauſe, as A is to B, ſo is B to C, and that A is equal to KL 
and B to each of the ſtraight lines DE, DF, and C to KM; 
therefore LK is to DE, as DF to KM; that is, the ſides abou 
the equal angles are reciprocally proportional; therefore the 
parallelogram LM is equal ® to EF: and becauſe EDF, LK\[ 
are two equal plane angles, and the equal lines DG, KN ar: 
drawn from their vertices above their planes, and containing 
equal angles with their ſides; therefore the perpendiculars from 


N G, N to the planes EDF, LKM are equal ©; and the ſolids KO, 


DH ere therefore of the ſame altitude; and they are upon cuz 
- baſes LM, EF; therefore they are equal d to one another: Bur 
the ſolid KO is deſcribed from the three ſtraight lines A, B, C, 


and the ſolid DH from the 5 line B. I, therefore, three 
::raight lines, &c. Q. E. 
PROP. XXXVII. THEO R. 


F fo 5 ſiraizht lines be proportionals, the fin'ar 
I {old parallelopipeds ſimilarly deſcribed from them 
mall all br be proportionals. And if the fimilur pa. 
ralletopij peds ſimilarly deſcribed. from four ftraivht 
lines be proportionals, the ſtraight lines ſhall be pro- 
portionals. 


Let the four ſtraight lines AB, CD, EF, GH be propor- 
tionals, viz. AB to CD, as EF to GH; and let the ſimilar par. 
lelopipeds AR, CL, EM. GN be fmilarly deſcribed from them; 
AK ſhall be to CL, as EM to GN. 

Make AB, CD, O, P continual proportionals, as alſo EF, 
I. Q R: and becauſe AB is to CD, as ELF to GH; and tha 
Cb is io O, as > GH to Q and O to P, as Q to R; therclurs 
by equali: TAs AB is to P, a8 EF to R: But as AB to P, 
* 4 ſolid AK to the ſolid CL; and as EF to R, ſo 4 is A e ſolid 
EM to the ſolid GN; therefore d, as the {lid AK to the ſolid 
CL. fo is the ſolid EM to the ſolid GN. 

Bat let the ſolid AK be to the ſolid CL, as the ſolid EM to 
the ſolid GN ; the ſtraight line AB 1s to CD, as EF to GH. 

Take AB to CD, as © EF to ST, and from ST deſcribe * the 
parallelopiped SV {Jt and ſimilarly ſituated to EM or GN: 


ard 


(} a , 


wiſe | 
which 
| Jogou: 
AB t 


Is to ( 


CE. 


F, 


perpe 


lectio 


For 


comm. 
plane 
Pe rper 
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and becauſe AB is to CD, as FF to ST, and that from AB, CD Book XI. 
the fimilar par allelopipeds XK, CL arc fimilarly deſcribed ; and 

in like nanner, the ſolids EM, V from EF, SU; therefore AK 

is to CL, as EM to SV: But, by the kypothelis, AK is to CL, 

23 EM to GN; therefore GN is equal © co SV: But it is like- g 9. 5. 


—— ww ” Þ. 4 
o ——  — —— 


G It Q R +l 


viſe fimilar and fimilarly fituated to SV; therefore the planes | 
Ewhich contain the ſolids are fimilar and equal, and their homo- F 
Jogous fides GH, ST are equal to one another: and becauſe, as 1", 
AB to CD, fo is EF to ST, and that ST is equal to GH; AB 9 
* CD, as EF to GH. Therefore, if four ſtraight lines, &c. 1 

E. D. 


1 4 


PROP. XXXVIII. THEO R. 


F a plane be perpendicular to another plane, a See N. 

ſtraight line drawn from a point in one of them 1 
perpendicular to the other, {hall fall on the common 
lection of the planes, 


For a ſtraight line drawn from that point perpendicular to the 
common ſection of the planes is perpendicular to the other 


plane 2; and only one ſtraight line can be drawn from that point a4. Def. 17. 
perpendicular to that other plaue “. 


b 13. 11. 


PROP. XXXIX. IHE OR. 


N a ſolid parallelopiped, if the ſides of two of the 
1 oppoſite planes be biſected, the common ſection 
pr the planes pailing through the points of diviſion, 


and the diameter of the parallelopiped biſect each 
ther. | 


Dd Let 
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Boo" XI. Let the fides of the oppoſite planes CF, AH of the paralle, 
WV piped AF be biſected in the points K, L, M, N; X, O, p. 


N 
and join KL, MN, XO, PR: and becanſe DK, CL are e411 MW 
2 33. 1. and parallel, KL is parallel * to DC: For the ſame reaſon, MV? 


is parallel to BA: But BA is parallel to CD; therefore MN 
b g. 11, parallel ® to CD; and therefore alſo to KL. Tn like manner, | 


WS AJ 


may be proved, that XO is parallel to FR. Let the plus d 
paſſing through the parallels cut one ancther in the fta eren 
lines YS; and let DG be the diameter of the parallelopipes 5 2 
AF: S and DG do meet and biſe& one another. l 
Join DE, BG: and becauſe DF. DC are donbles of Dk Le 
DX, the parallelograms CF, XK ate fimilar and fimileriy Gu WE AF, 
ted, and having the the l 
angle ar D common ( - 5 ERP 
to both, they ate a- N N . $508" 
bout the ſame dia- 8 . 8 (21K 
c 6. 8, meter”; meren, „ REES | | 
the diameter DE | BY 2 UI, 
paſſes through the | | B — . 6 
point V: and becauſe | | | MY 8 
DK is equal to KF, | _ 3 Py 
d 2. 6. & D is equal d to TE. | 


9. 5 For the ſame reaſon, N ' 8 

BG paſſes through — e 
8, and BS is equal ö be | | 
to SS: and becauſe EE be ew or 3+ nl 
DB is equal and pa- | 5 
rall-] to CA, and CA to EG; therefore DB is equa! and pπν 4 
d to EG: and DE, BG join their extremities ; therefore UE: 4 
is equal and parallel * to BG: and DG, Ys are in the tom: = K 
plane with them; thereſore they muſt meet one another; lf, . 
them meet in l': and becauſe DE is parallel to BG, the a ti TY 

e 19. 1. nate angles EDT, BGT are equal ©; and the angle Di YM 5 | 


8 


, 
. ; 2 balf 
f 15. , equal f 1% Gs: Therefore the triangles DTX, GIS have 9 We 
angles of the one equa] to two of the other, and the fide D! N 


equal to GS, which are oppoſite to equal angles; therefore the 
8 26. 1. other ſides are equal 5, each to each. Wherefore DI is e 


to TG, and YT equal to TS. Therefore, &c. Q. E. D. 


n * 
7 ROF, 
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| PROP. XL.. THEOR. Boox XI. 


F there be two trizngular priſms of the ſame alti- — 
tude, the baſe of one of which is a parallelogram, 
and the Vale o the other a triangle; if the parallelo- 
ram be double of the triancie, the priims ſhall be 


-g.21 to one anvther. 


Le — » by N 
- « ig 2 1 ” 
© o< > 2 1 — ——_—— x : 2 * ==> 
— , - —__ 


— 
— 


— 


% oy SF Sn N 
r 
* 1. 0 — 


. 
2 — 
„ — — 
2 — 


* 


Let the priſm AEB-CFD ſtanding upon the parallelogram 


Mw 


h 
1 
AF, and contained by the planes AEB, CFD, AD, DE, be of 9 1 
the lame al itude with the priſm GHK-LMN ſtanding upon the 4} ; 
tringle GHK, and contained by the pianes GM, MK, KL, "0 
MEN: and let the paralielogram AF be double of the triangle 1} 
GUN, the priſm AEB. CFD is cqual to the priſm GHK-LMN. i} | 


* 
7 . 


the lame altitude, are equal ® to one another; therefore the ſolid b 31. 11. 
AX is equal to the ſolid Gi): and the priſm AEB. CD is the 3 
tif © of the folid AX, and the priſm GHK-LMN the half © of c 28. 11. i 6 
the lod GO; therefore the prum AEB-CTF D is equal to the | 17 
EF priim GHK.LMN. Wherefole, &c. Q. E. D. 8". 


Complete the folids AX, GO; and becauſe the parallelogram 1 
: AF is double of the triangle GAS ; and the purallelogram HK 2 j 
double of the ſame triangle ; therefore the parallslozram AF a 34. 1. 4 
equal ro HK. But pai4llopipeds upon equal baſcs, and of 1 
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A 
L AN arch of a circle is greater than its chord; but it is leſs Boox XII. 

than two ſtraight lines drawn from the fame point, to touch WS 
| the circle in the extremities of the arch. 


PROP. 1: -'THEOR ©. 


F from the greater of two unequal magnitudes, N 

there be taken more than its half, and hom the iy 
emainder more than its half; and fo on: There ſhall {88 
t length remain a magnitude leſs than the leaſt of 
de propoſed magnitudes. 


Let AB and C be two unequal magnitudes, of which AB is 
de greater. If from AB there be taken more than its half, 
d from the remainder more than its half, and ſo on; there 
ll at length remain a magnitude leſs than C. 

For C may be multiplied ſo, as at length to become greater 
Wm AB; let it be ſo multiplied, and let DE its multiple be 
ö greater 


* This is Prop. I. Book X. of Euclid, 
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F a be 


Book XII. greater than AB, and let DE be divided into DF, FG, 05 
each equal to C. From AB tke BH greater thau its hall, Aales 
from the remainder AH take HK greater than C: 
its half, and fo on, until there be as many di- A 1) Wn gle | 
vidons in AB as there are in DE: and let ee cir 
the diviſions in AE be AK, KH, HB; and the & grea 
divifons in DE be DF, FG, GE: and be. K KC; t 
cauſe DE is grcater than AB, and that EG | wy 269 
_ from DE is not greater than its half, ZV. 
but BH taken from AB is greater than its 11 bi | half tt 
82 Ir; therefore the remainder GD is greater | | by EB 
than the remainder HA: Again, becauſe GD i eier: | 
is greater than HA, and that Fi is not greater er ö th 
than the half of GD, but HK is greater than | fore t! 
the hali of HA; therefore the remainder FT) much! 


ce N. 


1. 


15 greater than the remainder AK: and FD * C F aan t 


25 equal to C; therefore C is greater than K; that i is, Ak i by EE 
1-17; than C. Q. E. D. ach E 
And if only the halves be taken away, the fame thing mar in WP" 2 
the {ame way be demonitrated. the q1 
greate 

contai. 

PROP. II. THE OR. ol the 

There 


TVERY circle is equal to the rectangle contained r 
\ by its radius, and a itraight line equal to the kreate 
hait of its circumference. 0 
the 
Let ABCD be a circle, of which the diameter is AC, and the Hence 
centre E; aid in AC produced, let EF be taken equal to the the re 
half of the circuniference, and draw the diameter BD at in been 
angles to AC, and complete the lectangle PF; the re ang]: Dr alto le. 
is qual to the circle ACD. 


There 
It not. it is either greater or leſs than the circle. Firſt, let Ms not 


DF be greater than the circle; then ſome rectangle leſs than DF Nei 
is equal to the circle ; let this be the reQangle DH: and divide poſũb! 


BE into ſuch equal parts EK, KL, LM, MB, that each of tien qual! 
may be lefs than the jourth part of Hb; and draw © KN, LO, rreate 
MP paralle! to AC, meeting the circumference in N, O, PH; and tie far 
mee at the re Ctang le- K C, EN, NL, KO, OM, LP, PB: and it ma 
becauſe KL 1s equal to KL, the rectangle 1. N i equal © to NL: bed re 
For the faine reaſon, KO is equal to CM, and LP to PB; there- circur 
tore the rectangles NL, OM, PB are equal to the reQengles EN, han 
KO, LP in the circle; aud . rectangle KC 1s therefore the 05. DF: 

ceſs of the rectangles about the circle above thoſe within it: Data 
it the ſame conſtruction be made in the other three ſe&o:s, it WMI*ich 

may 
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bey be proved in the ſame way, that all the circumſcrived rect- Book XII. 
es exceed all the inſcribed ones by four times the rectangle i 
ov but becauſ- FH is greater than four times ER, the rect- 
gte HG is greater than four times KU; and HD being equal to 
Ine circle, is greater than the 1fcribed rectangles ; therefore Dr 
greater than the inſcribed rectangles, together with four times 
Kö; that is, greater than the circumlcribed rectangles. Draw © e 17. 3, 
pY touching the circle ; and join PE; then the triangles 1 SO 
EBY together are equal f to 141. 
half the rectangle c ntained NS 
by EB and BY. YP toge- - — 
er: But BY, V are great- | | 
er ᷑ than the arch BP; there- 
fore the figure EBYP, and 
much more EBX?P, is greater 
man the rectangle contained 
Sr EB and the half of the | 
arch BP: In the fame man- | | ml 
ter, it may be proved, that 11 ——— | 
the quadrilateral EOVP is 
Teater than the rectangle 
contained by EB and the half | 
of the arch PO, and ſo on: | | 
Therefore all the circumſcri- | 


"0 
—— 
— — — 
. = 
1 


„ 
ad 
—— 


> — 
— * 8 


FR "oY 


P 
—— 


* 


* rey * > ** 1 
N — _ "ho wo 
— * —: wt 1 
1 32 — — > * 1 * ; r 
- | - 
_ * — 
pe SPST = 8 £ 


"= 
| 
| 
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—— - — ww CP ͤ— 
— — — — 


- 


&@ — — . 
= 


| Wed rectangles togethe are 1 | 
« {greater than the rectongle > | "3 
contained by the radius ard , W 9 
the half of the circumf / | dens Bo 
he half of the circumſe- / | I "=p 
e rence; that is, greater than 4 4 þ 
| = \ 1 
ehe rectangle DF : and it ha ) 'N 
( | 8 \ , - 7 
een proved, that they are B30 M L K 'pg D 1 
o leſs; which is impoſſible: I _ 1 
Therefore the rectangle DF | | 7 / _ 
et s not greater than the circle. L\.\ 7 | 4" 
F Neither is it leſs: For, if N | / 1 
8 ER” 8 3 1 / 7 a. 
e poſüble, let the circle be e- XP. . . 
8 „ L * 
n aqual to ſome rect angle DZ Soo 
), ieater than DF: Then, if SN CC 


tie{ameconſtruttion be made, | 

t may be proved, as before, that the exceſs of the cireumſeri- 

bed rectangles above the inſcribed ones is leſs then GZ: and the 
arcumſcribed rectangles. are greater than the circle; that is, 

han DZ; therefore the inſcribed rectangles are greater than 

DF: Join BP; and the triangle BP 1s leis f than the re&angle f ar. 1. 
contained by EB and the halt of BP; and BP is leſs 5 than the g Ax. 12. 
arch BP; and the triangle EMP is leſs than EBP, therefore 
rauch 
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Boox XII. much more 1s the triangle EM leſs than the rectangle contzing 
by EB and the half of the arch BP. In the ſame manner, i 


2 11. 1. 
b 9. 6. 


e 13. 8. 


d 22. 6. 
© i, Dei. 6. 
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may be proved, that the quadrilateral EPWO is leſs than d; 
rectangle contained by EP and the half of the arch PO; andi here 
on: Therefore al! the inſcribed reQargles are leſs than tþ : 
rectangle contained by the radius and the half of the circuns, WW... 


rence ; that is, lefs than DF: and they were proved to Hann 
greater than it; which is impoſſible; therefore the reQanyk # 
DF is not lefs than the circle: and it was before proved, ng 
to be greater than it; therefore DF is equal to the cite 
. I 
Cor. 1. Hence it is manifeſt, that if a ſpace be leſs than & 
circle, rectangles can be inſcribed in the circle, which together « 
are greater than that ſpace: and that if a ſpace be greater tha P 
a circle, rectangles can be deſcribed about the circle, which an 
together leſs than that ſpace. | 
Cork. 2. And conſequently, if a figure be greater than ay 
ſeries of rectangles in a circle, but lefs than any ſeries of rc 
angles about it; that figure is equal to the circle, 
rear 
circle 
PROP. III. THEKOR “. as thi 
to th 
ſo * 
the ci 


Let ABCD, EFGH be two circles, and BD, FH their diame angle 
ters: as the ſquare of BD to the iquare of FH, ſo is the cin th 
ABCD to the circle EFGH. | that 

Let the fquare of BD be to the ſquare of FH, as the circle circle 
ABCD to tome {pace Z; this ſpace is equal to the circle EFGH, EFG 
Draw * the diameters AC, EG at right angles to BD, FH; and circle 
divide d AK into any number of equal parts in M, N, O, and hat « 
EL into as many in P. Q., R; and complete the rectangles KS, 
MT, NV; LW, PX, Q in the circles; and let the ſame c thi 
ſtruction be made in the reſt of the ſeQors: and becauſe A0 
FR are the ſame parts of OC, RG; AO is to ER, as 00 U and | 
RG; therefore the fiimilar reRilineal ſigures upon them are pro R © 
portionalo ©; and the ſquares of AO, ER are fimilar figures ct lalnec 
them; and the rectengles AO, OC and ER, RG ore ſimike ABC 
figures © on OC, RG; therefore the ſquare of AO is to tit that « 
ſquare of ER, as the re@ang1+ AO, OC to the rectangle EI, 2 
RG: and A0 is equal to ON, and ER to RQ; and the red. eren 
angle AO, CC is equal f to the ſquare of OV, and the rectangt kaine 


IRCLES are to one another as the ſquares of thei 
diameters. 


ER, RG to the ſquare of RY; therefore the ſquare of ON ist0 2 
| | that there 


the c. 


* This is Prop. II. Book XII. of Euclid, 


POS 


Ir; 
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R 
e >* 


* 


QR to RX; therefore the reQanygle NV is ſimilar © © Q; 


5 RQ ; that 1s, as the ſquare of BD to the ſquare of FH ©, be- 
Paule ON, RQ are the ſame parts of BD, FH. In the ſame 
manner, it may be proved, that the other rectangles are to one 
Enother as the ſquare.of BD to that of FH: Wherefore all the 


4 
#4 


1 
1 ; 
* 


rectangles in the circle ABCD are to all the rectangles in the 
circle EFG H as the ſquare of BD to the ſquare of FH: But 
as the ſquare of BD to the ſquare of FH, ſo is the circle ABCD 
to the ſpace Z.; therefore, as the circle ABCD is to the ſpace Z, 
ſo * are the rectangles in the circle ABCD to the rectangles in 
the circle EFG H: and the circle ABCD is greater than the rect- 
angles in it; therefore the ſpace Z. is greater * than the rectangles 
in the circle EFGH. In the ſame manner, it may be proved, 
hat the ſpace Z. is leſs than any ſeries of rectangles about the 
Icircle EFGH : Therefore the ſpace Z. is equal * to the circle 
FJEFGH; But the ſquare of BD is to the ſquare of FH, as the 
leircle ABCD to the ſpace Z; therefore the ſquare of BD is to 
that of FH, as the circle ABCD to the circle EFGH. Q. E. D. 

Cor. Hence, the circumferences of circles are to one another 
as their diameters. 

For a circle is equal ® to the reQangle contained by the radius 
and half the circumference ; therefore the rectangle contained by 


BK and half the circumference ABCD is to the rectangle con- 


tained by FL and half the circumference EFGH, as * the circle 
ABCD to the circle EFGH ; that is, as ® the ſquare of BD to 
that of FH, or as © the ſquare of BK to that of FL; and, alter- 
nately 8, as the rectangle contained by BK and halt the circum- 
ference ABCD is to the ſquare of BK, ſo is the rectangle con- 
tained by FL and half the circumference EFGH to the ſquare of 
EL: and parallelograms of the ſame altitude are as their baſes ? ; 
therefore the half of the circumference ABCD is to BK, as half 
the circumference EFGH to FI.; and, alteruately 5, as half the 

Ee circumference 
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1 hat of RQ. as the ſquare of OV to that of RY ; therefore NO Boox XII. 
8: to RQ. as OV to RT; and, by alternation 5, NO is to OV, 


8 16. 5 


Wherefore NV is toYQ, as © the ſquare of NO to the ſquare of Del. 


e 13. 6. 


h 12. 8. 


K 11. 3. 


9 14. £. 


1 2. Cor. 


2. 12, 


M 2. 12. 


n 5. 5. 
0 3. 11. 


p 1. 6. 


— _{ﬀ * 
- 1 $-o 


- 
— — #44 


— -* - * * o 
; „„ oor = ; 


THE ELEMENTS 


Book XII. circumference ABCD to half the circumference EFGH, h, 
wW—BK to FL; and taking their doubles, as the circamference AC 
q 4+ 5+ to the circumference EFG-H, ſo 9 is BD to FH. 
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PROP. IV. IHEOR. 


* -- * . ond „ — * % eV 2 ? 4 
R1a%cULAR pyrami's upon equal bates, and d 
! * * [ , * - Cr? — 7 
the ſore altitude, are equal to one 


Let ABC-G, DEF-H He two pyramids of the ſame * titude 
and having the equal triangles ABC. DEF for their 
pyramid ABC. C is equal to the pyramid DEF. H. 

If not, one of them is voreater than the other : let the ner 


mid ABC-G be greater than the other 55 amid by the ſohd 2 


angths of 


hk 
ba CD; 7 the 


2 my 1 b , 
and complete the priſm, of which ABC is th e baſe, and Pe ons 
72 4 
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of its infiſting lines: Then, if AG be biſected by a plane ps. 555 

a Cor. 32. to ABC, cha! plane will biſect ® the priſm; for 'AG and the per. 
11. pendicular from G to Re plane FB, are cut in the lame 1 ratio 

b 15- 11. by that parallel plane b; therefore the parts are priſms cn the 
ſame baſe, and "aVIng equal altitudes, and are therefore £42 1 * 
In the ſame manner, may the half of the remaining priſe be 
cut off; and ſo on: Th 08 efore, if this be done continu— Ally, theſe 
ſhall at length remain a 355 {ra leſ. © than the ſolid Z.: let thi 
be the rin ABC. LN and let LN, LO meet GB, GC in P, 
4 37. 1. and draw 4 PR "os parallel to AG, and join PQ. 3; 


e 13. Det therefore ARS. LPQ is 2 priſm © in the pyramid ABC-G : 1 
11. tue 
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Bc other parts of AG equal to AL, be LK, KM, MG, and com-Boox XII. 
Diete priſuis in the pyramid between the plan through L, K, e 
I: and let the ſane couſtruction be made in the pyranud 
DEF. H: and becauſe LP 1+ parallel ® to AB, AG is „GL, as 9 16. Its 
Br AB to LP or AR: For the {ame reaſon, AG is o GL, as AC f 4. 6. 
o AS; therefore BA is to AR, as 8 CA to AS; and the tri. g 11. 5. 
ele ABC is fimilar h to ARS lu the ſame manner, it may be h 6. 6. 
Wproved, chat the triangle DEF is ſimilar to DX: aud becauſe 
AG, DH are equimultipl-s of AL, DT; as are alt: L, HI; 
gere fore AG is to GL, ask DH to HT; wherefuie BA is 10 AR, K 4. 5. 
Ez: ED to DX a d conſcquently rhe triangle ABC is to ARS, 
4 1 DEF to DXY :; and the triangle ABC is equal t. DEF; | 22. 6, 
therefore the triangle ARS is equal * to DAT ; and therefore m 14. 5. 
the priſm LRS is equil ® (o the priſm TXY, for they are upon u Cor. 33. 
WE << 1 baſes, and have the fame part of the altitude of the pyra- wg 
mds for their altitude. In the fame manner, may ihe other 
prilns in the two pyramids be proved to be equal, each to 
tach; therefore all che prifins iu the pyramid ABG together 
are equal to all the priims in the pyramid DEF- H. Produce g 
RP, SQ to a, b, and join ab; therefore LPQ. Kab is a priſm; 1 
and it is equa: d to the priſm K SR-LPQ. becauf they are upon 1 
the ſame baſe, ard have equal altitudes : In the fame manner, | 
it may be proved, that the other iuſcribed priſms are equal to 
the circumſcribed priſms ſtaading u on them: ther ore all the 


— 


** 5% » 
77727... TTT 


* * * 
EIS 
mY 


* 


— 


nn 8 1 


nas . — 


r . 1 
4 1 . * - 
OO ˙ P ˙ etna werrnt' 
— — 
bY * — 7 2 = — a — 


uſcribed priſms, together with che priſm ABC-LN:), are equal q 
to all the ctrcuoicribed priſms ; that is, they are greater ian 8 
che pyramid ABC: Bu the priſms in the py ramid ABC-G 1 I 
Fare equal to thoſe in the permid DEF. H, and the ſolid Z is 1 

greater than the pri ABC-LNO; therefore the priſms in the 
Ipyramid DEF-H, togeihor with che ſolid Z, are greater than 

the pyramiu AB C- G; that is, than the pyramid DEF-1, toge- 
ther with the ſolid Z: take away the common folia Z, aud che 
erilins in the pyramid DEF H are greater than the pyramid 
illelf, and they are alſ lets; which is impoſſible: Therefore the 

pyramid ABC-G is not wi. qual ty the pyramid DEF. I, that is, | 


uss equal to it. QE. D. 


PROP. V. THEOR *. 4 


Lk VERY triangalur priſm may be divided into three 
IL qual triangular pyramids, 


Let ABC-DEF be a trizngular priſm, of which the baſe is 0 
| the triangle ABC, and DEF the triangle oppdſite to it: it may wb 
de divided into three equal triangular pyramids, | = 

Ee 2 | Join ___ 


* This is Prop. VII. Book XII. of Euclid, 
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Boox XII. Join AF, FB, BD: and becauſe BD is the diameter of te 
23 parallelogram AE, the triangle ABD is equal * to EBD; wy 


a 34. 1. 
b 4. 12. 


c 2. Cor, 
32. 11. 


2 33. 10 
b 24. 11. 


the ſame manner, parallelopipeds upon the other rectangles in 


THE ELEMENTS 


therefore the pyramid AB D-F is equal ® to the 
pyramid EBD-F, for they are upon equal 
baſes, and of the ſame altitude: For the ſame ,___/!._\ 
reaſon, the pyramid ADF-B 1s equal to the 1 IK 
pyramid ACF-B: But the pyramid ABD-F | \ 
is the ſame with the pyramid ADF-B: Where- 4 \ 
fore the pyramid ACF-B is equal to the py ra- PE 44) 
mid EBD-F; therefore the priſm ABC- DEF — d 
is divided into three equal pyramids ABD- F, 4 
EBD-F, ACF-B, Wherefore, &c. Q. E. D. 

Con. 1. From this it is manifeſt, that every pyramid is the 
third part of a priſm which has the ſame baſe, and is of an equi 
altitude with it; for if the baſe of the priſm be any other figur 
than a triangle, it may be divided into priſms having triangulz 
baſes. | 

Cor. 2.* Pyramids of equal altitudes are to one another x 
their baſes; becauſe the priſms upon the ſame baſes, and of the 
ſame altitude, are © to one another as their baſes. 


* This is the 5th and 6th Propoſition of Book XI. of Euclil 


PROP. VI. THEOR. 


F a cylinder and a parallelopiped be upon equal Neit 
baſes, and of the ſame altitude, they are equal to 
one another, AGE 


Let ABCD be a cylinder, and EF a parallelopiped of the ſame W angle 
altitude; and let the circle ABG, which is the baſe of the cylin. EX X 
der, be <qual to the baſe EH of the parallelopiped ; the cylinder the 
ABCD is equal to the parallelopiped EF. they 

If not, it is either greater or leſs than the parallelopiped: the 0 
Firſt, let it be leſs, and let it be equal to the parallelopiped EX ente 
of the ſame altitude with EF, but having the baſe EL leſs than r ne 
EH: and in the circle AGB let reQangles be made as in the ſe- that 
cond propoſition, which together ſhall be greater than EL; and WF paral 
let the ſame be done in the oppoſite buſe CTD;; and let NO. G 
RSTV be correſponding rectangles in them; therefore, becauſe i 
the circles are equal, the rectangle PN is equal to RT, as wi wa 
ſhown in Propofition III; join NR, OS, PT, QW: and becauſe ale 
NQ is equal and parallel to RV, NR is equal and parallel v. C 
QV *: For the fame reaſon, PT, OS are equal and parallel to Wo" 
NR or W; therefore NT is a parallelopiped “: conſt ruct, in 


the 
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* ä 

e circle AGB: and becauſe the parallelopipeds NT, EK are of Boox XII. 
De ſame altitude, NT is to EK, as © the baſe NP to the baſe Www wad 
EL : For the ſame reaſon, the parallelopipeds upon the other © 3% 11. 
ectangles in the circle AGB are each of them to EK as the re&- 

. Ingle upon which it ſtands to the baſe EL ; therefore all the pa- 
lclopipeds together are to EK as “ all the rectangles in the d 2. Cor. 
ide AGB to the baſe EL: But the rectangles in the circle 24. 5 

| AGB are greater than EL; therefore the parallelopipeds upon 

em are together greater than EK ©: and EK is equal to the © A. 5. 
under ABCD; therefore the parallclopipeds upon the rect- 

i MWihogles are greater than the cylinder ; and they are alſo leſs, be- 

tauſe they are contained in it; which is impoſſible : There- 


e E the cylinder ABCD is not leſs than the parallelopiped EF. 
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Neither is it greater; for, if poſſible, let the cylinder ABCD 
be equal to the parallelopiped EW of the fame altitude with EF, 4 
but upon a bate EX greater than EI; that is, than the circle 158 
AGB: and becauſe EX is greater than the circle AGB, rect- 1 
angles can be made about the circle, which together are leſs than "41 
EX =: and, if upon theſe rectangles be made parallelopipeds in g x. Cor. 1 
the way that NT was made, it may be proved, as before, that 2. 12. 1 
they are together leſs than the parallelopiped EW; that is, than 


.) de cylinder ABCD: and they are allo greater, becauſe they "ht 
contain the cylinder; which is impoſſible; therefore the cylinder 1 
s not greater than the parallelopiped EF: and it has been thown, 

e. chat it is not leſs than it; therefore the cylinder is equal to the 

d bparallelopiped. Wherefore, &c. Q. E. D. 

Cos. 1.“ Hence cylinders of the tame altitude are to one ano- 

cher as their baſes, for the parallelopipeds upon baſes equal to 


them, and of the ſame altitude, are to one another as their 
| baſes ©, | 

Cox, 2. Cylinders have to one another the ratio which is 
compounded of the ratios of their baſes, and of their altitudes. 
For this is the ratio of the parallelopipeds, which are upon equal 
| baſes with them, and have the ſame altitudes *. 


* This is the 11th Propoſition of Boot XII. of Euclid. 


PROP, 


222 THE ELEMENTS 


Book XII. PROP. VII. THEOR. 
YRS 


F- a cone and a pyramid be upon equa! baſes, 2g! 


of the ſame altitude; they are equal to cn dane 
another. zefo 
Let the cone of which the baſe is the circle ABC, ane th 1 bf 
vertex D, be of the famc altitude with the pyramid of wah Ai oh 
the bafe is the figure EFG, and the vertex H; and let the Circ ! 
ABC be equal to the figure EFG: the cone ABC-D is equily . 5 
the pyramid EFG. H. LG 
If not, let them be unequal; and, firſt, let the cone be leh ba . 
thin the pyramid; that is, let it be _ | to. ſome pyramil 8 
FGK-H of which the baſe FG K 1 is lets thin GE, OT thas ths Eno a 
circle ABC; therefore, in the circle tliere can rectanęles de 3 | 
a 1. Cor. te which together are greater than FGK * : let LMNOb 80. 


2. 12. one of them, and join DL. DM, DN, DO: and becaule E cor 

pyramids LMNO- D and FGK-H are of the fame : a ne 

b 2. Cor. pyramid LMNO-D is to the pyramid FGE-H, as Þ ile be 
5- 12. LMNDO to the baſe FGrK : In the ſame manner, if Py raids Wi + © 

erected on all the other re ctangles in the circle ABC, it may 

proved, that each of then is to the pyramd FGR-H, . d. 
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rectanple on which it ſtands to the baſe FK: wherefore all 4 O: 

c 2. Cor. Pyramids upon the rectangles are to the pyramid FGK- H, as e ec 
44+ 5+ the rectangles to the baſe FGK : But the reden les together ae a8 
greater than the baſe FGK; therefore the pyramids upon ben ſhe f. 

are together greater than the pyramid FGK J; that is, tha Wi evol 

the cone ABC-D: and they are alſo lef:, for they are contained fade 


! 


in it; which is impoſſible; therefore the cone ABC. D is not leß e r 


than 


OF EUCLID. 


5 greater than EFG : and becauſe PFG is greater than the circle 
C, rectangles can be made about the circle which together 
Te leſs than PFG: and, if pyramids he erected upon theſe 
aangles, having their common vertex at D, it may be proved, 
& before, that they are together leſs than the pyramid PFG-H; 
1 is, than the cone ABUC-D : and they are allo greater, be: 
Þuſe they contain the cone; which is impoſſible; therefore the 
Pie ABC-D is not greater than the p ramid EFG-H : ant it 
1 bas been proved not to be leſs than it; here ore the cone ABG- D 
equal to the pyramid EFG-H, Wu. e Se. QE. D. 
Cos. 1. Hence, a cone 1s tae third part of a cylinder of the 
5 me altitud wt and u! 0 the lame — "th it; 4 for the Pyramid 
it is is the third part of a priſm on the baſe EFS, aid of the 
cn altitude with it 4: and this priſm is _— to a cylinder 
be den the baſe ABC and of the ſame altitude with the cone 
be 130 U e therefore the cone is the third as po the cylinder 
Con. 2. ence, cones of the ſame i hicude, are to one e another 
Ws their bates, 


E # 


a 
bs 
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ET ABCD be afquare, and join Bl os from the centre B, 
the diſtanc- BA, deferi! he the 2 den AC ; and let any num- 
Prof trajght lines EF, GH, IK be drawn mralle wy o BC. meeting 
the arch AC in L. M, N, and BD, in O, 8, A; and complete the 
F-ftangles BL, EM, GN in the circle, dad the - rectang es BO, 
LP, GQ about the triangl. ABD: If, then, the figure thus con- 
Truded revolve about AB as an axis, the Cy lit ders 2 icrih+e4 
dy the rectangles in the ſector ABC, together with thoſe deſert. 
bed by the rectangles about the trizn nole A BD, are <cqi wa to the 
Kilinder deſcribed by the ſquare GD. 
| Join BL: and becauſe EC) 1s parallel to AD, the angle LOB 
equal ADB. that is, to ABD O; theretore EB is eq! val © to 
Ty and becauſe BEL is 2 right angle, the ſquares of BE, EL 
Pre equal © ro the ſquare of BL: and BL is equal to BC otEF; 
Pd BE to EO; therefore the ſquares of Ok, KL are equal to 


—d 
FY 


on We ſquare of EF; and becauſe the cylinders deſcribed by the 
in Wevolution of BE 4 BL about the a ait BE have the fame alti- 
i ude BE, they are to one another as © the circles deſoribed by 


he revolution of EF and EL about the point E: and theſe 
| circles 


. the pyramid EFG-H. Neither 1s it greater; for, if poſſible, Book XII. 
it be equal to ſome pyramid PFG-H, of which the baſe PFG YN 
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Boon XII. circles are as the ſquares * of their diameters or radii ; therew 
YM the cylinder deſcribed by BL is to the cylinder deſcribed by N 
1 3. 14. as the ſquare of EL to that of EF: For the ſame reaſon, d 
cylinder deſcribed by BO is to the cylinder deſcribed by BF, x 
the ſquare of EO to that of EF; therefore the cylinders q. 
ſcribed by BL, BO together are to the cylinder deſcribed by BE cylin 
8 24+ 1. as f the ſquares of EL, EO to the ſquare of EF: but the ſquary by A 
of EL, EO together are equal to the ſquare EB; 
of EF; therefore the cylinders deſcribed by A.__ | 
h A. 5. BL, BO are equal ® to the cylinder d-ſcri- | 
bed by BF, In the ſame manner, it may 1 
be demonitrated, that the cylinders deſeri- c 
bed by EM, EP are equal to thai deſcribed | TOA. 
by EH. and the cylinders deſcribed by GN, i. 
GQ <quai to that deſcribed by GK: Bl 
Wherefore all the cylinders defcribed by <= 
the rectangles BL, EM, CN in the circle, 
and by EO, EP, GID about the triangle ABD, are together 
equal to the whole cylinder deſcribed by the ſquare ABCD, 
(3. -E DD 
Cor. Hence, becauſe the hemiſphere deſcribed by the ſer 
ABC 1s greater than the cylinders in it, and the cone deſcribe 
by the triangle ABD leſs than the cylinders about it; it is mau 
feſt, that the henuſphere, together with any ſeries of cylinder 
about the cone, is greater than the cylinder deſcribed by the 
ſquare AC: and that the cone, together with any ſeries of qq. 
liaders in the hemiſphere, is leſs than the ſaid cylinder deſcribe 
by AC. 


PROP. IX. THEOR, 


VERY ſphere is two thirds of its circum(ſcribing 
Cylinder. 


Let ACR be the ſemicircle by the revolution of which about 

AR the ſphere is deſcribed; and from the centre B draw BCA 

right angles to AR, and complete the ſquare ABCD, and join 

BD: Then, if the whole revolve about AB, the ſector ABC 

ſhall deſcribe a hemiſphere, the ſquare AC a cylinder about the 

hemiſphere, and the triangle ABD a cone: The hemiſphere b 

two thirds of the cylinder deſcribed by AC; that is, becauſe 

a 1. Cor, the cone deſcribed by ABD is the third part - of the cylindet 

7. 22. deſcribed by AC, the hemiſphere and the cone together ae 
| equal to the cylinder. | 

b to. t. If not, let them, firſt, be leſs than it by ſome ſolid X: and 

c 31. 1. biſectꝰ AB in G, and draw © GH parallel to AD: Then, i a 


HB revolve about AB, the cylinders deſcribed by them ſhall be Boox XIII. 1 
equal 4; therefore the cylinder deſcribed by BH is the half of WV '} 
that deſcribed by AC: In the ſame manner, may the half of the d Cor. 6. 

cylinder deſcribed by AH be cut off from it; and ſo on: There- 2 
fore, if this be done continually, there ſhall at length remain a 

cylinder leſs © than the ſolid X“: let this be the cylinder deſcribed © 1+ 12. 
by AK; and let the other parts of AB equal to Al, be IG, GE, 

EB; and let the rectangles BO, EP, GQ he completed about 

the triangle ABD; and produce SO to LI: and becauſe ES is 

| equal to ET, the cylinders defcribed by them are equal 4: For 1 
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the ſame reaſon, if the rectangles IP, AQ be completed, the © 
| cylinders deſcribed by them in the cone are equal to thoſe deſeri- 4 i 
bed about it by EP, GQ: conſequently, 17 
che cylinder deſcribed by AK is the ex-= A.J_— 1 
cels of the cylinders about the cone above y 4 1 
| thoſe within it: But the cone is greater I N66 | 4 + | 
chan the cylinders in it, and the fold X gr 2 Nag vi 
is greater than the cylinder deſcribed by | NE | 
AK; therefore the cone and X are greater IE | | To 4 
than the cylinders about the cone: To " 1 wy 
| theſe unequals, add the hemiſphere, and 5 5 —— 4 
the hemiſphere and cone, with X, are | 
greater than the hemiſphere and the cy- +. 
linders about the cone: But the hemi- | 7 
ſphere and cone, with X, are equal to | 9 


the cylinder deſcribed by AC; therefore 4 
the cylinder deſcribed by AC is greater 
| than the hemiſphere and the cylinders 
about the cone: and it is alſo leſs than them f; which is im- f Cor-$,12, 
poſſible: Therefore the cylinder deſcribed by AC is not greater 
than the hemiſphere and the cone. 
Neither is it leſs ; for, if poſſible, let it be leſs than them by 
ſome ſolid Z * : Then, as before, a rectangle may be cut off from 9 
AC, which ſhall defcribe a cylinder leſs than the ſolid Z: let 1 
this be the rectangle EC: and, as before, conſtruct in the ſector 
ABC the reQangles BL, EM, GN: and it may be proved, as in 
the former caſe, that the cylinders deſcribed by theſe rectangles 
in the hemiſphere, together with Z, are greater than the cylin- 
ders about the hemiſphere, and therefore much more are they 
greater than the hemiſphere: To theſe unequals, add the cone; 
and the cylinders in the hemiſphere, together with the cone and 
Z, are greater than the hemiſphere and cone; that is, greater 
than the cylinder deſcribed by AC, together with Z: Take 
Way the ſolid Z, and the cylinders in the hemiſphere, together 
with the cone, are greater than the cylinder defcribed by AG : 
and they are alſo leſs ; which is impoſſible: Therefore the * 
Ft er 


The ſolids T and Z are not repreſented in the figure of this propoſition, 


"I : 
1 
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Boon XII. der deſcribed by AC is not leſs than the hemiſphere and t 
coe: and it has been ſhown, that it is not greater than them; 
therefore the cylinder is equal to the hemiſphere and the cone, 
2 1. Cor. 5. But the cone deſcribed by ABD is the third part * of the cri. 
12. der; therefore the hemiſphere deſcribed by the ſector AB j 
two thirds of the cylinder deſcribed by AC: Whercfor the 
whole ſphere is two third- of the cylinder deſcribed about it by 

the rectangle AV. Therefore, &c. Q. E. D. 


PRO P. X. THEOR®. 


PnkREs have to one another the triplicate ratio d 
that which their diameters have. 


Let A be the diameter of the greater ſphere, and B the dis 
2 11. 6. meter of the lefler; and as A is to B, ſo make * B to C, ud 
br. Def. 5. to D; then the 1atio of A to D is triplicate d of that of A to ; 
as A is to D, ſo is the great.r ip'.cie to he Ieſſer. 
Let cylinders be deſcribed about the ſpheres ; then, the alt. 
tudes of the cylinders, and likewiſe the diameters of their baſes 
are equal to A and B: and becauſe A is to B, as B to C, tle 
© 1. Cor. ſquare of A is to that of B ©, as A to C: 
20. 6. and circles are as the ſquares © of their 
d 3. 12. diameters; theretore, as A is to C, ſo is 
the baſe of the greater cylinder te that of 5 
the leſſer; and the altitude of the greater 
is to that of the leſſer as C io D: Wherefore the greater q. 
e 2. Cor. linder has to the lefler the ratio © which is compounded of the 
4 : ratios of A to C, and of C to D; that is, the ratio f of At 
and each of the ſpher:s is two thirds of its circumſcribing q. 
h 9. 2. In der“; therefore, as A is to D, to & is the greater ſphere to the 
8 C. 5. leſſer ſphere. Wherefore, &c. Q. E. D. 


—— 


* This is Prop. XVIII. Book XII. of Euclid, 
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PLANE TRIGONOMETRY. 


L EMMA LI. 


N angle at the centre of a circle is to four right Pr. 2. 
angles, as the arch on which it ſtands to tage 
hole circumference. 


Let ABC be an angle at the centre B of the circle ACD, 
tanding on the arch AC. Draw BE at right angles to AB: 
d produce AB, EB to D, F: and | 
ecauſe the right angles at B are | 
qual, the arches AE, ED, DF, FA 
re all equal; therefore the ci cum- 


| 
rence is four times the arch AE: : 
d becauſe the angles ABC, ABE X — . — 
re at the centre, the angle ABC is 


* 


o the right angle AB E., as db the arch 

to the arch AE: and quadru- 

ling the conſ.qu-nts, the angle F 

ABC is to four right angles, as © | 

he arch AC to four times che arch AE; that is, to the whole 
Ircumference. | 


b 33. 6, 


c Cor.. 8. 


— 
| ar 


Fi? _ LEMMA 


a LEM. 


bt. 5. 


P L AN E 


L EMMA II. 


N unequal circles, the arches, upon which equi] 
angles at the centre ſtand, have the ſame ratio 9 
the circumferences of the circles. 


Let ABC, GBH be equal angles at the centre of che 
circles ACD, GHK, ſtanding upon the arches AC, GE: w 
becauſe ABC 1s an angle at the 
centre, it is to four right angles, 
as * the arch AC to the circumfe- 
rence ACD. For the ſame reaſon, 
the angle GBH or ABC is to four 
right angles, as the arch GH to 
the circumference GHK : There- 
fore the arch AC is to the circum- 
ference ACD, as ® the arch GH to 
the circumference GHK 

Nork. The arches AC, GH are 
ſaid to be ſimilar, when they have the ſame ratio to the circun. 


ferences ACD, GHK. 


LEMMA m. 


F two magnitudes conſiſt of parts each equal to the Cos. 
ſame magnitude; they have to one another the me: 
ſame ratio which the numbers denoting the parts Los 
which they conſiſt, have to one another. ang 


Let A, B conſiſt of parts each equal to C: and let T be unity, Wil exc 


and M the number of parts equal to C, in A; and ber 
N the number of parts equal to C, in B: A is to B, b rig] 
as M to N. M I * 


Becauſe there are as many parts equal to C, in A, 
as there are units I] in the number M; A, M are of 
equimultiples of C, I; therefore A is to C, as M to I: af oth 


— 


B, N are equimultiples of C, I; therefore A is to B“, as M lar 
to N. | ; . 
| | | BH 
LE MMA IV. OR, 

that 


[ FALF the: ſum of two unequal magnitudes, to 
gether with half their difference, is equal t 


the greater; and half the difference taken from hal whi 


the ſum is equal to the leſs, 1 Thi 
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Let AB be the greater of two unequal magnitudes, and BC Pi. Trig. 
ge leſs; therefore AC is their ſum : make AD equal to B86 
erefore BD is their difference: and if BD be biſected in E, 

E or ED is half their germ : and becauſe AD is equal to 

c. and DE to EB; the whole — n — — 

* equal to EC; therefore AE A 9 BB C 

r EC is the half of the ſum AC. But the greater magnitude 

AB is equal to AE, EB together; that is, to half the ſum added 

> half the difference ; and the leſs BC is equal to the exceſs of 

C half the ſum, above EB half the difference. 


e 


h 


DEFINITIONS. 


; j 9 
2 . N arch of a circle is called the meaſure of the angle at 
| the centre ſtanding on that arch, Thus, the arch AC is the 
meaſure of the angle ABC. 

II. 


e circumference of every circle is ſuppoſed to conſiſt of 360 

equal parts, each of which is called a degree: and a degree is 

ſuppoſed to conſiſt of 60 equal parts, called minutes; and a 

minute of 60 equal parts, called ſeconds; and fo on. Alſo, an 

angle at the centre is ſaid to be of us many degrees, minutes, 

&c. as there are in the arch, which is the meaſure of that 

angle. | 

. 1. A right angle is an angle of 99 degrees. For the 

meaſure of it is the fourth part of the circumference. 

0R. 2. Arches of different circles, which meaſure the ſame 

angle, contain the fame number of degrees, and parts of a de- 

gree. For the number of degrees and parts of a degree in 

each of them is to 360, as each of the arches to its circum- 

ference ; that is, as the angle which they meaſure to four a LEM. 

right angles b. b LEM. 2. 
III. 

e fine of an arch is a ſtraight line drawn from one extremity 

of the arch perpendicular to the diameter paſſing through the 

other extremity of it. Thus, CD drawn from C perpendicu- 

lar to AF, is the fine of the arch AC. 

ok. 1. The fine of AH, the fourth part of the circumſerence, is 

BH equal to the radius, 

OR, 2. The fine of an arch is the half of the chord of twice 

that arch. For CM is biſected in Ds. 0 3. 5. 

IV. 

Ihe verſed ſine of an arch is the ſegment of the diameter, to 

which the ſine is perpendicular, between the ſine and the arch. 

Thus, AD is the verſed fine of the arch AC, 
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Pf. Tris. V. | 
WAS The tangent of an arch is a ſtraight line touching the circle, 


one extremity, and meeting the diameter that paſſes throu v3 | 
we other extremity. Thus, AE is the tangent of the a: Wi th 
Cor. The tangent of the eighth H N * 
part of the circumference is 1 I 'S 
equal to the radius. WS 8 
VI. L am Bu 

The ſecant of an arch is the TT [ \ BI 
Mraight line drawn from the pr '__ Ny Tu III 94 Mp = 
centre to the fartheit extre- 'B B 1 
rity of the tangent of that \ | 7 10 
arch. Thus, BE is the ſe- G | X 8 
cant of the arch AC. 2. 14 * 
VII. — N 

The fine, verſed fine, tangent, Br 
and ſecant of an arch, are alſo called the fine, verſed ſing, the 
tangent, and ſecant of the angle, of which that arch is the * 
meaſure. Ihus, CD is the tine of the angle ABC; ADFC. 
its verſed ſine; AE is its tangent; and BE its ſec-nt _ 
CoR. The radius is equal to the fine, or verſed fine of a riglt A 
angle; or to the tangent of half a right angle. 1 
VIII. the 

The difference between an arch and the half of the circurnof-rence, 15 8 
or between an angle and two fight angles, is called the ſup- the 


plement of that arch, or of that angle. Thus, the arch CF 81 
is the ſupplement of the arch AC; and the angle CBF is the 
ſupplement of the angle ABC, 

Cor. The fine, tangent, and ſecant of any angle ABC, are allo 
the ſine, tangent, and ſecant of its ſupplement : For, by Def. 
4th, CD is the fine of the arch CF, that is, of the ang]? 
CBF, by Def. 4th: and if CB be produced to G, it is mani. 
feit, from Det. 5th and 6th, that AE 1s the tangent, and 

BE the ſecant of the arch AG, that is, of the angle ABG or 
CBF, by Def. 7th. 5 

IX. 


The difference between an arch and the fourth part of the cit. 
cumference, or between an angle and a right angle, is called 
the complement of that arch, or of that angle. Thus, l 
BH be at right angles to AB, the arch CH is the comple- 

ment of the arch CA, and the angle CBH is the complement 
of the angle ABC, or of CBF. 

| X. 

The fine, tangent, or ſecant of the complement of any angle, 1 

called the coſine, cotangent, or coſecant of that angle, mn 
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'* CL, HK be perpendiculars to BH; CL is the coſine of the Pl. Trig. 

angle ABC, and HK its cotangent, and BE its coſecant. V 

"08. 1. The ſegment of the diameter to which the ſine is per- 

| pendicular, bet'veen the fine and the centre, 1s equal to the 

cofive, Thus, BD is equal to CL, the coſine of the angle d 34. f. 

ABC. 

ok. 2. The cofine of any arch is to the fine, as the radius to 

| the tangent of the ſame arch. For the triangls BDC, BAE 

are equiangular ©, becauſe the angie ABE is common, and © 3% k. 

BDC, BAL are right angles ; therefore BD is to DC, as BA 

to AE F. 42 

ok. 3. The radius is a mean proportional het een the coſine 

and the ſecant of any angle. For BD 1s o BOC or BA, as 

BA to BE. 

OB. 4. The radius is a mean proportional between the tangent 

and cotangent of any angle. For, the alternate angles BE, 

BKH are equal s; and BAE, BHK are right angles; therefore g 29. 1. 
the triangles BAE, BHK are equiangular; wherefore EA is | 

to AB, as BH or BA to HK. 

k. 5. The tangent and cotangent of any angle are reciprocally 

proportional to the tangent and cotangent of any other angle. 

For the tangent of the firſt angle is to the radius, as the 

radius to its cotangent ; and the radius is to the tangent of 

the other angle, as the cotangent of that other angle to the 

radius: Therefore, by perturbate equality d, the tangent of h 22. $. 

the firſt angle is to the tangent of the other, as the cotangent 

of the other to the cotangent cf rhe firſt, | 


. 


Na right anzled triangle, if the hy pothenuſe, or 
ſide oppotite to the right angle, be made the 
radius of a circle; the other fides are the ſines of the 
angles oppoſite to them, or the colines of the angles 
adjacent to them. And if cither of the ſides about 
he right angle be made the radius, the other fide is 
the tangent of the angle oppolite to it, and the hypo- 
henuſe is the ſecant of the fame angle. 


Let ABC be a triangle, having the right angle BAC: and 
irom the centre B at the diſtance BC, deſeribe a circle meeting 
BA produced in D: and becauſe AC 1s drawn from C the ex- 
tremity of the arch CD, perpendicular to the radius BD, 
which paſſes through the other extremity D; CA is the fine of 
the 
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Fi. Trig. the arch CD, or of the angle CBD ® oppoſite to Ca, yy 
WMV BA the ſegment of the diameter, to which CA is perpendiculy 
a 3. Def. between the fine CA and the centre 
22 * B, is the coſine of the angle ABC ©. 
Det. In the ſame manner, if from the centre 

C, at the diſtance CB, the arch BE be 
deſcribed, it may be proved, that BA 
is the fine, and AC the coline of the B 
angle ACB. 
Again, from the centre B, at the 
diſtance BA, defc:ibe the arch AF. 
And becauſe BAC 1s a right angle, 
£Cor.16.3. AG touches the circle at Af; and it 
meets the diameter paſſing through F, in C; therefore AC 
d s. Def. the tangent “ of the arch AF, or of the angle ABC: and Bl, 


F N 


which is drawn from the centre to the extremity C of the tu lich 

e 6. Def. gent, is the ſecant © of the fame angle ABC. qual 
Co 

1e Ul 

P R O 5 II. les 

rit a 

F two unequal arches meaſure the ſame angle, th P 

nal us 


fine, verſed fine, tangent, and ſecant of one « 


them, have to the radius of that arch, the fame ratig the 

which the fine, verſed fine, tangent, and ſecant re. 

the other arch, have to the radius of it. e 

| IE nu 

Let AB, DE be two unequal arches, which meaſure the ag In 

2 21, or ACB: and draw * BF, AG, EH, DK at right angles to An 

12. 1. Then, BF is the fine d, AF the verſed fine ©, AG the tangent Me 2: 

b 3. Def. and CG the ſecant © of the arch AB: and EH is the fine b, HH Cu 

22 pe the verſed fine ©, DK the tangent ©, and CK the ſecant e of M, 

© Peil. arch DE. And becauſe CFB, - 8 

CHE are right angles, and FCB | B ee 

common to the triangles CFB, | - | bout 

f 32. 1. CIE; they are <quiangular 7; ve” | a4 
g 4. 6. and therefore FB is to BC, as es E | 


| 


HE to EC; that 1s, the fine of 
the arch AB 1s to the radius BC, | 
as the fine of the arch ED to the 


radius CE. Alſo CB or CA is . . e e E 
to CF, as CE or CD to CH; © HD . 
5 E. 5. and, by converſion ®, CA is to 
AF, as CD to DH; that is, the radius CA is to the verſed fit 
AF, as the radius CD to the verſed fine DH. In the fam 
manner, it may be proved, that the tangent AG is to the roy 
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Cox. 1. Hence, if the radius AC be divided into any number 
equal paits, and the fine BF be a multiple of ove of them; 


KC; that is, as EH to CD: Wherefore the numbers denoting 
Se parts in BF and AC, exvorels the ratio, which the fine of 
Pe angle ACB, in any circle, has to the radius of that circle. 
In the ſame manner, the ratios which the fines, verſed fines, 
Wngents, and ſccants of any angles, have to the radius, may be 
For {led in numbers, if they be multiples of any parts of the 
ius. 

ln the Trigonometrical Tables, the radius is ſuppoſed to be 
Sided into 10, oo, oo, &c. equal parts: and the fines, tan- 
ents ſecants, and verſed fines, are repreſented by the numbers, 
Shich ſhew what multiples of one of thete parts are moſt nearly 
Wo al to chem 

Cox. 2. Hence, the fines of two arches in any circle are to 
pe another, as the numerical expreſſions of the fines of the 
Els meaſured by them, in the tables. For the fine of the 
Yrit arch is to the radius of the circle, as the numerical ex- 
Feſſion of the fine of the angle meaſured by that arch to the 
adius of the tables; and the radius of the circle is to the fine 
the other arch, as the radius of the tables to the numerical 
trefion of that other five: Therefore, by equality l, the firit 
Pe is to the other fine, as the numerical expreſſion of the ticit to 
e numerical expreſſion of the other tine. 


noo In the fame manner, it may be proved, that the tangents, 
aue, and verſed fines, of arches of the ſame circle, are to 
nt = =20ther, as their numerical expreſſions. 

HUB Con 3. From this and the preceding propofitions, it is mani- 


lt, that in a right angled triangle, the hypothenuſe is to a lide, 
s the radius in the tables to the numercial expr: {ſion of the 
ne of the angle oppoſite to that fide : and that one of the ſi les 
bout the right angle 1s to the other, as the radius to the tans 


e hypothenule, as the radius to the ſccant of thc angle con- 
ned by them. 


30LU- 


ent of the angle oppoſite to that other ; as elſo, that a tide 15 to 


| 
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C, as the tangent KD to the radius DC; and that the ſecant PI. Tg. 
G is to the radius CA, as the ſecant CK to the radius CD. ww 


Je number of parts in BF is to the number in AC, as * BF to k 3. Lt, 
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PLANE 5 


SOLUTION of the CAsEkSs of Richr-AN LED 


TRIANGLES. | 
GENERAL PROPOSITION. I"; 
N a right angled triangle, of the three ſides, If © 
either of the acute angles, any two being gira 4 ra 


the other two and the remaining acute angle may i, 3? 
'Y und ; 1W4C 4 
But 

But when the two acute angles are given, the ſides cannot Madic 
found from them; but only their ratios, which are the fam e, | 
with thoſe of the ſines of their oppoſite angles. BDC, 


When one of the acnte angles is given, the other is alſo gira b 
for it is the complement of the former; and therefore the fla: oi” i 


one of them is the coſine of the other. AC, 

The ſeveral caſes of this propofition may be _ 
reſolved by the help of the firſt and ſecond | gles 
propofitions, and their corollaries, as in the | bd A 
following table. Or, if two ſides be given, gls 
the third may be found by the 37th of the 1ſt | to 0 


of the Elem. For the ſquare of BU 1s equal 5 \ D to 
to tue ſquares of BA, AC; and therefore the : 1 
ſquare of AB is equal to the excels of the ſquare of EC above it 


ſquare of AU. 
la the Tables, R fignifies the radius, fin. a fine, tan. a tw 


V 
= 


gent, ſee. a ſ{ccan;, cos. a cofine, cot. a cotangent ; and R.. fh 
niſies the ſquare of the radius, fin 2. the ſquare of the ſne, d 
the half of A. Alſo R: fin. B:: BC: CA: as radius to wan pole 
of the angle at B, ſo is the tide BC to the fide CA; and 3%? 42 Woe 
38 degrees, 42 minutes, 12 ſeconds. I 
"oF I — Let 
Cates Given. Sought. | Solutumn. B; 


— * bal. 
BC and B, the hy- AC [R: ſin. B:: BC: C. eir d 


| pot. and an angle. | BA R: cos. B:: CB B Fro 


ID — — —— * 3 
1 ä ” 


| BE 
N 8 1 
2 | AB and B, a fide AC R: tan. B:: BA: AC] BC i. 
3 and an augle. BC [R: ſec. B:: AB: BG. D, I 


de ar 
| cqu 
de ci 
half 
Qual 


br Al 


+ 


CB and RA, the hy- C CR BA R. fin. C. 
pot. and a ſide. BC: C 


BA: AC::R: tan Þ 
R: ſec. B:: AB: BC 


BA and AC, the B 
5 two ſides. BC 


—C— — 
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PR 0 P. III. Pl. Tris. 


N any triangle, the ſides are to one another, as the 
S {ines of the angles oppolite to them. 


if one of the angles ABC be a right angle; by making AC 

Sc radius, the ſides AB, BC are the fines * of the angles at C, a . f. 7. 
4 oppoſite to them; and the radius AC 15 the fine > of the right b Ce. 74 
Wo lc ABC. 7 Det. 
But, if none of them be a right angle: draw © CD, AE per- e121. 
Endiculars to AB, BC; thera- 

Sc, in the right angled triangles / 

DC, AEC, if the hypothenute * 
c be made the radius, the fide 
D is the fine * of the angle 
IAG, and AL is the ſine of the 
ble ACB: and becauſe the J 
Soles at D, E are right angles B E 0 

bd ABC is common to the tri- 

bales ABE, CBD; they are equiangular 4; and therefore CR d 32: 7, 
Sto CD, as BA to AE; and, alternately, CB is to BA, as f c 5 b 
D to At. ; that is, as the fize of the angle BAC tg the fine t 
bd: angle ACB, 


ll 


ha 
uy 


3 


PROP. IV. 


N any triangle, the tum of two ſides is to their 
difference, as the tangent of half the ſum of the 
pgles at the bale, to the tangent of half their diſlo— 
Rice, f 


— WEL: ABC be a triangle, of which the ſides A C is greater than 

B; the ſum of CA, AR is to their difference, as the tangent 

half the ſum of the angles ABC, ACB to the tangerit of half 

heir difference. 

From the centre A, at the diſtance AB, deſcribe the ſemicircle 

PBE, meeting AC in E, aud CA produced in D; therefore 

IC is the ſum of CA, AB, and CE is their difference : join 

P, BE; and through E draw * EF parallel to CB; therefore à 31. 1. 
e angle FEB is equal ® to EBC: and becauſe the ange BAD b ag. 1, 
equal © to the angles ABC, ACB, and that the angle BED at e 34 1. 
ge eircumference is half 4 of the angle BAD; the angle BED d 20, 3- 
half the fum of the angles ABC, ACB: and becauſe AER is 

Bal © to the angles EBC, ECB, and ABE is equal © ro AEB, © 5 1. 
FAL is equal to AB; the angle ABE is equal to the angles 

. Gg 2 ECR, 
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P! Trig. ECB, EBC: to each of theſe equals add the angle EBC, . 
ne whole angle ABC is equal to ACB and twice EBC, t "uy 


f at. 3. 
g 5. Dei. 


h 3. 6. 


TL NN 


fore twice EBC is the difference 
between the angles ABC, AC B; 

and EBC or BEF is half chete 
diff-rence : but becauſe the angle 
EBD in a ſemicircle is a right 
angle f ; if BE be made the radius, 
BD is the tangent © of BED, and EY 994 * 
BF the tangent of BEF: and be- * 8 
cauſe FE is parallel to BC; CD 
is to CE, as BD to BF ®: Wherefore, as the Cm of the {144 


CA, AB to their difference, fo is the tangent of halt the timg 25 
the angles ABC, ACB to the tangent of half their Mi-reace, A 
L E rad! 

PROP. V. Jag 

N any triangle, if a perpendicular be drawn {9 the = 
bates trom tiie opnolite angle , the baie 19 0 tit I 5 
ſum of the ſides, as the difference of the ſides to the 2 
excels of twice the greater ſegment above the baſz. Narav 
Let ABC be a triangle, of which the fide AC is greater u 1 * 
AB; and from A, diaw * AD perpendicular to BC; and fru. 
the centre A, at the diſtance AC, deſcribe the circle CE ow 
meeting AB produced i in E, F, and CB produced in G: and de. n 
caule AD, vw hich paſſes through the centre, cuts CO at net . 
ang les in D; GD is equal to BC ; therefore DC edjacent to tit 5 
greater ſide AC is the greater ſeg ment: 2 a 
as the bale CB to the ſom of the ſides „ oy 
CA, AB, fo is the difference of CA, AB #5 11 P 
to the excels of twice CD above the \ | 25 
baſe CB. 1 ö » 
Becauſe EA, AF are each of them Wy as | =y 
equal to AC; BE is the ſum of CA, Pg $220 NN 
AB, and BF their difference: and be- 3 . BE. 
caute CG 1s double of CD, GB is the & 55 3 A 
exceis of twice CD above the baſe CB: hp Ds f ＋ 


But becauſe C{-, FF in the circle, cut cne another in B, de 
rectangle EB, BT is qu!“ to the rectangle CB, BG ; whereivt 
CB is to BE, as © P to BG. Therefore, &c. * 


RO. 


VN. B. The foregoing Propoſitions art ſufficient for ſolving the 3% 
At the ſollowing are often uſtd. 
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IN any triangle, if any angle be found ſuch, that 
the radius is to its tangent, as one of the fides to 
the other; then the radius is to the tangent of the 
eitterence between this angle and half a right angle, 
s the tangent of half the ſum of the angles at tae 
dale, to the tangent of half their difference. | 


Let ABC be a triangle of which the fides AB, AC are un- 
Bequal; and draw * AD at right angles to AB, and make it equal 
Fo AC, and join BD; therefore, BA is to AD or AC, as ® the 
radius to the tangent of the angle ABD. It is to be proved, 
that the radius is to the tangent of the difference between the 
Jangle ABD and the half of a right angle, as the tangent of half 
the ſum of the angles ACB, ABC to the tangent of half their 
difference. 

Make AE, AF each equal 2 

Ito AB, and join BE, BF, and 1; A. 

draw © DG para el to BE: N | 


J” 
„end becauſe EA is equal to . 
„B, the angle EBA is equal > 
Fr to BEA ; and EAB 1s a Za 
„richt angle; therefore each . N 
fof the angles BEA, ABE is B C 
alf a right angle. For 
the Time reaſon, each of the angles ABF, AFB is half of a 
right angle; therefore EBF is a right angle: and becauſe DG 
parallel to BE; the angle DGE is a right angie f, and each 
\ pot the angles GDF, GFD half of a right angle; therefore DG 
is equal to GF: alſo, BG being the radius, DG is the tangent 
of DBG, which is the difference between the augle DBA and 
| FBA half a right angle: and DE is the ſum cf tne ſides CA, 
ab, and DF their difference: but becauſe DG is parallel to 
Bk, BG is to GF or GD, as f ED to DF; that is, as the tan- 
gent of half the ſum of the angles ABC, ACB, to the tangent 
e half their difference b. Wherefore, &c, 
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b 1. P. 7. 
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PT. 38 


D 8. 1. 


43.3. 


e 35. Zo. 


* 


f 2. 6. 


g 1. Def. 6. DE, FF, are ſimilar figures ? upon AB, EF: and the ſquares d 


h 22. 6. 


K f. r. r. fine of DAE k half of BAC. Therefore the reQangle CA. 
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F-K OF... VI. 


8 any triangle, as the rectangle contained be tw 

fices, is to the rectangle contained by haif the 
ſum, and half the difference of the baie and the 
diſlerence of the fides, fo is the {quare of the radius 
to the ſquare of the ſine of half the angle oppolite 
to the baſe. 


Let ABC be a triangle, of which the fide AC 1s greater tha 
AB; and make AD equel to AC; therefore BD is the diff rence 
of the ſides AC, AB: The re Qangle BA, AG is to the r:&21g] 
contained by half the ſum, and half the difference of CB, 2D 

as the ſquare of the radius to the ſquare of the fine of half the 
augle BAC. 

Join C, 5 dra 2 AE, BF perpendicular to CD, and from 

entre B, te diſtance BC, deſeribe a circle, meeting Al 
in &, H, and = in K: and becauſe | 
AD is equal to AC, the angle ACD 
is qua! d to ADC, and AED, AEC 
are right angles, and the tice AE is 
common to the triangles AED, AEC; 
therefore DE is -qual © to EC, and 
the angle PXE to EAC: and becauſe 
F d raven through the centers cuts CK 
at riaht © e it biſects it 4; there- 
fore CK is double of CF: and CD 
15 double of CE; therefore the re- 
mainder DK is double of the remain- 
der EF: and becauſe the ftraight lines CK, GH in the ny 
cut one another, the rectangle CD, DK is equal © to the red 
angle GD, DH; and the rectangles contained by their bare 
are equal; therefore the rectangle DE, EF is equal to the red- 


angle contained by half of DG, the ſam of CB, BD, and half df 


DH their difference: but becauſe BF is parallel to AE, DA 
to AB, as DE to EF *, therefore the reQangles DA, AB, and 


AD, DE are ſimilar ; therefore the rectangle DA, AB, or C4, 
AB, is the rectaugle DE, EF, as ® the ſquare of AD to the {quart 
of DE; that is. as the ſquare of the radius to the ſquare = the 


AB 1s to the reQtangle contained by half the ſum, and half ti 
difference of CB, BD as the ſquare of the radius to the ſquare ot 
the fine of half the 2ngle BAC. 


PROT, 


Da * ** 


TRIGONOME TRT. 


, PROP. Vil. 


IN any triangle, the rectangle contained Dy. two 


A fides, is to the Fectang le contained by half the 
n of the three {ides, and its excels above the Lale, 


5 ks the ſquare Of the ee to rhe q uare Ol the coune 
4 halt the mn” Oppoſite to the buie. 


Edangle contained by half the ſum of the three fid-s aid its 


ice ceſs above the baſe BC, as the ſquare of the radius to the 
cle _—_ of the coſine of half the angle BAC. 
„ In BA produced, take AD equal to AC; and join DC, and 


Nawaz AE, BF perpendicular ro DC; and from the centre B, 
It che Fade BC, deſcribe a circle, cetting DC again in K, 
"Ml BD in H, G: and biſet “ DG in L: and becauſe AD is 
&12l to AC, the angles ADC, ACD arc <qual ©: and AED, 
EC are right angles; therefore DE is equal to EC: and 
We angle BAC is equal © to ACD, ADC, it is therefore double 
0! AD: and becauſe BF, from the centre B, 
Is at right angles to CK, it biſects it f; there- 


10 
ee CK is double of CF; and CD is double f 
122 therefore the remainde DK is double of 
: 9 a 


dou | 
We remainder EF: For the ſame reaton, DH is \ 
pe of BL: and becauſe DG, DC 1 10 
Wrele, the reftingle GD, DH is edu at to the 1 


ctangle CD, DK; and therefore the rectangles & "DE? 
tained by their halves are 908 that: is, EA 
b. TOY, 4k DE, EF is equal to the rect angle 
rede ntained by DL 8 If of DG the ſum of he 
199) -S BL the exceſs of LG that half / 
WH Wn above BG or BC the baſe: but bscauſe / 
rect E is parallel to BF, DA is to AB, 2 DE too > 
if of * ; there fore tne rect ng; e DA, AB is mi- GT 
AM: & to the rectangle D „EF; and the ſquares 
ard 0 DA, DE are fimilar : therefore tig rectangle . AB, or 
23 A. AB, is to the e le DE, i 4.5 Qs Iquare of DA:t9 
Cc, * quare of DE * al 1s, as the ſo. 8.6L the radius to the 


E 
BAC n Where- 


ME ot the coſine of 4 DE half of the «©: 1g! 
E 
Le DI, 1s to the 


te, as the rectangle contained by the Lach 


ou. 


(„ Faugle contained by half ary ſum of th=-three 4 les, and its 
f the dels above the baſe BC, ſo is the ſquare of the radius to the 
re care of the cofine of he 10 1 angle mY > 

* (* >F . 


Pl, Trig, 
— 


2 as + 1. 
b 10. 1. 
2 4. 


oh 
o 


4 
0 
„ 
7 


4 
1 
+t 
, 

1 
I 
n 

4 


de 


4 * 


. — vie = 

ES” oe reed rere 
8 _— 
* — 


—— 
N. 


1 a Albi — 8 
. . 


2 ö 
* 


= 4 WK, 


o = 
S 9 Fr — — 8 
WW” * 2 nk. 3 N 


240 P'L AN E 


Pl. Trig. CoR. Becauſe the rectangle contained by half the ſum of g, 
WV three fides, and its exceſs above the baſe, is to the ren: 
BA, AC, as the ſquare of the coſine of half BAG to the fun 


n b. k. r. of the radius n: and that the rectangle BA, AC is to the rea, 


angle contained by half the ſum, and half the difference of th. 
baſe and difference of the ſides, as the {quare of the radi; 
© 7. r. r. the ſquare of the ſine of half BAC; therefore, by equality? 
P 22. C. the rectangle contained by half the ſum of the three fades, 2nd 
its exceſs above the baſe, is to the rectangle contained by ll! 
the ſum, and half the difference of the baſe and difference g 
the ſides, as the ſquare of the coſine of half BAC to the gute 


of its fine ; that 1s, as the ſquare of the radius to the ſours 


q 2. Cor. of the tangent * of half the angle BAC oppoſite to tie 
10. Def. baſe 8 


SOLUTION of the Caszs of On1iQUe-ANGLED 
TRIANdLES. 


GENERAL PROPOSITION, 


- 


IN any triangle, of the three ſides, and any two g 

the angles, any three being given, the other ti 
and the remaining angle may be tound. 

But if the three angles be given, the ratios enly of the ſk 


are given, being the ſame with thoſe of the angles oppulte u 
chem: and in this caſe, the ſides cannot be found, 


4 2 5 — WP” 3 
3 1 13 | | 8 DD 


If two angles of a triangle be given, the third is alſo given 
being the ſupplement of their ſum : and, on the contrary, if os 


of the angles be given, the ſum of the other two is alſo Pre, 
| Th 


3 $ Q 
- * . * * 
1 7 1 
4 1 1 * 
— 


ven, 


Ole 


1 , 


The 


TRIGONOMETRY. 


1 


angles and aſide. A Sin. C: fin. B:: BA: AC. 


5 able. 
ales. Given, 0 it. EY Sutton. 
— — —— — — — — — 


Piu. U . A:: A0. . 
| te. 3 


AB, AC and B. 
two ſides, and an 
angle op ofite 


to one of them. 


| 
| The 


angles. 


[AC: AB:: ſin. B: fin. C. P. 7 
f AC be greater than AB, C 
is acute: otherwiſe it may be 
acute or obtuſe, by Cor. to 


Def. 8. | 


. ð ᷣͤ or i LA ee 1 nee * TE 


AB, AC and Aj The 


two files andjang!'s 


the 


angle. 


include 


B & C 


and BC. 


The ſum of BA, AC: diff of BA, 
AC:: tan. of 4+ ſum of B, C: 

tan. 2 diff. B, C. of P. 4. 

Otherwiſe, AB: AC:: R: tan. 
E; and R: ten. diff. of E and 
457: : tan. 4 ſum of B, C: tan. 
diff. of B, C. P. 6. 

Whence B and C are found, by 
LEM. 4. 

Sin. B: mn. A:: Ad: BC; 


* 


[AB, AC, BC, the! 


three files. | 


A.B.C 
the 
three 


angles. 


— — — — 


— —— — — 


L-t AD be perp. to BC. BC: 
ſum of BA, AC: diff. of BA 
AC: F; and BC, F together 
are double of the greater ſeg- 
ment BD. P. z. 

Bo be greater than CB, C is 
ohtuſe; if not, it is acute: 
then AC: D: : R: cos. C. 

chers iſe, Let D be the diff. of} 
AB, AC, the rect. AB, AC: 
rect. x ſum BC, D and x diff, 
BC, D:: RZ: tin 2. 4 BAC, | 

Otherwiſe, Let P be ? ſum of the 
three. ſides. The rect. BA, 
AC: red. contained by P and 


the diff, of P, BC::R2: cos 2. 


1 A C . 2 | 


I h 


— I — © 


TO 
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ba . The four caſes of this propoſition may be reſolved by the help Pl. Trig. 
r ſome of the preceding propoſitions ; as in the following Www 
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Pl. Trig. To conftruct a Tat le of Sines, Tanzents, &-, 


t ABC be a circle, of which the diameter is AC, 39 

. u en D: and let AB be any arch of it; and biſect AB 

30.3. Fa; and join AB, BC, BD, DF: and let DF meet AB in . 
12. 1. and draw d BG perpendicular to AC: and becauſe the ar 
AB is double of AF, the ut: igle \ DB 1s 

0 33. 6. double of ADF ©: but ADB is double 
| d 20. 3. of ACB®&, therefore the a igle ADF is 
{| equal to ACB; and DE is parallel to 
i e 31. 3. BC, or at fight angles to AB ©; there- 
14 . fore AC is te CB, as AD to DE f; and 
AC 1s double of AD; therefore CB is 


a err 


1 g 14. 5. doubie of DES: and becauſe the tri- 

i angles ADE, | 08 are equianyular, AD is to DE, as BC. 

| CG f ; therefore the rectangle K, CG i is cqual to the e tangl 

i k.:6;'6:- BUG, Dun , that is, to double of the ſquare of DE *: and DE i; 

1 k 1. 2. the coſiue of AF 1 and CG the ſum of the radius CD. and DG 

e the coline of AB. Therefore, the rectangle contained by the 

i Pl. T. Fallns, and the ſum of the radius and he coſine of any arch, 

if is double of the ſquare of the coſine of half that arch. 

" If AB be equal to the radius AD, it is the fide of a hexagn 
- i m Cor. 18. inſcribed in a circle n; and the arch AB is the ſixth part of the 
| b * circumference ; that is, it is an arch of 60; and becauſe tha 
. i n 47. 1. the triangle ABD i is equilateral, AG is equal to GD; hat, 


it is the half of the radius AD. If, therefore, the re adins be Ie 
preſented by unity, and the decimal notation be uſed, the fun 
of the radius and the coline DG is repreſented by 1.5, aud th 
rectangle contained by the radius and this ſum is alſo repref-nicd 
by 1.5, becauſe the radius is 1; therefore half of this reQanzs 
is .75, which is therefore the ſquare of DE the coſinc . 
that is, of 30. Wherefore the cofine of zee is the {quz.re-rod 
of . 75; that is, . 86602; 540393 14+: 

In the ſime manner, if the radius 1 be added to this nuribet 
Half the tum 93380279 1 1s the ſquare of the co! une d 
15%; and therefore its tquare-root . 96592 58 2632789 + 1: tit 
coſine of 15% In like manner, the ſquare-root of half the lun 
of 1 and the coſine of 159 is 99744483 936634 + the cohae a 
5 zol. In the ſame manner are found the coſine of 3% 45, 4 
1* 57 30, and fo on: till at length, after twelve biſccticneg d 
the arch of 6c®, the coſine of 52" 44“ O03“ 45% 1s found to of 
.9999999673176965713- And if we ſquare of the coſine 
ſubtracted from 1, which is the ſquare of the radius; the t 


manider is the ſquarc of the fine of the ſame arch *. Thus, 5 
Its 


2 
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l n mit : 


te of 52“ 44” 23" 45” is found to be .00025566346186238 Pl. Trig, 
32219. And becauſe the coſine of an arch is to its fine, as the — 
adius to the tangent of the ſame archꝰ; therefore the tangent of © 2. Cor. 
bY” 3“ oz” 4s" is coozgs566347, which is nearly equal to Def. F. 7. 
de fine of it: but the arch is greater than the fine, and leſs than 

the tangent ; therefore the arch is more nearly equal to the fine, 

Conlequently, in ſmall arches, the fines are to one another as the 

ches. Wherefore, as 52“ 44“ 03“ 45” to 1, ſo is. o 025 566 
4618. the fine of the firſt, to .0:0290888 20866 ; 7 2, the fine of 
; and if the ſquare of this fine be ſubtracted from 1, the 


V Wkuare-root of the remainder .99999995 7692025328 1s the coſine 
minute. 
\ Again, becauſe the triangles ADE, ABG, have the angle at | 
common, and AED, AGB right angles, they are equiangular®; p 32, 1. 
„ erefore AD is to DL, as AB ro BGF: and if AF be an arch of f 4. 6. 
* 1 AB is an prey of. 2:3 therefore, as ihe radius to the coline of 
} {0 is twice the ſine of 1“ to the fine of two minutes. 
MA ſhe fines of all the other arches may be found by the fol- 
„eing. 
ch 5 

FN. 
2-0 
ET AB, AC, AD be three archcs, ſuch that BC is equal 
a „ CD. as the radius to the coſine of DC the common 
it un rence, ſo is twice the fine of AC the middle arch to the ſum 
» re. the fines of AB, AD the extreme arches. 
un Make the arch DE equal to AB: and let F be the centre, and 
| tin FC, FD, AE, BD. and 
intel l aW © AK, EL perpendicular > n rot a 
b, and E. I parallel to it; MW „ 634 To 
A refore MK i, equal © to EL TO 
ee fin of DE or AB: and | >, d 3. Def, 


is the fine of AD*; there- 
pre ANI ts the ſum of tie | 
pes of AB, AD: and be- | 
juſe ED is equal to AB, aud a 
to CB, the whole EC is dj 
Jual to CA; and therefore | 
Þ biſects AE, BD at right angles ©; and AH, DG are the fines £Cor.z0.3. 


5 0 

= ac, CD; and FG is the c ſine of DC : and becauſe the angle 

0 is equal f ro FNA, that is, to MEA; and FGD, EMA * 29% ?> 
ne VE right angles; the triangles Ft; D, AME are equiargulai s; 5 32. 
he re bc therefore, as DF to FG, ſo is EA to Ah; that is, as the h 4. C 
„ Mus to the coſine of DC, ſo is twice AH the fine of AC to the 


m of the ſines of AB, AD. 
| H h 2 Let 


> 


mm. a — a5 eos Sena = * * 1 
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Pl, Trig, 


k 2, Cor. 
Def. p. 
3. Cor, 
Def. e. r. 


PLANE TRIGONOME TRV. 
Let DC, CB be arches of 1': then, if AC be 2 R is 65 


cos. 1, as twice fin, 27 to the ſum of the lines of 3“ and 10 , 
therefore, a fourth proportional be found to R, cos. 1“ and tw 
fin. 2, the exceſs of this fourth proportional above fin. 1“ is the 
fine of 9. Io the ſame manner, if a fourth proportional he 
found to R, COS. | and twice fin, 37, its excels above the fin, 2' j; 
the fine of 4“; and ſo on. 

In this manner, the table of fines may be computed : and from 
it the table of tangents may be calculated; for the coſine of an 
arch is to its fine, as the radius to the tangent of the ſame arch}, 
As alſo the table of ſecants, becauſe the ſecant of any arch is; 
third proportional to its coſine and the radius l. 


To find the Length of the Circumference, 


Becauſe the arch of 52” 44” oz” $571 is the 24576 the par 
of the circumference z and that the ane f 15 lefs than the arch; f 
the fine of 52" 44” 3“ 45“ be multiplied by 24576, the pi 
duct 6.28318524 1 is leſs than the circumference of the circle, d 
which the radius is 1: and becauſe the tangent is greater Fon 
the arch; if the tangent of 52” 44" o3”” 45”” be multiplicd by 
24576, the product 6,28318544 is greater than the circumfe. 
rence. Conſequently the circumference is nearly C. 2831855 
when the radius is 1; or 3.441 59265 when the diameter is 1. 

Hence the diameter of a circle is to its circumference, nearly I Tue 
as 1 to 3.14159265 ; or as 7 to 22; Or as 113 to 355. | 6. 
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ELEMENTS 


O F 


SPHERICAL TIRHRIGONOMEIT RT. 


= DEFINITIONS. 
I a 
1 GREAT circle of the ſphere is the common ſcction of the Sb. Trig. 


ſphere, with a plane paſſing through its centre. — 


The pole of a great circle of the ſphere is à point on the ſuper- 
ficies of the ſphere, from which all ſtraight lines drawn to the 
circumference of the circle are equal. 

III. 

A ſpherical angle is that made by two arches of great circles, 
and is the ſame with the inchnation of the planes of theſe 

circles. 5 

þ IV. 

FA ſpherical triangle is a figure on the ſuperficies of the ſphere, 

contained by three arches of great circles, each of them lets 
than a ſemicircle, 


"FOIL 


F a ſphere be cut by a plane paſſing through its 
centre, the common ſection is a circle. 


For every ſtraight line drawn from the centre to the ſuper- 
fies of the ſphere, is equal to the radius of the ſemicircle, by 
hich the ſphere is deſcribed ; therefore all ſtraight lines drawn 
tom the centre of the ſphere to the common ſection of its 9 
| Cl1CS 
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Spb. Trig. ficies with the cutting plane, are equal: and therefore the coy, ſect! 


mon ſection of the vlane and the ſphere is a circle, thro 
Cox. 1. The centre of a great circle is the ſame with the A 18 
centre of the ſpherc. the 


Cok. 2. All great circles are equal to one another; for thei; ang] 
radii are equal to the radius of the circle, by which the ſphere ang! 
is de ſccibed. Fnatie 

Con. ;. Great circles biſect one another. For having th: ! 
ſame centre, their common ſection is a diameter of cach d s 
them. ſare 


y-& O- 0... . «4 


HE arch of a great circle between the pole aue 
the circumference of another great circle, 15 tne WF" | 
fourth part of the ctrcumtrerence. 


Let ABC be a great circle, and D its pole; and let the greu 2 
circle ADC paſs chrough D, and meet the circumference ABC, 
in C: the arch DC eis the fourth part of the circumference, 

Let AC be the common fſeaicn of 


the circles ABC, ADC; therefore D | I 
a 3. Cor. t. ADC is a ſemicircle *: join DA, , 
* 7. DC: and becauſe D is the pole of / 2 5 fou 
b 2. Def. the great circle ABC, DA is equal? „ N = 
| S.7- to DC; therefore the arch AD is N Eo 
| C 28. z. equal to the arch DC ©; and the £ 3 Tel 
= arch DC is the half of ADC: but A AT 14 
15 the arch ADC is half cf the circum- EF fo * 
1 ference; therefore the arch DC is the fourth part of the c. noir 
; cumfk: rence. PC} 
1 
FRO. H. ano! 
ie 
\ SPHERICAL angle made at the pole of a fret tene 
A. circle, is mealured by the arch of that grem Hr. 
circle, intercepted between the circles, which contan HAB, 
the angle. {ere 
; : ang! 
Let AB, AC be arches of great circles, which pats tro che 
A the pole of the great circle BC, the arch BC is the mea:ore Wiſh x 
of the ivherical angle BAC. A 
Let the planes of the great circles cut one another in the MAE 
ſtraight lines AD, DB, DC: and becauſe the great circles AP, WA t 
1. Def. AC paſs throvgh the centre of the ſphere à, their common pole 


Ge: Na {ef 107 
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— 
> WF 


el. 


ſection AD paſſes through it. For the ſame reaſon, BD paſſes . Trig. 
through it; therefore D is the centre of the ſphere : and becauſe 

is the pole of the great ci:cle BC, AB is the fourth part of 

the circumference ; therefore ADB 1s a right b 2. 8. T. 
angle. For the ſame reaſon, ADC is a right 


- 1 4 = 2 AS: 
—— ——— — 
« „ nr. hs # — 
= 


Cw 
* Low ww 
—— 


. +: 
Cor. 1. The ſtraight line drawn from the 


ie A of a great circle BC to the centre of the ſphere D, is 
der pendicular to the plane of that great circle. 

Cos. 2. The poles of a great circle are the extremitics of the 
diameter of the ſphere, which is perpendicular to the plane ct 
„at great circle. 


i I fn 1 
: angle ; therefore the angle BDC 1s the incli- Ns if 
" Wration of the planes of the circles AB, AC ©; cs. Def it. , | 
„it is therefore the ſame with the ſpherical 1 
(x angle BAC 4: and the arch BC 1s the mea- | d 3. Def, | 
ſare © of the angle BDC; therefore the arch {| * 1 
BC is the meaſure of the ſpherical angle e 1. Def, 1 
1 
BAC wh 15 
. . 4 { 
* | 
TH 
£8 
5 


1 # * 


r * 
y cog > . 
2 A * 
— ̃ — — —  — — — 2 —— 

_— * —— 2 x 0 = 
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PROP. Iv. . 


F two arches of different great circles be drawn 
from the ſame point, and each of them be the 
fourth part of the circumference ; that point is the 
pole of the great circle, which paſſes through the ex- 
tremities of the arches. 9 


Let AB, AC be arches of great circles not in the ſame plane, 
aud each of them the fourth part of its circumference: The 
point A, in which they meet, is the pole of the great circle 9 
CE which paſſes thr ugh their extremities. . 
Let the planes of the great circles cat one . 
penother in AD, DB, DC; therefore D is A 
ie centre of the ſphere. In the circumfe- W 
rence BU take any point E; and join DE, AN 
+ WL, AC: and becauſe each of the arches 33 
a, AC is the fourth pir of the circum- / 
ference, the angles ADB, ADC are right /1 
 W"gtcs ; therefore AD is perpendicular to 
dhe plane BDC *; and therefore ADE is 
g right angle: and AD, DE are equal to ts C 
Ab, DC, and ADE to ADC; therefore 
- PE is qual o AC ®; that is, any #:aight line drawn from b 4. 1. 
„ts the circumference BC, is equal to AC; therefore A is the 
on ple of BC ©, c 2. Def, 
= Com 22 


a 4. 11. 


. 
— 
rr 
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Spb. Trig. 


great circle BC is perpendicular to it: for AD is perpendicule 
d 1. Cor. 3. 


8. To 
e 18. 11. 
f 3. Def. 
8. 7. 


a 27, 3. 


b A. 11. 


SPHERICAL 
Cor. 1. A great circle drawn through A, the pole of another 


to the plane BDC; therefore the plane ADB is perpendiculy 
to it e; and ABC is a right angle *. 

Cok. 2. If ABC be a right angle, the great circle AB paſſy 
through the pole of BC: For, if AB, BC be each of them th, 
fourth part of the circumference, the arch AC is the meaſun 
of the ſpherical right angle ABC; it is therefore the fourth 


part of the circumference; and A is the pole of BC. Poli 
Cok. 3. If AB paſs through the pole of BC, BC ſhall pa 

through the pole of AB: For ABC 1s a right angle. 755 

des 

BAC 

P R O . | V. 5 

Fo 


F two ſpherical triangles have the three ſides of ade 
the one equal to the three ſides of the other, each, 

to each; the angles alſo, which are oppoſite to the ele 
equal fides, ſhall be equal. lac 


Let ABC, DEF be two ſpherical triangles, which have thet . E 
ſides equal, AB to DE, AC to DF, and BC to EF; the angle Ware 
BAC is equal to EDF, and ABC to DEF, and ACB to DFE. lane 


Let G be the centre of the wo 
ſphere, and join AG, BG, CG, A D the | 
DG, EG, FG; theſe ſtraight Mey 
lines are the common ſections of angle 
the planes of the great circles: 8 mea; 
and becauſe the arch AB 1s equal L ABC 
to DE, the angle AGB is equal] ® — 5 
to DGE. C G F 


For the ſame reaſon, the angle 
AG is equal to DGF, and BGC to EGF: and becauſe its 
plane angles AGB, AGC, BGC, which contain a ſolid angles 
G, are equal to the angles DGE, DGF, EGF, which conta 
another ſolid angle at G; the planes in which the equal ange 
are, have the ſame inclination to one another“: and the ſpher gs. 
cal angle BAC is the inclination of the plane AGB to the pla 
AC, and the ſpherical angle EDF the inclination of the plant 
DGE, DGF; therefore the ſpherical angle BAC is equalt 
EDF: and for the ſame reaſon, ABC is equal to DEF, : 
ACB to DFE, | 
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PROP. VI. 6 


MF two ſpherical triangles have two ſides of the one 
equal to two ſides of the other, each to each; and 
Fare alſo the angles contained by thoſe ſides equal: 
+ Mt icir third fides ſhall be equal; and the angles op- 
police to the equal ſides ſhall be equal, each to each. 


Let ABC, DEF be two ſpherical triangles, which have the 
pdes AB, AC equal to DE, DF, each to each, and the angle 
BAC equal to the angle EDF: the third ſides BC, EF {hall be 
equal; and the angle ABC equal to DEF, and ACB to DFE. N 
For the ſame conſtruction being 4 
made, as in the preceding: becauſe A D | 
AB, AC are equal to DE, DF, the 
sigle AGB is equal to DGE, 
nd AGC to DGF: and becauſe 
the ſpherical angle BAC 1s equal 
Ito EDF, the planes ABG, ACG 
1k: bave the {ame inclination with the C G 


E. nes EDG, FDG: and becauſe 


a 27 3. . 


* 
bro of the plane angles AGB, AGC, BGC are equal to two of 


b 3. Def. 
S, P, 


te plane angles DGE, DGF, EGF, and the planes in which 

Mey are have the ſame inchaation to one another; the third 

angle BGC is equal © to the third angle EGF : therefore their e Cor. A. 
meaſures BC, EF are equal; and therefore the ſpherical angle 1. 


ABC is equal to DEF, and ACB to DFE, by the preceding, 


PROP I. 


HE angles at the baſe of an iſoſceles ſpherical 
1 triangle, are equal to one another. | 


tan f 
15 ! Let ABC be an iſoſceles ſpherical triangle, 
"i Fring the fide AB equal to AC; the angle 25 


; C 15 equal to the angle A CB. | \ 
Biſect * the arch BC in D: and let a great 


; a 38. 31 
val Qreie paſs through the points A, D: and be- 
„ We Ruſe the ſpherical triangles ABD, ACD have 
Wc ſides AB, BD equal to the two AC, CD, 
d the third fide AD common to both; the 

=- gie ABD is equal. to the angle ACD. 4 b 5. 8. F. 


Ii PROP. 8 — 55 
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| I L 
cities * two angles of a ſpherical triangle be equal, the $ 
{ſides oppoſite to them ſhall be equal. [ " 
= | 
Let ABC be a ſpherical triangle, of which the angle ABC 8 
equal to ACB: the fide AB is alfo equal to the fide AC. 4 
if not, let BD be equal to AC, and let a A + 


great circle paſs through the points D, C: 

and becauſe in the ſpherical triangles DBC, DN 

ACB, the two ſides DB, BC are equal to the ND 

two AC, CB, and the angle DBC to the angle | 
2 6. 8. P. ACB; the third fides DC, AB are equal ?, 

and the angle DCB equal to ABC; that is, 

to ACB; the leſs to the greater; which is | 

impoſſible: Therefore AB is not unequal to — 

AC; that is, it is equal to it. 13 


PROP. IX. 


NY two fides of a ſpherical triangle are togethe 
greater than the third. 


Let ABC be a ſpherical triangle: any two of its ſides ar 
greater than the third. 

Let D be the centre of the ſphere ; and 
join DA, DB, DC; theſe ſtraight lines are 
the common ſections of the circles AB, AC, 
BC : and becauſe the folid angle at D is con- 
tained by the three plans angles ADB, ADC, 
BDC; any two of them are greater than the 

4 20, 11, third *: and the arches AB, AC, BC are the D 
meaſures of theſe plane angles ; therefore any 


two of the ſides AB, AC, BC are greater than 
the third, | | 


> 
— Ls” 


Fa 0 F.- Fe 


| HE three des of a ſpherical triangle are . 


ther leſs than the circumference of a pri 
circle. | 


Let ABC be a ſpherical triangle as before, the three fi- 


AP, AC, BC are together leſs than the circumference of « gf 
circle. 


* 
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3 | | | b 
2 v8... — . is 55 
Let D be the centre of the ſphere; and join DA, DB, DC : . Trig. | 


and the ſolid angle at D is contained by the plane angles ADB. 1 
ADC, BDC; therefore theſe plane angles are leſs than four | 


eight angles: Wherefore alſo their meaſures AB, AC, BC are 4 

155 than the meaſures of four right angles; that is, leſs than 1 
the whole circumference, | l 

W 1 
; | if 
5 PN. XII. : 


THE greater angle of a ſpherical triznele has the 
greater ſide oppoſite to it; and cynveriely., 


Let ABC be a ſpherical triangle, having the angle BAC 


— 


\ {Weercater than the angle ABC; the 
ie BC is alſo greater than the fide 
AC. 
| : Let the angle BAD be made equal 
Y ABC; therefore AD is equ2l ? 
DB: to each of them add DC; 
and AD, DC ore equal to BC: but 
AD, DC are greater d than AC; 
ther erelore BC is greater than AC. | 
The converſe is demonſtrated, as Prop. XIX. 1. Elem. 


RY — 


a 8. 8. P, 


5 alt 


PROF. XII. 


þ two fides of a ſpherical triangle be together 
greater than the half of the circumference of a 
Wreat circle, the interior angles at the baſe are toge- 
Der greater than two right angles; and if equal, 
Eual; and it leſs, leſs, 


Let ABC be a ſpherical triangle, and let the ſides AB, AC 
together be greater than the half of the circumference of a great 
tircle; the angles ABC, ACB together are greater than two 
icht angles. 

| Produce BA, BC till they meet 


. A — — f | 1 7 

Nun in D: and becauſe great Pt 3 1 

kirc! : i 

age les biſcct one another “, BAD / A - 4.3 Core ls 3 

WE talf of the circumference ; 8. Þ. 1 
pre 1 


Percfore BA, AC are greater 
E BAD; take away BA, and 
is greater than AD; there- 
Pre the angle ADC is greater“ b 17. 8. p. 
n ACD; and ABC is equal to ADC, becauſe each of them 
| 112 13 
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Spb. Trig. is the inclination of the planes BAD, BCD; therefore ARC j, 
greater than ACD: add ACB to each of them; and ARC, 
ACB are greater than ACD, ACB; that is, greater than ty 


C right angles. 
| In the ſame manner, if BA, AC he equal to the half of th, 


circumference; it may be proved, that the angles ABC, AC} 


are equal to two right angles: and if leſs, leſs. 

Cor. From the demonſtration, it is manifeſt, that if the fide 
be together greater than the half of the circumference ; the in. 
terior angle at the baſe is greater than the exterior and oppoli's 


angle; and if equal, equal; and if leſs, 1:fs. 
PRO P. VIII. 


of three great circles, the circumference: «« 
theſe circles, by their interſęctions, ſhall form uno. 


angles oppoſite to them in the other triangle: aut 


angles at A, B, C, viz. DE of BAC, DF of ABC, and EF d 


angle EDF, AC of DEF, and BC of DFE, 
Let AB produced, meet DE, DF in 
G, M, and AC meet DE, EF in H, 33 
N, and BC meet DF, FE in L. K: and - 
becauſe tlie great circle AB paſſes A EN 
through A the pole of DE, DE ſhall os 
4 3. Cor. 4. paſs through the pole of AB. For 

5. r. the ſame reaſon, DF paſſes through the 3 BR 
pole of AB; therefore their interſection { { | \ 
D is the pole of AB. In the ſame 1... 


manner, it may be proved, that E is \G P 
the pole of AC, and F the pole of BC: > of Do 
and becanſe D is the pole of AB, the Þ 


arch DG is the fourth part of the 
b 2. 8. f. circumference “: and becauſe E. is the pole of AC, EH is t 
fourth part of the circumference ; therefore DG, EH, that! 
DE, GH together, are half of the circumference ; but GH 


F the angles of 2 ſpherical triangle be the pl * 
ther triangle, ſuch that the ſides of one of th: 
triangles are the ſupplements of the meatures vt u 


therefore they are ſaid to be ſupplemental to one 


Let ABC be a ſpherical triangle; and let A be the pole of t | 
reat circle DE, B the pole of DF, and C of EF; the ſides if 
the triangle DEF are the ſupplements of the meaſures of th 1 


ACB: alſo the fide AB is the ſupplement of the meaſure af 


v 8 
* 
x; 
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C Wherefore DE is the ſupplement of the meaſure of the angle 
„ ac. In the ſame manner, it may be proved, that DF is the 
Ppplement of the meaſure of ABC, and EF of ACB. 

Again, becauſe A, B are the poles of DE, DF, each of the 
ches AG, BM is the fourth part of the circumference d; 
erefore AG, BM, that is, AB, GM together, are half of the 
ile reumference: and MCG is the meaſure of the angle EDF ©, 
in. Wcauſe D is the pole of MG; therefore the meaſure of the 
os Whole EDF is the ſupplement of the fide AB. In the ſame 
Banner, it may be proved, that the meaſures of the angles 
EF, DFE are the ſupplements of the ſides AC, BC, in the 
tiangle ABC. 

Cox. If the circles DF, EF meet again in P, the triangle 
BEP is ſemi-ſupplemental to the triangle ABC; that is, the 
je DE, and the meaſure of the oppoſite angle DPE, are the 
Ipplements of the meaſure of BAC, and of BC: but the fides 
P, PE are the meaſures of ABC, ACB ; and the meaſures of 
DE, PED are equal to the fides AB, AG. 


AS 


a. >... 


PROF.” ATV. 


HE three angles of a ſpherical triangle are to- 


. gether greater than two, and leſs than fix right 
OT UT 


des oo © 
ot Becauſe the meaſure of each of the angles at A, B, C, together 
Feu the fide oppoſite to it of the triangle DEF, is equal to 
f the circumference ?; the meaſures of the three avgles 
B, C, together with the fides of the triangle DEF, are three 
Ives of the circumference : and the three ſides of the triangle 
EF are leſs than the circumference “; therefore the meaſures 
the angles at A, B, C are together greater than half of the 
Kumference ; and the angles are therefore greater than two 
ht angles. 

And becauſe all the exterior and interior angles of a triangle 
equal to ſix right angles, the interior angles are leſs than ſix 
dt angles. | 

LOR, Becauſe DE, EF are greater than DF ©; twice DF, to- 
der with the meaſures of the angles at A, B, C, are leſs than 
Re halves of the circumference à; and therefore the three 
es at A, B, C, together with twice the ſupplement of the 
of them, are leſs than fix right angles. 


PROP. 
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i , e meaſure of the angle BAC ©, becauſe A is the pole of GH; Sb. Trig. 


C 2.8. P. 


b 2. 8. p. 


2.13. 8. 1. 


b 10, 8. p. 


C 9. 8. v. 
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kong PROP. XV. 


— arches of great circles be drawn to the cireun. 

ference of any great circle, from a point in t 
{up"19cies of the ſphere, which is not its pole; thy 

greateſt of them is that which paſſes through ty 

pole, and its ſupplement is the leait ; and 

others, that which is nearer to the greateſt, 15 f 

than that which is more remot- 


Let ABD be a great circlo, of which E is the pole, and l4 
T be any other point in the ſuperfici ies of th ſphere, and 3 the 
great circle AFD paſs through the points E. F, and mee t the 
circle ABD in the diameter AD: Of all the arches of gret 
circles FB, FC, &c. that can be drawn from F to the circum 
rence ABD, FA is the greateſt, and FD the leaf; and of the 
others, FB which is neaier to FA, is greater than FC which i 
more rcmote. 
Draw FG perpendicular to AD, and join GB, GC, Fa, FB, 
FC, FD: And becauſe the circle AFD is perpendicular to the 
8 1. Cor. 4 circle ABD , for it paſles 
8. T. through its pole E, and that , 
FG is at right angles to their 
common ſction AD, FG is 
ba. Dei. 11. perpendicular d to the plane 
ABD ; therefore FGB, FGG 
are right angles. And becauſe 
is a point in the diameter 
AD, which is not the centre, 
for a itraight line from E to 
the centre is perpendicular to 
er. Cor. 3. AD ©; GA which paſſes throngh the centre is the greetef“ 
S. . | and CD the leaſt of all the ſtraight lines that can be grünt 
87. 3. from G to the circumference ABD; ; and GB which is p<! 
to GA, 1s greater than GC which is more remote : and ben 
CA is greater than GB, the ſquares of AG, GF are gre! 
than the ſquares of BG, GF; that is, the ſquare of A 
© 47. 1. greater © than that of BF; therefore AF is greater than is 
f 1s. 3. and they are in equa circles ; therefore the arch AF is grester! 
than the arch BF. In the ſame manner, it may be demontirateh F 
that the arch BF is gr: ater than the arch CF, and the arch Cf 
than the arch DF. Wherefore FA is the greateſt, and ID tis 
leaſt, and FB greater than FC. 
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: SS 
Na right angled {ſpherical triangle, the ſides about 8 


the right angle are of the tame afſection witli: 
e beir oppoſite angles; that is, if one of the ſides be 
de Wireater than the fourth part of the circumference, 
ie the angle oppolite to it is greater than a right angle; 
et pn if equal, equal; and if leſs, lels. 


> 
. 


| Let ABC be a ſpherical triangle, having BAC a right angle, 
be fide AB is of the ſame affection with the oppolite angle ACB. 
If AB be the fourth part of the circumference, B is the Pole © 2 2. Cor. 4. 


| tae pf AC, and ACB 15 a right angle b. ks 
1:1 Dd Ns 
1 5 

le 
ch 1 x 1 a 

* \ 
| FR N D 
q the 

ER Th Es 


— 


If AB be not the fourth part of the circumference, take 
BAE the fourth part of it, and let a great circle paſs through 
and C; therefore E, is the pole of AC *, and ECA is a right 3 2. Cor. 4. 
oth But if AB be greater than AF, the na ACB is . 
greater than ACE ; and if AB be leſs han AE, ths angle ACB 
Bs leſs than ACE; that is, than a right au gle. 


PROP. XVII. 


* * a right angled ſpherical triangle, if the ſides 
* about the right angle be cf the fer © Hection, 
5 the hypotenuſe is leſs than the tou urth part of the 
a \rcumference 3 and if they be of ditferent aflection, 
the hypotenuſe is greater than the f tot ith part of the 
1 Coeircumterence : or if one of the other two be the 
D ti ourth part of the circumiercuce, tne hy potenuſe is 
Equal to it, 
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Spb. Trig. Let ABC be a ſpherical triangle, having the right ang 
\LYV BAC; if one of the ſides AB, AC be the fourth of the ch. 


the arch ABD in E; therefore E is the pole of ACD a; biſg 


v. leſs d than CE the fourth part of the circumterence. In the 


SPHERICAL 


cumference, the hypotenuſe BC is alſo the fourth; but if ag 
AC be both leſs, or both greater, the hypotenuſe is leſs thy 
the fourth part of the circumference ; and if one of they 
be leſs, and the other greater, the hypotenuſe 1s greater. 

Let the circumferences AB, AC meet again in D, and hi#:3 


alſo ACD in G, and G is the pole of ABD, and let a gre 
circle paſs through E, C: If the point B coincide with E, thy 
is, if AB be the fourth part of the circumference, BC coincide, 
with EC, and is the fourth part of the circumference, |; 
AB, AC be both leſs than AE or AG; CE is nearer to CGH 
which paſſes through the pole G, than CB is; therefore CB i; 


ſame manner, in the triangle CBD, of which the fides CD 
BD are each of them greater than CE, the hy potenuſe CB j 
leſs than CE. 

But if AB be greater than AE, and AC leſs, the arch CE uM 
nearer to CGD than CE is; therefore CB is greater ® than C: 
the fourth part of the circumference. 

Co. 1. On the contrary, if the hypotenuſe be leſs than the 
fourth part of the circumference, the fides are of the ſame a. 
fection; for if they be of different affection, the hypotenule vi 
greater than the fourth: and if the hypotenuſe be greater the 
the fourth part of the circumference, the ſides are oft differ 
affection. | | 

Cor. 2. Hence, in a right angled triangle, if the angles | 
of the ſame affection, the hypotenuſe is leſs than the fourth p 
of the circumference: and if they be of different affection, 
hypotenuſe is greater than the fourth: and converſely. Fall 
the angles are of the ſame affection with their oppolite ſides. 


Nr, III. 


N any ſpherical triangle, if the perpendiculali 
drawn from the vertex to the baſe, fall with 
the triangle, the angles at the baſe are of the lani 


affection : and if it fall without, they are of differ th 
affection. ü Fe 
pu 

Let ABC be a ſpherical triangle, and let the arch CDH an 
great circle be drawn from C perpendicular to AB, Wot 


Fit 


4 1% 


R 299 


Th Let CD fall lads the triangle ABC; and becauſe Yb. Trig. 
Ie is a right angled triangle, the angle CAD is of the ſame 


\o aion with the oppoſite fide CD a. c a 76. 8. T 
hy For the ſame reaſon, the angle CBA | 
Wo & of the ſame affection with CD; P 

verefore the angles CAB, CBA are 2 b 
08 df the ſame affection. "2 2 1 Ne 
Next, Let the perpendicular CD fall : A. 


| K.;thout the triangle ; and becauſe CDA 1s a right angle, the 

the Bogle CAD is of the ſame affection with CD * ; that is, with 
She angle CBD; but CAD, CAB are 

* different affection, becauſe they are » 

Yogether equal to two right angles; N 

perefore the angles CAB, CBA are of \ 

Wifferent ef=Qion, 


1 the ; | 
(D Cor. Hence, if the angles at A, g 5 8 
1 1 . of the {ſame affection, the perpendi- 8 — / Si 

tular falls within the triangle; for, if it A 


ſell without, they would be of different 
\ (:MWaffcct10n. And if the angles at A, B be of different affection, 
the perpendicular falls without the triangle; for, 1f it fall with- 


n th, they would be of the fame affection. 

10 ll. 

ale 1; PET 

than P R O P. XIX. 

caTN a right angled ſpherical tiangle, tg fine ot 
either 'of the fides about the right angle, is to the 

les it 4 | 3 

n pat 1 'f ns of the lphere, 28 the ny Send ol Lie other de 

17 to the tanzent of the ansl= oppolite to It. 


| Lit ABC be a ſpherical triangle, having the & * angle 
bac ; as the fine of the fide AB to the radius, ſo is the tan- 
zent of the fide AC to the 

Engent of the angle ABC, 

Let D be the centre of the 

Pbere, and join DA, DB 

DC, and from the point A - 
raw AF perpendicular * to 725 

| D; and from F draw > FE, ” 

| the plane BDC, at right < 
K ples to BD; and let it mect | | 
in E. and join A.: and 33 | A 
Ecanſe DF is at right angle 8, 1 <XS Ws C7 

W to AF and FE, it is Par- IS 2 ä 

, ndicular © to the plane AFE; | ID > 6. 
; K K therefore 
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Spb. Trig. therefore alſo the plane ADB paſſing through DF, is perperci. 
V cular 4 to the plane AFE; and AFE is perpe: dicular to AJ, 


d 18. 11. 


e 19. 17. 


4 112. 1. 


Dit. io. 
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but the plane ADC or ADE is alſo perpendicular to ALB, h. 
cauſe BAC is a right angle; therefore their common ſectien AF J 
is perpendicular © to the plane ADB; and the angles ©.40 WK 
EAF are therefore right angles; wherefors AE is ihe tangent 

of the arch AC: and becavfe, in the plane triangle AFE, EA 

is a right angle; the ſide AF is to the radius, as AE to the tn. 

cent of the angle AFE: but AF is the fine of AB, and AU th 
tangent of AC, and the angle AFE is the inclination of the 
planes ADB, BDC, for AF, FE are at right angles to their 
common ſection DB; it is therefore the ſame with the ſphericl 
angle ABC: Therefore the ſine Dn the fide AB is to the radius, 


as the tangent of the ſide AC to the tangent of the oppoſite ang} 
ABC. 


PK 0-P.:---AA. 


Na right angled ſpherical triangle, the fine of the 
hyporen: iſe is to the r:diwws, as the fine of either: 
iide to the line ot the an gle 5 lO it. 0. 


Let ABC be a ſpherical triangle, have the right angle BAC; 
the {ine of the hypotenule BC is to the radius, as the ſine of th 
ſide AC to the firie of the angle ABC. 

Let D be the centre of te 


ſphere, and join DA, DB, | * ; 
DC; and from C draw“ CE FN n. 
perpendicular to RD; and , of 
from E draw. EF, in the x / \ \ len 
plane ADB, at right angles to „ g 
DB, and join CF : and it may 1. „„ 1 
be demonttrated, as in the pre- F / | | Ig! 
ceding propoſition, that CFD, a / | ar 
CFE are riglit angles: and b: -D — — 
cauſe in the plane triangle CEE, . K. A 
CFE is a right angle; there- 8 FA vs 
fore, as CE is to the radius, > con 
ſo is CF to the fine of the > 4 
angle CEF: but CE is the fine of the arch CB, and CF ihe eng 
of CA, and the angle CEF 1s the inclination of the planes Agde 


CDB; that is, it is the f-me with the ſpherical angle 7 4 BU 
Thoreſore the line of the e hy routenuſe CB is to the radius „ as the 
fine of the fide CA to the tne of the oppoſite angle ABC. 


* a right angled 


Pens a pace to ve JP 


4 
* + » 
* : A+ Oh FY 2 CE FEAT EF b 1 N * 


| parts; then the ang = 


angle ut O: 


TRIGONOMETRY. 


: Or T1 GENERAL PROPORTIONS. 


ſpherical triangle, if the c comple- 
nents of the fides about the right angle be taken 
the ſides themicives ; and theſe comple. 

ned togecher at the right 
ted from the hypotenule by 


Evie, but to be {eps 


| vo 

Doe other two angles Womit between them; and 
hebe five be called parts of che nde ; All the caſes 
Ef right angled triangles maz retolved by ro ge- 
Feral proportions deduced from the two pregeding 


| Propo 1 tions. 


x5 


P RO! DORTE I N | 


} 111 Q * 77 "S f* 5» * 'by C7 3A rt 7 2 71 HY Ht 
As the radius to tna Colne Gt any part ot a right 
ü bo hes 3 * Phe 
angled ſpherica a" iangle, fo is the tangent of either 
* F — — 1 oO tn — £ y Cs 
0: the parts er ent to it, to che Cotangent or tue 
ether adjacent part. 
T3 {> F\EY TI LEVP 
1 A VO1 ON LIC N oy 
12 el 7 yo» i ' * J N TY RES. F ag CY vw” * + 
440 ne 14 10 L — 11118 WA a Y r -4 CL — 
EE” EY [ . ; 7 1 = ® Ea 
angled- ſpherical trianzle, o is the une. ot eicher 


* gy © \ 
14 1 i 1114. 


rom tha 


Firſt, Let the complement cf AB one of the ſides about tlie 
night angle BAC be taken, with which to compare the other 
at Bed the complement of AG are ad- 


pacent to it: and by Prop. N X. as the radius is to the fine of 


Az, that is, to the coſine of its complemer: ', ſo is the tangent 
of the angle at B to the tangent of AC, or the cotangent of its 
eomplement, which is the ſame with the firit general proportion. 


Alſo the complement of AB is ſeparated from BC and the 
and Prop. XX. the radius is to the fine of BC, as 
ſhe ſine of the angle at C to the fine of AB, that is, to the cofine 
bof its complement ; ; which is the fame with the t2cond general 
proportion. 

Secondly, Let ABC one of the angles be taken, with which 
to compare the other parts; then EC and the complement cf 
| jAB are adjacent to it, | 
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260 SPHERICAL 


Spb. Trig. Let the great circle DEF be deſc ibed, of which B is tte 
\LYV pole; and let it meet the fides of the trianyle in the points 
a r.Cor.4. D, E, F; therefore the angles at D, E are right angles“: an 
ST. hecauſe the angles at A, D are right angles, each of the circles 
b 2. Cor. 4. AC, DE. pafſ:s through the pole of BD ® ; their interſection] 
8. T. js therefore the pole of BD; and there- 
fore each of the arches FD, FA, BD, 
BE. is the fourth part of the circumte- 
rence : But in the triangle FCE right 
angled at E, by Prop. XIX. the radius 
is to the fine of EF, as the tangent of B 
F to the tangent of CE; that is, as | 
the cotangent of CE to the cotangent OE 
cc. Cor. io. of F ©, becauſe the tangents of two 
Det. P. ; N ne 1 
r. F. arches are reciprocally propos tional to A 
their cotangents ©: and FE is the com- | 
plement of ED the meaſure of the angle at B, and CE is the 
complement of CB, and the angle at F 1s meaſured by AD the 
compl:ment of AB; therefore as the radius to the coſine of B, 
fo is the tangent of BC to the cotangent of the complement of 
AB; and this is the ſame with the firſt proportion. 

Likewiſe, the angle ABC is ſeparated from the angle at C 
ard the complement of AC: and in the triangle CEF, by Prop. 
XX. the radius is to the fine of CF, as the fine of the angle at 
to the fine of EF: and CF 1s the complement of CA, and EF 
the complement of ED or ABC; therefore the radius is to the 
fine of the complement of AC, as the ſine of the angle at Ct 
the coſine of ABC; which is the ſame with the tecond pto. 
portion, 

Thirdly, Let the hypotenuſe BC be taken. with which to 
compare the other parts; then the angles at B, C are adjacent 
to it: and in the triangle CEF, by Prop. XIX. the radius is to 
the fine of CE, as the tangent of C to the tangent of LF: and 
CK. FF are ihe complements of BC, and B; there fore the 
radius !5 to the coſine of BC, as the tangent of C to the cotan- 
gent of B, which is che firſt proportion, | 

Allo, BC is ſeparated from the complements of AB and AC: 
and in the triangle CEF, by Prop. XX. the radius is to the fine 
of CF, 2s the fine of F to the fie of CE: and CF and Fate 
the compleme:its of CA and AB, and CE of CB; tharetote 
the radius is to he fine of the complement of AC, as the fine 


of t!; eomplement of AB to the ceſine of BC; which is the 
ſecond general proportion. 
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SOLUTION of the Caszs of RicnT-ANGLED 


SPHERICAL LI RIANGLES, 


PROBLEM. pb. Trig. 
MTN a right angled triangle, of the three ſides and 
three angles, any two being given, belides the 
lignt angle, to find the other three. 
1 


This problem has ſixteen cafes, the ſolutions of which, de- 
duced from the preceding general 
the I proportions, are contained in the C 
the I follo ing table, where ABC is any 
D, Pherical triangle having the right 
t of angle BAC, 


B 
"ng. 
1\ 


Given, 


— 


. ETC cr 5 - 


x Ads 


—— ——— — — . — 
e — - 3 2.5 a6 


— 


* 2 —— — ⁵„ß„« ro ——_— _ a 
-- ZI * 23 Ks 


1106 | | * 2fs's 
R. fin. PG: : fin. B:fin A G. 2 | of the fame action with B, (163. 1 
R: cos. B:: tan. BC: tan. BA L leis than go?, When BG and B are of the ſame affe & ion.“ 2 
R: cos. BC: : tan. B: cot. C. { otherwiſe greater cha 4 90. | 3 
3 pany 8887 e 1 A 49 6 Sh | 
R: fin. AC: : tan. G: tan. AB. | 4 of the ſame aſfection with G, 0 5). 4 
ns T1AC&CTBC- Cos; C: R:: tas Ac: tan. BC. les than go? wacn AC anu Care of the ſame eoffecdtion. 5 
4 B K. En. C: cos. Ad: cos. B. | 1 ot the fan ne affeckion with AG, (16). 6 
— AB ] tan. 8 : tan. AC N: fan; AM: i 72 ambizuons ; for two tr tanples may have the given 7 
— ATK BI BC Ga. B: R:: 5 AC: : 1 20 2 things, but have the things ſougl: t in one of them 8 
2 fe AC: R:: cos. B: ſin. 2 the fa pplemen: s of the things ſought in the other. 9 | 
! 
= Bee? | — 
fa] AB fes AC: 5 1 cos. RAT 2 I:{s than go, if AC as CB be of the ſame affection. 10 
— 55 8 o — * . # 4 . 
een B a e: R.: 1. n. AC: fn-R: 2 of the {ame alf A101 wa [1 AG, (16). iT | 
A* C tan. CB: ta CA: N: cos. C 1 leſs than 9oe, if AG ard CB be of the ſame affection. I 2 0 
2 — — 7 e e os | TIE © 
| 1 R: cos. AC:: cos. AB: cos. BU] 2 leſs than 90%, if AB and iAC be of the fame affectioa, (15) 13 
AB& AQ. -B--;| yg B: 1 :: tan. AC tan. Bj +1 of the ſame «ſection with AC, (16). 14 
C iin. C: R:: tan. AB: tan. G. k of the ſame af-ttion with AB, (16). 14 
— — er———_— — — 882 * — — — —— — | 
\B fin. B : N : C05: a2 CO * 3 2 of the ſame affeckion with C, (16). 15 
B & C AC fin. G: R:: cos. B: ces, 2 of the ſame aff tion with B, (16). L5 
BC tan. B: cot. C:. R: cos. BG. x leſs than 90, if B and Cbeof thetam affection. (2. Cor. 17) 16 
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a 


Leet or elſe they are eaſily deducible from them. Thus, 


me lame affection, AC mg Ag are of the mg 5 and 
nereſore BC 1 15 lets than 98 „irre 9 © 4 3 3 Y3 118 13 the mi- 


or B and C, are of the fame aff: tion; and therefore, it AC be 


WA is greater than 92 and the fame may be proved, in the 


Jr  limitatio n in the 2d, 3d, 16th, aud x.2th caſcs, is ma- 


PROP. XXI. 


t A. 


If one of the angles, as AUB be a right angle; the fine of 
Nis to the fine ar. B as the ine of the hy potenule AB to 
he radius or ſine cf the right angle ACE; that is, as the fine 


pt a great circle, perpendicular to 
3: end becauſe ADC is Q 7!9/it 7 


A For the ſame reaſon, the . 8 TD 

us 1 Is to the ſine of CB, A8 The BA | a 74 
dne of B to the ſine of CD; here > 

Pre, by perturbate equa); ty d ne ſine of AC is to the Ine of 
LB, as the ſine of B to the fine of A. 


Prawn from the vertex to the baſe, or the baſe pro- 


. the V. rt tcal ang! . ect FPt ain Py 
Eiculir and the ſides, 8 


bl oblique angled triangles 
ap Ying general Proportion. 


TRIGONOMETRY, 


| | 
All the limitations are either contained ! * the 16th and 17th 55 


cauſe C 1s of the ſame affection with AB; is AC und C be of 


lation in caſe 5. Agata, if RC be leſs thin 5 „AC and AP, 


Els than 929, or of the ſame affection with CB, AB is leſs than 
deo; and for the ſame reaſon, C is Jeſs than 90%. But if AC, 
BC be of different affection, that is, AQ greater than 9oe, 


En: ma ner, when BC 1s greater than Wy: Thus, the reaſon 


. * - . * * C 
eric: 1 triangle 7 2 : — 20 8 
111 C4 CTA 4 cS 2 144 Ai www WH 
WP 


4. 

J L 
. 9 42 a * — 7 — 7 A 1- & * 
tional to the ines Of then ODDO! 


; Let ABC be a ſpherical trian gle, as the fine of AC to the fhne 


pf 0 2 ſo is the fine r. the angle at B to ihe ſine of the angle 


dp; BC to the fine of A, 
But if none of them be a right angle, let CD be the arch 


2 le, the ſine ok AC is to the a . 


Fus, as the ſine of CD > to the fine 


I; 7 3 T e Wn | 
oblique angled triangles, if a pernendicular be 


uccd 4 ane | the ſegn 7 3 ct tho Die, 0 the ſegments 

ained between the perpen- 
taken, with which to com- 
Pare the other parts of the triangle : moſt of the cates 


may be reſolved by the 


GENE- 


264 SPHERICAL 


Spb. Trig. GENERAL PROPORTION III. 
A Om 


Tux fines of the parts adjacent to the perpend. 
cular, are reciprocally proportional to the tangen; 
of the parts adjacent to them; and directly pop, 
tional to the colines of the parts ſeparated iron 
them. 

But the coſines of the parts adjacent to the perpes. 
dicular are to be uſed inſtead of their fines when 
they are comp red with the ſides of the triangle. 


L t ABC be an oblique angled triangle, and let CD be per. 

pe. dicular to AB, and fall either within or without the triangle, 

Firſt, Lt the ſegments of the baſe AD, DB be taken, with 

which to compare the other parts of the triangle ABC; tle 

the angles at A, B are the parts adjacent to them: and becauſe 

AD is a right angled triangle, the fine of AD is to the radius 

a 19. 5+ T. as the tangent of CD to the tangent of A. For the fame reaſc, 
the radius is to the fine of BD, as the tangent of B to the ta. 


— bz 
+a, © 3 mY __ 
4 * 


[ b 23. 5. gent of CD; therefore, by perturbate equality d, the fie d ®W 

17 AD is to ihe ſine of BD, as the tangent of B to the tangent d . 

1 A; which is the firſt part of the proportion. * 
1 | 

#1 ; T7 

5 Leer 

: P4 \ 10 

gen 

1 J . 

N Dz J od he 

A the 

lequ 

Alſo, the ſides AC, CB are ſeparated from AD and DB: a" pL 

becauſe ADC 1s a fight angle, the coſie of AD is to the radivs, 8 

E 2. G. F. as the coſine of AC to the cofine of CD ©: and for the fem bc. 

| reaſon, the radius is to the ccfine of DB, as the coſine of LU FF a 

d 22. 5. the coſine of CB; therefore, by equality d, as the coſine cf AV 95 

to the cofine of DB, ſo is the coſine of AC to the coſine of Ub; " 

which is the ſecond part of the general proportion. © at 

Secondly, Let the vertical ages ACD, BCD be taken, wich 5 

which to compare the other parts of the triangle ABC; ti, 0 

the ſicles AC, CB are adjacent to the vertical angles: and be # 


caule ADC is a right angle, the coſine of AC is to the rad! 
| 5 
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as the tangent of CD to the ta gent of CA ©: and for the ſame Sb. Trig. 
| reaſon, the radius is to the coſine of BCD. as the tangent of LYN 
| BC to the tangent of CD; therefore, by perturbate equality b, @1.G.P, 
as the coſine of AUD to the cone of BCD, fo is the tangent b 23. 8. 
of BC to the tangent of CA; which is the firſt part of the 
proportion. 

| Alſo, the angles at A, B are ſeparated from the vertical angles 

ACD, BCD: and becauſe ADC is a right angle, the fine of 

Ab is to the radius, as the coſine of A to the coſine of CD ©: 6. Fo 
and for the fame reaſon, the radius is to the ſine of BCD, as 

the coſine of CO to the coſine of B; therefore, by equality 4, d 22. 5. 
as the fine of XCD to the fine of BOD, fo is the coline of A to 

che coſine of B; which is the ſecond part of the general pro- 

ber. portion. 


fo: | 

its 4 

with Nö AL 

then 5 , 15 7 

aue IN any ſpherical triangle, if a great circle be drawn 
diu from the vertex, perpendicular to the aſe; the 
alen, tangent of half the ſum of the ſegments of the baie, 
ta. is to the tangent of half the tum of the ſides, as the 
2 0 


[tangent of half the difference or the ſides to the tan- 
gent of half the difference of the ſeginents or the 
E bale, 


at dk 


Let ABC be a ſpherical triangle, and let the arch CD be per- 
pendicular to AB; the tangent of half the ſum of D, DB is 
io the tangent of half the ſum of the ſides AC, CB, as (ho tan- 
gent of half the difference of AC, CB, to the tangent of half 
the difference of AD, DB. | 

Let AL be the common ſection of the planes AC, AB, and 
che centre; make CE, CF each equil to CB; therefore AE is 
the ſum of AC, CB, and AF 13 their diff. rence : and if AC be 
equal to CL, A is the pole of CD; therefore AD is equi to 


„ dE; and the tangent of half the difference of AC, CB is the 
adins otangent of hali their ſum, and the tangent of half the fle- 


pence of AD, DB is the cotangent of half their fum. Bu: if 
be not equal to CL, join EF, and let it mect ALin M; 


Lon ap 
ad join BM mecting the arch AB again in G; and join CO, 
F CB; DD, and let them meet EF, BG in H, K; and join BA; and 


rough A draw AN parallel ro OC, meeting the circle ACL 2 3% 2» 


«ib gin in P; and join EA, EP, PL: and becauſe EC is equal to 
ten, OC biſects EF a right angles in H üb: and b-cauſe CB is Cor. 30.3. 
5 Aus to CE, CH is the verſ d fine of CB, and therefore OHB 
radirz l right angle ©; and OHE is a right angle; therefore OH is © 4. Def, 
1 perpendicular 7.7. 


7 


th dt. * Alton. Are. ——— 
> 7 


— 


— — 1 
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ph. Trig. perpendicular to the plane MBH 4; the plane MBH is therefe 
> perpendicular © to the plane COD paſſing through O'': ge 
£4 plane ADB is alfo perpendicular to the plane COD, be. 
' © ADC i a right angle; therefore thetr common ſection BGU 
f 19. „ perpendicular * to th. pf ne COD; 22 angie OEB is thereto 
3323. 6 right angle, aud BK is £qu. to RC and the arch BD t: ge 
h 30. 3. arch DG n; therefor: AB, AG are rs ſam and differciice gf 
AD, DB and becauſe AN is parallel to OC, ANE is a right 
K 29, 1, angle 5 ; therefore, if EN be made the 1:dius, AN is the tan. 
ER gent | of AEN, alf of the angle at the centre ſtanding uv a 
10 Der AE n, and PN is the tangent of ph N, or the cotangent * 
p. i, EPN, that is, of half the arch AE: but becauſe the el 
09 31. 3. APL in che ſemicircle is equal to the right angle NM; AMy 
P 2. 6. to ML, as AN to NPP; 5 that ! 18, 48 the Tangent ot helf Att 
the cotangent of half AE. In the ſame manner, it a firaght 


3 2 js. 88 
2 P 4 %. 
"i ON — Ny 
NY ys | * 
/ 15 We OP \ 
* 0 ** 
% 6 
— . —— n \ 
am” % ” * — 3 1 
1 
* „ — \ if * 
— 17 F 
, 1 ” 
3 
- . / ws, Os 
/ =" "—_—_y 
3! ROI ES 4-4 ge eb 
Bo. \ 


line be drawn through A, parall jel to OD, it may be proved, thi 
ANT is to MI,, as the tangent of half AG to the cutanger! ha 
AB; therefore, as the tzngent of half AF to the cotangent d 
q 17. 3. half AE, io % is the tangent of half AG to the cotanycnt d 
r 16, 3. half AB; and, aiternatel ly *, the tangent of halt AG is to the 
tangent of half ATF, as the cotangent of half AB to the cctat- 
gent of half AE,; that is, as the tangent of half AE to tit 
tangent of half AB, becauſe the tangents of two archés arc It 
.Cor.15, ciprocally proportional to their cotangents . Wherefore, &e. 
ef, P. T. Cox Hence, the tangent of half the baſe is to the tange ＋ 
half the ſum of the ſides, as the tangent of half the difference 
of the ſides to the tangent of half the difference of the {-gr ent 

of the baſe, when the perpendicular falls within, or to tlic talk 
gent of half the ſum of the ſegments when it falls without te 
triangle, | 


- 
— 
— 


1 Th 
LE * * 


L E. M M A. Spb. Trig, 


Ih a plane triangle, the rectangle contained by half 


WJ of the baſe and the diſtance of the perpendicular 
« of Wlfrom the middle of the bale, is equal to the rectangle 
cht contained by the fines of half the ſum and half the 
tan difference of the arches of any circle, which are ſub. 
ay tended by the ſides of the triangle, 
dle : — 27 
1 5 Let ABC be a triangle, and bifet the baſe BC ia D, and 
8 b Nraw At perpendicular to BC : and let FGH be any circle in 
ieh Prhich are placed FG equal to AB, and GH to AC: the rectangle 
n, DE is equal o the rect gle contained by ti fines of half 
Ihe ſum and half the difference of the arches FG, GH. 
join FH, and biltet it in K; and draw GTM, EN perpendi- 210. 5 
cular t. KH“, ad COP parallel to it ©; therefore the angle p. 1 
Fb is equa to FH ©; and the arch FP equal to GH ©: and 3 f. 1. 
Pecauſe KN biſects FH at right angles, it paſſes through the à 49. f. 
entre f, and therefor? it biſects é the ſtraight line GP ind the e 27. 3. 
Irches FGH, PNG ®. Wherefore FK is the fine * of FN half 1.3. 
he ſum of the arches 'q - * 
FG. GH, and KM * 15 . K 2 Det. 
pr GO is the fine “ Pg, SEIZE Pe T. 
pf half P, the diſ- . | \ | 7 \ 
Fer-nce t the arches 5 | \ ; 1 \ 
FG, GH: bu. four 1 | | 
imes the reangle r r. A Tm mo — 
= S A 5 P. ( If Af [12 
WK, KM is equal to Pic / 
ice the rectangle . 
dH. K. I; that is, to | * 
F habe difference of the 
at ef Nuares of Fes, GH i, or of BA, AC; and four times the 10 
n+ ol Nat. nele 6D. DE is alſo equal to the diff:rence of the ſquares "EM 
5 the pf BA, A 1 therefore the rectangle B13, DE 1s £qual to 
tate 4 rcQtan-Ile FE, KM, contained by the ſine of half the ſum 
» the BP" the arches FG, GH and the fas of half tlieir difference. 
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Spb. Trig, 


— 


ft 6. 11 


h 34 1 


k LIM. 
8. T. 
1 20. 8. 1. 


a 11. 1. draw * BL, rpendicular to CD. And becauſe in the tp3-11cd 
triavgles CAF, DAF, the two fides CA, AF, are equal to the 
two DA, AF, and the angle CAF | 
is equal to DAF; there fore the -L 5 

b 6. s. 1 baſe CF is qual to DF d and V. 3 eV 
the angle CFA to AFD; there- 4 _t&: En 
fore the pl e AGF is perpen- . . \ 

c 3. Def. dicular © to the plane CFD: and - —_— \ 

s. T. CD 1s perpend cular to their 5 1 | 
common ſection OF, becauſe OF, 0 82 | 
which biſc&- the arch CFD, _(\{/x \ N 
dCor. zo. z. biſects CD ut right angles 43 II = — 
eg. Def. 11. therefore CD is perpendicu'ar © . 
to the plan. AGF, and DHK is F 


LX me right angles; therefore BL HK is a parsllelogtam, 


SPHERICAL 


R OP. XXIII. 


1 any ſpherical triangle, as the rectangle containel 
hy the fines of two fides, is to the reQangic con. 
tained by the tines of half the ſum and half the di. 
ference of th: bale and the excels of the tides, {+ i; 
ihe ſquare of the radius to the iquare of the line d 
half the angle oppo ite to the bale. 


Let ABC be a ſpherical triangle, of which the fide AC; 
greater than AB; a d make AD <quil to AC, and AE to AB; 
the rectangle contained by the ſines of BA, AG 1s to the 18. 
angle conto1ned by the fine of half the ſum of CB, BD, and the 
fine of half the difference of the ſame CB, BD, as the ſquire 
of the radius to the ſquare of the fine of haif the angle BA: 

Deſcribe through C, D and B, E the great circles CFD, 
BGE, and biſec the angle BAC by the great circle AUF, nd 
join BU, BD, DC, BE ; and Jet O be the centre of the ſphere 
and j in OF, OG, meeting CD, BE in , K, and join HK, and 


therefore a right angle: For the 
ſme reaſon, BE is perpendicular to the plane AGF; therefor 
BK is parallel to NH f : and BL, HK are parallel, becauſe BLY, 


and BK is equil to LH *: and becauſe the ſides CB, BD of de 
triangle CBD are placed in equal circles CB, ABD, the n. 
angle CH, HL, or CH, BK, is equal to the rectangle contai el 
by Half the ſum and half the difference of the arches CB, BD*; 
but i the right angled ſpherical triangl. AGB, the fine cf AB 
is to bK the fine of BG, as the radius to the fine of BAG 
half of BAC; and in the right angled triangle ACF, the 2 


 TRIGONOMETRY. 


- rectangle CH, BK is fimilir to the rectangle contained by the 
des of AB, AC: Wheretore, as the reQangl-e contained by the 
hes of BA, AC is to the rectangle CH, BK contained by the 
ok half the ſum and half the difference ot the arches CB, 
o, ſo is the ſquare of the radius to the iquare of the fine of 
elf che angle BAC ®, 


PROP. XXIV. 


N any ſpherical triangle, the rectangie contained 
by the fines of two ſides, is to the rectangle con- 
&in2d by the fine of half the ſum of the three ſides, 
Ind the fine of its exceſs above the Haſe, as the ſquare 


Ingle oppoſite to the bale. 


Let ABC be a ſpherica] triangle; the reQangle contained by 
ie fines of two fides AB, AC is to the rectangle contained by 
Se fine of half the ſam of the three fades, and the fine of the 
&cceſs of the ſaid half ſum above the baſe BC, as the ſquare of 
the radius to the ſquare of the coſine of half the angle BAC. 

8 Produce BA, CA to D. E. and make AD equal to AC, and 
AE to AB; and deſcribe the great cir:les CFD, BGE; and let 
Pe great circle GAF biſect the angle CAD, and meet the great 
ircles CFD, BGE in F, G; and join EB, BC, CD, DB; an 

ö aw BL perpendicu- | 


\ Wr to DC; and let O A 5 
| t the centre of the 1 1985 | 


here, and join OE, 


. mecting CD, BE, , * 
H, K; and join 
I. 
g It may be demon- 
re 15 ated, as in the pre- 
BL, ding propoſition, that 
6" WL is equal to BK; 
that the rectangle 
ntained by the fines Lp 


BA, AC is to the 
ctangle BK, CH, or 
„HL, as the ſquare of the radius to the ſquare of the ſine 
half the angle BAE or CAD : but, becauſe CD is biſected 


18 


me radius to the ſquare of the coſine of halt the 
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AC is to CH the fine of CF, as the radius to the fine of FAC Spb. Trig. 
1f of BAC |; hat is, as the fine of AB to BK; theref re 


m 22. 6. 


Sh. Trig. in H, the rectangle CH, HL is equal to the rectangle conta 
by the ſiges of half the ſum, and half the difference «* j, 


= > \ — — 
„„ „„ ” 0s „ „„ 
. PX 


a  m— 
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arches BD, BC, and the ſum of BD, BC is the ſum of te 
three fides, and the exceſs of the half of BD above half g 
BC is the exceſs of half th- ſum of the three ſides above BC 
therefore the rectangle CH, HL is equal to the reQangle co, 
tained by the fines of half the ſum of the three fides, an 1 of tt 
exceſs above BC: alſo, becauſe the angles CAB, CAD a 
equal to two right angles, the half of CAB and the half 9 
C are together equal to a right angle; therefore the ſins d 
half CAD is the coſi e of half CAB: But the reQangle cor. 
tained by the ſines of BY, AC, is to the rectangle CH, HL 
the ſquare of the radius to the ſquare of the fine of half th 
angle CAD; therefore the rectangle contained by the fines d 
BA, AC, is to the reQangle contained by the fines of half th 
3 of the three fades, and of its exceſs above the baſe BC, x 
the ſquare of the radius to the fquare of the coſine of half th; 
angle BAC. 

Cor. Becauſe the re&angle contained by the ſines of half th 
ſum of the three ſides, and of its exceſs above BC, is to th 
rectangle contained by the fines of BA, AC a> the quare of the 
coſine of half BAC to tht of the radius; and that the rectangt 
contained by the fines of BA, AC, is to the rectangle contaiud 
by the fines of half the ſum, and half the difference of the bal 
and the exceſs of the fides, as the ſquare of the 1 dius to the 
ſquare of the fine of half BAG; me efore, by equ dity! „ th 
rectangle contained by the fines of halt the fam of ths thre 
fides, and of its exceſs above the baſe, is to the tectangle cone 
tained by the fines of half the ſum, and halt the diffÞr rence d 
the baſe, and the exceſs of the ſiles, as the [quare of the ci 
of half the angle BAC to the ſquare of its fine ; that is, as tit 
ſquare of the radius to the ſquare of the tangent of half tis 
angle BAC®, 


SOLUTION of the Cars of OBL1Que-aNGLED 
SPHERICAL TRIANCLES. 


GENERAL PROPOSITION. 


N any {pherical triangle, of the three ſides a 
* three angles, any three being given, the cine 
three may be found, 


The 
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| The ſeveral caſes of this ropoſition may be reſolved by the Sb. Trig. 
In of te three general proportious, together with the 42d, and AA 
y one of the ſubſequent propcſitions; 25 in the following 


the 
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If of SER” : . 
ne of D = 2 
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WF ble, in which ABC is any ſpherical triangle; and the perpen- 


es ocular AD either falls within the triangle, or meets the bale 
Fe ( produced beyond C. 
„ The caſes referred to, are thoſe of the preceding Table. 


Ll 
A 


F 


F the aſes | Given. | fe Son „it. SOUlITLON, ! 
N 3 % ® - — | 
0 thi AB, AC ande the angl<|Sin. AC : fin. AB:: fin. B: fin. 


B oppoſite] oppoſite tc] C If the ſum of BA, AC 
1 | to AC. AB. be leſs than i 80?, and AB lefs 
than AC; the angie at C1 
acute: Or, if the ſum of BA, 


0 the AC be greater than 1399, and 
„ th AB greater than AC; CB 
three is obtuſe. In other caſes, 
> Call AC is ambio nous. | 
* AB, AC aid BC the third. : cos. B : tan. AB: tan. B 
__ | B oppokſiic] tide, (Lal 2.) and cos. AB: COS. 
__— 2. | to AC. | AT: cos; BID: cos. 131 


When ABC is acute, DC. 

| CA are of the ſame aflection, 
otherwiſe they are of con- 
trary affection. 

if CD be not leſs than DB, 
their ſum is CB; if CD be 
lea than DB, but their fam; 
not leſs than 1899, their dif 
ference is CB. In other caſes, 
B is ambiguous. 
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Casco Gren. 


Sought. 


| ( p e 0 


„Nutri * | 


B oppoſite 
3 | io AC. 


AB, AC andlA the angle KR: cos. AB : : ta. B: cot BIN] 


contained 


by the fides. 


(caſe 3.), and tan. AC: ta 
AB: : cos. BAD : cos. DAC| 
If B be acute, DAC an: A 
are of the ſame affection, 
therwiſe they are of diffcren 
affection. If DAC be ng 
leſs than BAD, their ſum i 
BAC: if DAC be lef, tha 
BAD. but their ſum not lef 
than 1809, their difference is 
BAC. In other caſes BAC 


is ambiguous. | 


two angles 
4 | and the fide 
oppoſite to 

one of them 


| C. 


B, C and AB, Ac the fide 


oppoſite to 


* 


Sin. C: fin. B:: fin. AB: fi 
AC. If the ſum of Band 
be leſs than 1502, and B 1:4 
than C, AC is acute: or if thi 
ſum of B and C be greater 
than 180%, and B greater than 
C, AC is obtuſe. In other 


caſes, AC is ambiguous. 


two angles 
5 | and the fide 
oppolite to 
oneof them 


C. 


B, C and AB, A the third R: cos. AB: : tan. B: cot. BAD, 


angle. 


(caſe 3.), and cos. B: cos. C:; 
fin. BAD: fin. DAC, (p. z.) 
which is leſs than BAD, i 
B, C be of diff. affe ction, or 
leſs than the ſupplement d 
BAD, if B and C be of tht 
ſame affection: In other caſes 
it is ambiguous. When! 
and C are of the ſame fee. 
tion, BAC is the ſum oi BAD, 
DAC, otherwiſe it is ther 


difference, 
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TRIGONOMETRY. 


Cales.| Given. S--1ght, Solution. 
— 


B, C and AB,. BC the fideſR : cos. B:: tan. AB : tan. BD, 
two angles between the 8 2.), and tan. C: tan. B:: 
and the fide] angles. in. BD: fin. DC; and DC i- 


oppoſite to leſs than DB, if B and C be 
one of them of diff. affection; or leſs than 
C. the ſupplement of DB, if B 


tion. In other caſes, DC ! 
ambiguous. If B and C the 
of the ſame affection, BC is 
the ſum of BD, DC; other- 


wiſc it is their difference. 


and C be of the ſame 54 


CC — —— 


AB, BC, and C one of [R: cos. B:: tan. AB: tan. BD, 


. Oe” 
„ 1 


B, two fides| the other | (caſe 2.), and the difference of | | 
7 and the angles, BC and BD is DC. And 
included | ſin. DC : fin. DB: tan. B: | 


angle. tan. C, (p. 3-}, and B, C are 

. of the ſatne affection, if BC 
be greater than BD; other- 
wiſe they are of diff. affection 


AB, BC, and AC the third Find BD and DC as in the laft 


—_—— _ — * 0 
" 2 * * 


ih 

B, twoſides| fide. caſe, then cos. BD: cos. DC: : U 

and the in- cos. BA : cos. AC (p. 3). if 7 
cluded | BD, DC be of the ſame af- 
angle. fection, BA, AC are of the 


> 


ſame affection; otherwiſe 
| they are of different affect n. 


A,B, andAB,|C the third]R: cos. AB : : tan. B: cot. BAD, 


two angles| angle. | (caſe 3.), and the diff of BAC, 
and the in- BAD is DAC, then fin} 
_ cluded fide.| BAD: fin. DAC:: cos. B: 


| cos. C, (p. 3.), if BAC be 
greater than BAD, B, C are 
of the fame affection; other- 


wile they are of different af- 
fection. | 


A, B, and [AC one of Find BAD and DAC, as in the 
| AB, two | the other lait caſe; then cos. DAC: 
angles and | fides. cos. BAD : : tan. AB: tan. 
the inclu- | AG. If DAC, B be of th 
ded fide, ſame affection, AC is leſs tha 
gc? ; otherwiſe 1t is greate 
| than 90. 


e e Cates, 
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tat. 


Sb. Trig, Caſes. Siren. | Sought. Solution, — 
. _ — ny — 
AB, AC, BCB one of the Let the perp. AD fall 4, 

the three | angles. or be the ncareft to B ( 


| IT | des. that falls without, tag. 9 
7 | tan. 4 ſum of BA, A: 
6 | tan. 4 diff. of BA, AC : tan. 
LE, and 4 E added to 2 BC 
| | gives the ſegment neareſt the 
| | greater fide, if che ſum of 
AB, AC be lefs than 18; 
otherwiſe it gives the ſeg. 

| ment neareſt the lef tide 
| (Prop. 22.). And tan. AB; 
tan. D:: K: cos. Bi 
(caſe 12.) 
therwiſe, Let D be x the diff 
of AB, BC; then the rect. 
| fin. AB, fin. BC : rect. fn 

| | ſum and diff. of D, and! 
AC:: R2 :; ſin 2. 4B. (P. 23). 
| R Let P be the pere. 
meter; then rect. fin. AB, fin, 

BC : rect. fin. P. ſin diff. ol 
| P, AC::Rz:cos2, 4 B. (24): 


| A. B and CAC one of With the ſupplement of either 
the three | the ſides. | of the angles A, C, and the 
T2 | angles. | meaſures of the other two 


\ _— 
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angles, ſuppole a triangle : 
made; and in it find the ang rar 
| oppoſite to the fide which is Y 


| | the meaſure of the augle at 
B, and the meaſure of the 
| angle thus found is AC. | 


— 


— 


NOTE) 


DEFINITIONS. 


17) | 

41 HE zſt definition wants a condition to make it complete, Book I. 
my Pt for to. have no magnitude is not peruliar to a point 
d 4 This condition is now inſerted from Dr Hooke, who ſays, that 


point has poſition, and = relation to magnitude, but has itſelf 
o magnitude: It may alſo be ſaid to be an indiviſible mark in 


ere om. ; . ; 
fin] vagnitude, as Tacquet has it: Or, it may be ſaid to be a ſign 
f. : Wed for determining poſition and the extremities of lines, for 
24)) We name cnuoy appears to have been given to it from its 


We. 

he Sth definition is left out, becanſe it does not belong to the 
Elements ; nor can it be explained, fo as to be underſtood by be- 
Piners, as is obſerved by Dr Simſon. 


N The 13th definition 1s alſo omitted, becauſe it is uſeleſs in a 
By ranſlation, its only defign being to explain a Greek word. 
ch 1s 


And the rtyth, which is the definition of a ſegment, is left 
Put here, becauſe it is given in the third book, which is its pro- 
Per placc, | 

And the definition of the radius of a circle is introduced, be- 
Hule it is very frequently uſed by Geometers. 8 8 
| Theſe arc all the alterations that have been made in the defi- 
Nitions of this book; but many more might have been made 
Pith propriety. The firſt nine definitions might have been 
en in the form of an introduction, for they are none of them 
Feometrical, except the ſeventh, as amended by Dr Simſon. 
be terms by which a line and a ſuperficies are defined, give 
Tae explanation of the meaning of thete words, but give ao 
Fometrical criteria by which to know them; and the beſt way 
acquiring proper ideas of them, is by conſidering their relation 
+ ichd, and to one ancther, as Dr Simſon has done. 

g Mm 2 « It 


_— 
b 


YEE) 


N O 1” ES. 


« Tt is neceſſary to conſider a ſolid, that is, a magnitude which 


as length, breadth, and thickneſs, in order t9 underſtand 3 


right the definitions of a point, line, and ſuperficies; ſor all 
theſe ariſe from a ſolid, and exiſt in it: The boundary, or 
boundaries which contaig a ſolid, are called ſuperficies, or the 
boundary which is common to two ſolids, which are contiguous, 
or which divides one ſolid into two contiguous parts, is called à 
ſuperficies: Thus, if BCGF, be one of the boundaries which 
contain the ſolid ABCDEFGH, or which is the common boun. 
dary of this ſolid, and the ſolid BELCFNMG, and is therefore 
in the one as well as the other ſolid, it is called a ſuperficies, and 
has no thicknels: For if it has any, this thickneſs muſt either 
be a part of the thickneſs of the folid AG, or the ſolid BM, or x 
part of the thickneſs of each of them. It cannot be a part of 
the thickneſs of the ſolid BM; becauſe, if this ſolid be remo- 
ved from the ſold AG, the ſuperficies BCGF, the boundary of 
the ſolid AG remains Rili*the ſame as it was. Nor can it be a 
part of the thickneſs of the ſolid AG ; becauſe, if this be re- 
moved ſrom the ſolid BM, the ſuperficies BCGH, the boundary 
of the ſolid BM, does neverthele!s remain; therefore the ſupcr. 
ficies BUGF has no thickneſs, but only length and breadth, 
The boundary of af aperficies i 1s called 


a line; or a line is the common boun- 11 4 M 
dary of two luperficies that are conti- 2 4 a 7] 
£0025; or it is that which divides one ff A _— 


{uperficics into two contiguous parts : D. WAL L. 
Thus. if BC be one of the boundaries | 
which contain the ſuperficies ABCD, a B K 
or which is the common boundary of 
this ſuperficies, and of the ſuperfictes KBCL, which is contt- 
guous to it, this boundary BC is called a line, and has no 
breadth : For, if it has any, this muſt be part either of the 
breadth of the ſuperficies ABCD, or of the ſuperſicies KBCL, 
or part of each of them. It is not part of the breadth of the 
ſuperficies KBCL ; for, if this ſuperficies be removed from the 
1nperficies ABCD, the line BC, which is the boundary oi the 
ſuperficies AE CD, remains the ſame as it was: Nor can the 
breadth that BC is ſuppoſed to have be a part of the breadth 
of the ſuperficies ABCD ; becauſe, if this be removed from the 
ſuperficies KBCL, the line BC, which is the boundary cf the 
ſuperficies KBCL, does nevertticlely remain ; theretore the line 
BC has no breadth : and becauſe the line BC is in a ſuperficies, 
and that a ſupeificies has no thickneſs, as was ſhewn ; therefore 
a line has neither breadth nor thickneſs, but only length. 

The boundary of a line is celled a point, or a point is the 


common boundary or extremity of two lines that are contiguous: 
uus, 


CY #Y ne £6 


NOTE S. 


point, and has no length : For, if it has any, this length muſt 


It is not part of the length of the line KB ; for, if the line KB 
be removed from AB, the point B, which 1s the extremity of the 
line AB, remains the ſame as it was: Nor is it part of the 
length of the line AB; for, if AB be removed from the line 
KB, the point B, which is the extremity of the line KB, does 
nevertheleſs remain; therefore the point B has no length: and 
becauſe a point is in a line, and a line has neither breadth nor 
thickneſs; therefore a point has no length, breadth, nor thi. Eneſs, 
And in this manner, the definitions of a point, line, and ſupet— 
ficies, are to be underitovud,” 

No definition ot a &raiht line has been given that is unexcep- 
tionable, though many 0: the ancients attempted it, as Proctus 
obſerves, who has allo preterved their definitions, That given 
in the Elements, viz. its lying evenly, <quaily, or uniformly 
between its extremities, exprefſes the nature of a ftraight line 
too metaphyſically : its mcaning is, that a ſtraight line has not a 
convex and a concave ſidæ; but that both ſides are alike. But the 
diſtinguiſhing charaQer of a ſtraight line, according to Euclid, is, 
that it is impollible to apply one part of it to another, or one 
ſtraight line to another, without their coinciding. All other 
lines require ſome artifice in applying them to one another, in 
order to make them coincide ; but no fach artifice is neceſſary iu 
the caſe of ſtraight lines, for they always coincide in whatever 
way we proceed to apply them to one another. That this was 
Euclid's idea of a ſtraight line, is manifeſt from the fourth and 
eighth propoſitions of the firſt bock, in which he does not l. c 
how the fides of the triangles are to be applicd to one another, fo 
to coincide, but takes it for granted, that AB in the fourth 
ſhall lie along DE, and that BC in the eighth ſhall lie along EF, 
3s ſoon as they are applied to one another. Now, this facilit of 
application follows immediately from the uniformity of the ſides 
ot a ſtraight line, and the other properties of a ſtraight line are 
eaſily deduced from it. 10 

Plato's definition, that the extremity of a ſtraight line caſts a 
hadow along the whole line; and that of Archimedes, that a 
ſtraight line is the leaſt of all the lines which have the ſame ex- 
tremities with it, were evidently deſigned for particular purpoles, 
and are not fit for the Elements. | | 

The other definitions mentioned by Proctus, may be reduced 
to two. One of them is, that a ſtraight line is that of which 
the poſition is determined by the poſition ot any two points of it. 

us is a property of {traight lines whick is ſuppoſed in the firſt 

aud 


Thus, ir B be the extremity of the line AB, or the common Book J. 
extremity of the two lines AB, BK, this extremity is called a 


either be part of the length of the line AB, or of the line BK. 
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1 


Boox I. and ſecond poſtulates, for we certainly underſtand by theſe p. 
Www ſtulates, that only one ſtraight line can be drawn between the 


LD 


ſame two points, and that a terminated ſtraight line can be pio. 
duced only in one direction; fo that the poſition of the pointz 
determines the poſition of the line; it is therefore probable, thy 
Euclid underſtood it as included in his tenth axiom ; for that it 
was not his definition, is evident from what has been ſaid, ard 
becauſe it is his 26th propoſition of the Data, which is the 2000 
of Simſon's edition. Beſides, it gives too remote an intimation 
of the nature of ſtraight lines, and their properties cannot be 
ealily deduced from it. 

The other definition is, that a ſtraight line is that which cn. 


not cut another ſtraight line in more points than one. In the 


Greek, this is given in the firſt propofition of the eleventh 
book, as the reaſon why two ſtraight lines cannot have a com. 
mon ſegment ; and this laſt is aſſumed every where in the Ele. 
ments. Their cutting only in one point feems to be a particula 
caſe, or at leaſt a conſequence of that facility of coinciding 
which, as was obſerved, Euchd makes the criterion of itraight 
lines; it may therefore very properly be made an axiom: and it 
ſeems neceſſary to do this, becauſe, when we are not actually ap- 
plying ſtraight lives to one another, it may be found that tuo 

ints of one of them coincide with two points of another, i 


which caſe the coinciding of the lines follows more immediately 


from the axiom, than from their uniformity : and it is probable, 
that Euclid underitood his tenth axiom in all this extent : But 
to make it a definition, would be attended with diſad van tages 
for then the only criterion of the coinciding of ſtraight lines, 
would be their meeting in two points: To ſuppoſe that they 
coincide, without firſt finding that they meet in two points 
would be to aſſume a property of them, not contained in the de- 
finition : We are not therefore warranted to ſay, as in the four 
propoſition, Let the triangle ABC be applied to DEF, ſo that 
the point A may be on D, and the ſtraight line AB upon DE; 
for all that follows from AB and CD being ſtraight lines, 2: 
cording to this definition, is, that they would coincide, if, befids 
A being on D, ſome other point of AB be ſhown to coincide 
with ſome other point of DE. Farther, the property contain 
in this definition is not the ſame with the principle upon which 
the mechanical deſcription is founded, as might eafily be mir 
manifeſt ; not to mention its being negative, and not derivel 

from inherent properties. 
In like manner, no geometrical definition of an angle has bee 
given; and accordingly, among the ancients, different definition 
were given by different authors. Thus, Euclid called it xx% 
tlie inclination of lines: Apollonius called it owayoyn, the dial. 
* 5 in 


NIE S. 


do 
the 
to. 
intz 
that 
It It 


muted whether it was a quantity, or a quality, or a relation, or 
hether it belonged to one or to ſeveral of the categories. The 
noderns have generally followed Euclid, or have called it the 
zperture or opening of two lines that meet. But no author has 


aud rer deduced the properties of angles from his definition; nor is 
oth Wt eaſy to do ſo without metaphyſical reaſoning. Thus we find, 
tin hat nothing in the Elements depends upon thete nine definitions; 


t be id therefore the purpole of inſtruction would be better obtained 
y removing them from the definitions, and explaining them in 
introdudt ion. 

Beſides theſe, there are ſeveral other definitions which might 
ve been omitted, or altered for the better. Thus, in the defi- 
om. {Whition of an equilateral triangle, there is nothing peculiar to a 
Ele. riangle, for every rectilineal figure is in the Elements ſaid to 
ula Ie equilateral, when it has all its fides equal. And the acute 
ding nd ſcalene triangles are never mentioned in the Elements, nor 
ight ſave they any peculiar properties: They may indeed be ſaid to 
nd it e neceflary for completing the arrangement of triangles; but 
ap- ren this cannot be pleaded for the definitions of quadrilaterals, 
tuo er the claſſification of them in the Elements is complete, and 


can. 
the 
enth 


r, i Wltogether different from that in the definitions; ſo that the de- 
ately Nritions are not well adapted to the work itſelf, and might have 
able, een altered with advantage. | 

But 


It ſhall only be farther remarked, that the whole defign of 
Icfinitions is, to give names to things that have certain proper- 
ies; and that unleſs the properties aſc#ibed to them be their 
generation, the definitions give no foundation from which to 
onclude the exiſtence of the things defined, as Dr Barrow ob- 


ages, 
1165, 
they 
Mints, 


e Cle» Nerves. It is not therefore regular to deduce corollaries imme- 
zurth iately from definitions, becauſe corollaries, as well as other pro- 
that oſitions, ſuppoſe the exiſtence of the things concerned in them. 
DEH ordingly, Euclid either aſſumes their exiſtence in his poſtu- 
*. Ries, or exhibits it in a conſtruction, or deduces it from what 
endes 


ncide 
ained 
x hich 
made 
rived 


roperties from their definitions. Lak 
AXIOMS. 

HE only alteration that is made here, is in the roth axiom, 
ich is now made more extenſive than it was before. 
It includes not only the axiom, That two ſtraight lines cannot 
Cloſe a ſpace, but alſo the other, That two ſtraight lines cannot 


ve a common ſegment: This laſt is every where ſuppoſed in 
the 


> ap 


as been. previouſly eſtabliſhed, before he deduce any of their 
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together of a ſuperſicies to a point; and others called it the Book I. 
diſtance of the containing lines: And the philoſophers diſ- \wrywJ 


— 


þ 


| 


* 


Book. I. the Elements, though it be no where repeated, except in tle fr) 


N OT E 8. 


propoſition of the eleventh book. 

For example, it is aſſumed in the ſecond poſtulate ; for, 3 
Proclus obſerves, that poſtulate would be nugatory, if the ter. 
minated ſtraight line could be the common ſegment of tw 
ſtraight lines. In like manner, as Zeno objects, the firſt pr, 
polition is not ſufficiently demonſtrated, without aſſuming, ti 
twa ſtraight lines cannot have a common ſegment : For if the 
ſtraight lines AC, CB can have a common ſegment, the fidg 
of the triangle may be only parts of them, between its extre, 
mity and the points A and B; and therefore they may be la 
than AB ; ſo that the triangle may not be equilateral. Likewiſe 
without this ſuppoſition, the fourth would not be fufliciently 
demonſtrated; for when AB is applied to DE, if they cult 
have a common ſegment leſs than AB, they would coincide tle 
length of this ſegment ; but not afterwards ; ſo that the point! 
might not coincide with the point E. 

The fifih depends on the ſame ſuppoſition ; for if either fil 
of the iſoſceles triangle, as AB, be the common ſegment of tw 
ſtraight lines, theſe lines would make-unequal angles with the 
baſe BC on the other fide of it: But each of them would be 
equal to the angle BCE, by the fifth prop. In the ſame manne; 
it may be ſhown, that the ſame thing is ſuppuſed in many other 
propoſitions ; and therefore it is evident that Euclid conſidered 
it as an axiom. 

As to axioms, it is generally allowed, that they ought tobe 
ſelf-evident, and lik wiſe as few as poſſible; for nothing ougit 
to be conſidered as ſelf. evident that is capable of demontt ration. 

The poſtulates ought hkewile to be as few as poſſible; for, s 
Sir Iſaac Newton obſerves, poſtulates are principles u hich ge 
metry borrows from the arts, and its excellence conſiſts in tit 
paucity of them. The poſtulates of Euchd are all problem 
derived from the mechanics; but there are things aflumcd oy 
geometers, which are neither ſelf. evident nor problems; fu 
as that called the 12th axiom: and it is plain, that ſuch afſump 
tions ought not to be made, but when the thing aſſumed is & 
monſt rated elſewhere, or when it cannot poſſibly be demonſt rated; 
for all certainty ariſes from felf-evidence. Poſtulates I;kewll 
limit the geometer in his definitions, for that property of 2 it 
or figure on which its mechanical deſcription is founded, i tit 
only property from which the aſſumer muſt define it; othervil 
his conſtructions would not agree with his demonſtratich' 
Thus Euclid could not define his circle from any property bu 
that of its having equal radii, becauſe it is deſcribed with c- 
ſame opening of the compaſſes. And becauſe a ſtraight line 
drawn either by ſtretching a thread, or by applying wy 
| | * ralg! 
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ih araight line to the place where it is to be drawn, Euclid's cha- Book I. 
rater of ſtraight lines muſt be the facility of applying them to WW 


„ bne another, or the property of a ſtretched thread, which is its 
ter. Ninvariably aſſuming che ſame poſition, as often as it is ſtretched 
two in the ſame ſituation. 

pro. Many of the moderns complain, that Euclid, by taking ſo 
flat little for granted, has narrowed the foundation of geometry too 
the WW much. And they maintain, that we are at liberty to aſſume any 
(ide thing, the exiſtence of which does not imply a contradiction, or 
irc involve an impoſſibility. But were this the caſe, we might aſ- 
lame every thing, for we certainly ſuppoſe nothing impotlible, 
wit WW when we aſſume, that ſimilar rectilineal figures are to one another 
in the duplicate ratio of their homologous fides ; for Euclid has 
proved this to be certainly true. They perhaps mean things 
evidently poſſible; but many things may appear evident to a 
writer, winch are not ſo to a learner. An author of Elements 
ought to conſider the ſtate of his reader's mind, who, being alto- 


r file gether unacquainted with geometry, can admit nothing to be 
Wo |f.evident that is peculiar to it. It is neceſſity, and not liberty, 
* which 1s the cauſe of aſſumptions; and the writer who aſſumes 
| 


what he is not obliged to aſſume, is not writing for his reader's 
inſtruction, but is endeavouring to beg fame, by humouring his 
eader's indolence. 

It follows from this, that aſſumptions ought to be as particu- 

lar as poſſible; for example, we ought not to aſſume a general 
propoſition, if it can be demonſtrated by aſſuming a particular 
ale of it, becauſe this would be to aſlume more than what is 
eceflary. 
Euchd never ſuppoſed any thing to be poſüble which he has 
pot before ſhown to be polilible; but this was not merely to 
woid 1mpoſiibilities, as ſome all-dge, but to ſecure evidence, 
ad to make his reader as certain of his concluſior.s as he kim- 
elt was. 
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PROPOSITIONS. 


In the 9th, the literal tranſlation of the enunciation is very 
d{cure; there is therefore a little alteration of the expreſion 
ntroduced, but ſo as to preſerve the ſame meaning. 

Proclus objects to the 12th, that there may be more than one 
derpendicular from C to AB, becauſe the circle may cut it in 
nore than two points; the 17th limits the perpendicular to one, 
ud thereſore the proper place of this 12th is after the 15th, 
nd it is not uſed before the 12th of the ſeccnd book. 

To the 15th there is added another corollary, which is as fle- 
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4 16. . 
b 5. or 
18. 1. 


C 19. 1. 


4 4. 1. 


b 13. 1. 
d o. Ax. 1. 
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quently uſed as the 14th, and is neceſſary in the conſt ruction g 
the 14th and 15th of the fixth bock. 

In the conſtruction of the 2 2d, it is now 
ſhewn that the circles cut one another, as 
Dr Simſon has done in his notes. 

In the figure to the 24th, it may be ſhewn, 
as Dr Simſon has done in his noten, that the 
point F falls below the line EG; or thus: 
Let DF meet EG in H: and becauſe DHG 
1s the exterior angle of the triangle DEH, 
it is greater * than the angle DEH: but the angle DEH is ng 
leſs ® than DGE, becauſe DG is not leſs than DE ; thereſon 
the angle DHG is greater than DGH ; and DG, that is, DF i; 
therefore greater © than DH; wherefore F is below EG. 

The 275th may be demon- 
ſtrated without the help of 4 7 


L 
the 16th, thus: Let EF fall ONT ET 7 
on AB and CD, and make 8 >6 
the alternate angles AEF, COTS 


EFD equal; AB is parallel 
to CD. If not, let them, 
if poſhble, meet towards B, D, in G; and wake EA equi! h 
FG, and juin AF: and becauſe AE, EF ar? equal to GF, FF, 
and the angle AEF equal to GFE, the baſe AF is equal * to EG, 
and the angle AFE io the angle GEF; and the angle ALF i 
equal to EFG; therefore the two angles A FE, EFG are equi 
to AEF, FEG, that is, to two right angles“; wherefore AF i 
in the ſame ſtraight line with FG ; and che two ſtraight lins 
AFG, AEG meet in more than one point, which is impoTill:*; 
Therefore AB and CD do not meet, though produced; v. urs 
fore they are parallel é. 


The 29th depends on the 12th axiom, which is not ſelf. eri. 
dent; and has given much to do, both to ancient and moden 
geometers. Some have attempted to ſubſlitute another aon 
in its place; or to give another definition of parallel {traiy/t 
lines ; but their attempts have not been ſucceſsful. Others hae 
attempted to demonſtrate the 12th axiom; but when they hate 
done this, by aſſuming a new axiom, the evidence of their «x10 
has been objected to; and when they have attempted it without 
a new axiom, they have hitherto failed. It was thercfort 
thought neceſſary to demonſtrate it without a new axiom ; EY 
fince this is the firſt time that it has been accompliſlied, it“ 
hoped the attempt will be acceptable to accurate geometers, who 


know the importance of having every thing in geometry ils 
bli hed on a ſolid baſes. | 


PROF 


. 


n of 


oo LS LR. 


Ir two equal ſtraight lines AC, BD on the ſame fide of the 
ſtraight line AB, make the interior angles CAB, ABD equal to 
one another; the ſtraight line CD which joins their extremities, 
makes with them angles ACD, CDB equal to one another, 

Join AD, BC: and becauſe 1n the tri- 
angles CAB, ABD, CA, AB, are equal to ...r 
DB, BA, and the angle CAB equal to — 
ABD; the baſe CB is equal * to AD: * 
and in the triangles ACD, BDC, AC, C0 | 
are equal to BD, DC, and the baſe AD is 
equal to BC ; therefore the angle ACD is A — B 
equal b to the angle BDC. 

Cox. Hence, if AC, BE make equal angles CAB, ABE 
wich AB, but the angle BEC be greater than ACE; the ſtraight 
line AC is greater than BE. 
For, if AC were equal to BE, the angle BFC would be equal 
to ACE, but it is not. If AC be leſs than BE, make BF equal 
to AC, and join CF; therefore the angle BFC is equal to ACF; 
but BFC is greater © than BEC; therefore BCF, and much 
more BCE, is greater than BEC; and it is alſo lets ; which 1s 
impoſſible: Wherefore BE muſt be leſs than AC. 


7 K-O P.M; 


{ IF the quadrilateral figure BCDE, which has the angles at 
C, E right angles, have the ſides BE, CD produced, and meet- 
ing in A; the fide BC is greater than the fide DE. 

From C draw * CF perpendicular to AB: AF is greater than 
AE. For if CF fall on E, the angle CEB 

would be equal to DEB, each being w 
2 right angle, the leſs to the greater ; | RN 


f. evi 
Oden 


I" which is impoſſible : and if AF be leſs 3 FA 
chan AE, and CE be joined, CFE. 1 
une would be a triangle, of which the 1 12 2 
e angles CFE, CEF are together greater XR 1 
TE than two Tight angles; which is im- 


poſſible o; therefore AF is greater than AE: and becauſe CFB, 
CBE are leſs d than two right angles, and CFB is a right angle, 
CBF is leſs than a right angle; therefore CB is greater © than 
CF. In the ſame manner, it may be proved, that each of the 
angles ACF, ADE is leſs than a right angle: and the angles 

Nan2z ADE, 
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Boox I. ADE, EDC are equal 4 to two right angles; therefore EDC js 
YM greater than a right angle: and becauſe the angle DEF is equ- 


413. 1. 


to EFC, but EDC is greater than DCF; therefore CF is great. 


e Cor. to i. ei © than DE : but CB is greater than CF; much more, there. 


of them. 


A 11. J. 


D 13. 1. 
C 4. 1. 


E 15. 1. 


2 13. 1. 


S T3. 1. 


fore, is CB, greater than DE. 


. 


Ir from A, C two points of the ſtraight line AC, perpen. 
diculars AB, CD be drawn to BD; and the angle BAC be 
greater than a right angle; DCA is lefs than a right angle. 

Draw * AF. at right angles to AC, and let it meet BD in K; 
and make EF equal to EA, and EG to EB, and jon 1; d 
becauſe AE, EB are equal to 
FE, EG, and the angle AEB K 
is equal d to FEG; therefore | 2 
the angle EGF is equal © tc 
ABE, that is, to a right angle, 
In the ſame manner, if FG 
meet AC in H, and HK be made 
equal to HF, and HL to HA, 
and KL be joined, it may be 


proved, that KL is at right N 
angles to AC: and becauſe AEGH 

15 a quadrilateral, of which HA E, ; 
HGE are right angles, and ALE, — —— 
HG meet in F; therefore AH is 13 


greater 4 than EG or EB. In 
the ſame manner, it may be 
ſhown, that every perpendicular cuts off from AC and B, 
ſegment not leſs than any of the former; therefore, if this de 
done continually, ſome of the perpendiculars to AC ſhall meet 
CD: Let KL meet CD in M: and becauſe CLM is a right 
angle, LCM or ACD is leſs © than a right angle. 


PE ROPE. IV. 


Ir the ſtraight line AC meet the two ſtraight lines AB, CD, 
and make the angle ACD a right angle, and CAB an acute 
angle; any number of perpendiculars to CD can be drawn 
from points in AB, all of them making acute angles with AB 
towards B. | 

From C draw * CE perpendicular to AB : it ſhall fall to- 
wards B, for if it ſhould fall on the other fide of A, the angle 
CAE would be obtuſe ©, and therefore the angles CAE, — 

wou 


is WT would be greater than two right angles, which is impoſſible d; Boos I. 
*] therefore CE falls towards B: From E draw * EF, perpendi- 
. cular to CD; and it may be ſhown, b 17. I. 


s before, that it falls towards D: 

and becauſe CEB is a right angle, 

FEB is leſs than a right angle. In To 

the ſame manner, may any number NN 

ef perpendiculars to CD be dravn Bb 

on the fide of EF towards B; all | | hy, TY 

of them making acute angles with 

AB towards B. fe, 
Cor. Hence, if EF be perpendi- — 

cular to CD, from the point E in C KD 

AB; and if all the perpendiculars 

to CD that can be drawn from points in AE, make acute angles 

with AB towards B, the angle FEB is an acute angle. For 


any number of perpendiculars to CD, can be drawn from points 

in AB nearer to B, than any that are on the other fide of E, all 

making acute angles towards B; 

ſome of theſe points thall therefoi e 8 — 0 

be nearer to B, than the point E: | Te 

Let GH be perpendicular to CD, Se Bo Soo 

from G nearer to B than the point C x 1E D 

E, and making HGB an acute 

angle; therefore HGE is greater © than a right angle: and be- c 13. 1. 

cauſe EF, GH are perpendicular to CD, and HGE is greater 

than a right angle; therefore FEG is leſs d than a right angle. d 3. of 
| this, 


, PAOF. -v. 

s de Ir two ſtraight lines AB, CD be at right angles to the ſame 
meet traight line EF; any ſtraight line CA at right angles to one of 
right neſe lines AB, is alſo at right angles to the other CD. 


| For the perpendiculars to AB that can be dravin from points in 
LE, cannot all make acute 


angles with CD towards D, — 

cauſe then FED would be | 
CD, WP? 2cute angle 4; but it is a Cor. 4. 
acute Not: let therefore GH be of this. 
cavn Ierpendicular to AB, and | 
ABE not be an acute angle: | 

E 1 is it an obtuſe 
11 to- sie, becauſe then GEHE E — — 32 
angle ould be an acute angle d 5 A- IE EB b | of 
AEC RPE It is not; therefore HG muſt be at right angles to CD. * 
ould lake GK equal to GE, and HL to HF, and join KL, LG, GE. 


and 
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Boon I. and becauſe in the triangles GHL, GHF, LH, HG are equal to 
, HG, and the angles at H right angles; therefore the baſe 


C 4» I. 


d 13. 1. 
bz. of this. 


2 8. of this. 
b 10. 1. 
C 12. 1 


d 15,1. 


NOT ZE S. 


| 


GL is equal © to GP, and the angle IGL equal to HGE, any 
GLH to GFH: but the whole angle HK is equal to HGE, 
therefore the remaining angles LGK, FGE. are equal: and he. 
cauſe in the triangles GKL, GEF, KG, GL are cqual to EG, 
F, and the angle KGL to EGF; ; the baſe LK is equal to EF 
and the angles GEL, GLE to the angles GEF, GFE © ; but CE 
is a right angle, therefore GKL is a right angle ; and becauſe 
the angle GLH is equal to GFH, and GLK to GFE, the who's 
HLK is equal to the whole HFE, that is, to a right angle. lu 
the ſame manner, if ſegments of AB, CD be taken equal to FL, 
EK, it may be proved, that the ſtraight line joining their ex. 
tremities is at right angles to AB, CD; and fo on: Therefen 
a ſiraight line can be found on the other fide of AC, that is, a 
right angles to AB, CD: let this be KL: and if ACE, ACK 
be not right angles, one of them is greater * d than a righ t angle: 
let this be ACK; therefore LKC is leſs “ than a right angle. 
and it is alſo a right angle; which is impoſſible: Lherefon 
CA is at right angles to CD. 


PROF. VI. 


Ir a ſtraight line EF meet two ſtraight lines AB, CD wich 
are at right angles to ſome ſtraight line AC; the alternate angles 
AEF, EFD ſhall be equal to one another. 

If EF be at right angles to one of them, 1t is alſo at riglt 
angles ® to the other. But if not, biſe& ® Ek in G, and draws 
GH perpendicular to CD; it is allo per | 
pendicular to AB 2: let it meet AB in — K-17 
K: and becauſe the angles EGK, FG | 4 
are vertical, they are equal 4; and the "i 
angles at H, K are right angles; there © BE yy © 7 
are therefore two angles of the triangle 
Ef;K, equal to two of the triangle FGH ; and the ics L 
GF oppoſite to equal angles are equal; therefore the third ang 
KEG 1s equal to the third angle HFG. 


PROP. VIL 


Ir two ſtraight lines AB, CD be cut by a third AC, ſo 50 
make the interior angles BAC, Ac on the ſame fide of it, b. 
. leſs than two right angles; : AB and CD being products 

all meet one another towards the parts on which are the tt 
angles, which are leſs than two right angles. 


NO T E Ss. 
| to Let CAB be the leſſer of the two angles BAC, ACD, if Boon I. 


ard produce it to H: and becauſe AB, GH are at right angles 


- WS FG, and AC meets them; the angle BAC 1s equal © to ACG: c6.0f this. 
, b each of them add the angle ACH; then BAC, ACH are equal 
EF, Noe ACG, AC, that is, to two right angles *: But BAC, ACD d 23. 1. 
e leſs than two right angles; therefore the angle ACH is 
aule greater than ACD; and CD talls between CH and AB. Make 
hoe AK equal to AC, and join CK: and becauſe CK meets the two 
in ſtraight lines AB, CH, which are at right angles to FG; the 
Fl, angle AK C is equal © to KCH: but the angle ACK is equal © to e 5. 2. 
ex. 
fore 
8, A n 
K ny —— 
vel 7 \ 8 . 
45 e 25 e — 


AKC, becauſe AK is equal to AC; therefore the angle ACK is 
equal to KCH. In like manner, it KL be made cqual to K U, 
and CL joined, it may be proved, that it biſects the angle KC H; 
land ſo on. And becauſe the angles ACK, KCL are each of them 
greater than the angle DCH; and that the angle DCH t. ken 
ſome number of times, is greater than ACD; much more thall 
he fame number of the angles ACK, ECL, &c. make an angle 
greater than ACD: let the angle thus made, which is grenter 
han ACD, be ACM: and becauſe ACM is greater than ACD; 
D falls within the angle ACM; and therefore, if it be pro- 
luced, it muſt cut AB betwixt the points A-and M. 

(Thus the 12th axiom is accurately demonſtrated: But the 
ediouſneſs of the proceſs, and the alledged obſcurity of the pro- 
olition, may perhaps be thought ſufficient reaſons for afluming 
| more obvious property of ſtraight lines: But when propoſi- 
ions are not ſelf-evident, authors are not agreed about what 
nakes one of them more obvious than another. We come to 
the knowledge of many properties of figures, by experience aud 
ſervation, before we be able to deduce them from ſelf-evident 
principles : and this is the reaſon of our more rcaGily aſſenting 
o propoſitions in which lines alone are concerned, than to ths:e 
which angles are concerned, for we are conſtantly uſing the 
Yrmer, but make few obſervations on the latter. But one per- 
Mm may be better acquainted with one property, and another 
th another property; which makes it difficult to d-rermine 
mach of them is the moſt obvious: and this is the rea fon w by 
dus 
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they be unequal ; and biſect AC in EA, and draw * EF perpen- WW 
dicular to AB, and from C draw ® CG perpendicular to EF, a 1c. 1. 


D I2. 1. 


| 
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Book I. the moderns are divided in their opinions about it. The ancient, 
did not admit experience to be judge of obviouſneſs in geome. 


N 6 F K xs 


try: But when they were obliged to aſſume any thing, they fit 
made it as probable as they could, by demonſtrating its conyer{ 
and other fimilar properties; after which they aſſumed it x 
once: and this method 1s better adapted to geometry than the 
other; for thus the author's ſcheme is open to the view g 
his reader, who can then judge for himſelf of the propriety of 
the aſſumption. But if an author aſſume any thing from his 
own experience, which is not made probable from any thing he 
has ſaid before; he obliges his reader to take it entirely wp 
his word. 
From this it follows, that the proper place of the 1 2th axiom 
is between the 28th and 29th propoſitions, for it is not made 
ſufficiently probable before the 28th. And much of its obſcy. 
rity would be removed by placing it there; for neither it, nc: 
any that the moderns have ſubſtituted inſtead of it, have the 
{ſmalleſt title to be ranked with the axioms. 
The axioms which the moderns have preferred to it, may he 
reduced to three, though they may be expreiſed in more ways 
than one. : 
1. That a ſtraight line perpendicular to one of two parallels 
is alſo perpendicular to the other. Or it may be expreſſed thus; 
If a perpendicular to a ſtraight line drawn from a point of aro- 
ther, be not perpendicular to that other, the two lines will mect, 
Theſe two are evidently of the fame order; for if parallels hate 
a common perpendicular, ſtraight lines which have not a cem. 
mon perpendicular, are not parallel, that 1s, they meet ; arid if 
. traight lines which have not a common perpendicular do meet, 
it is evident, that thoſe which do not meet, or are parallel, mult 
have a common perpendicular. This axiom was uſed by ſeveral 
authors of the lait century: It may be demonſtrated by the 
fifth of the preceding propoſitions ; and the 2gth may be demoi- 
{trated from it nearly as in the fixth of this. 
2. Perperdicalars to one of two parallels from points of the 
other, are equal to one another. Or, if two perpendiculars tos 
itraight line from points of another be unequal, theſe lines wil 
meet. Theſe may de thewn to be of the ſame order as the for- 
mer were: They may be proved by the 7th of the preceding; 
and the 29th may be proved from them, by firſt proving tis 
former axiom, and then the 29th as in the fixth of the pre 
ceding. | | 
z. A ſtraight line which meets one of two parallel:, mee! 
alſo the other. Or, two ſtraight lines cannot be drawn through 
the ſame point, parallel to the ſame ſtraight line, One of thet 
can be eaſily deduced from the other, as in the firſt : They m 
Vs 


Kr 


its be proved by the help of the 5th preceding; and then the 29th 
vc. WE may be proved from them: or rather may be omitted altogether; 
rt for by confining the parallels through the ſame points to two, 
they determine the properties demonſtrated in the 27th and 28th, 
u oo be the only eſſential properties of parallels. 

the We might have mentioned Dr Simon's axiom in the begin- 
of {Wang of his demonſtration of the 12th axiom, which is certainly 
7 of nuch more evident than any of the former; but is not ſo eaiily 
his Nepplied to the demonſtration of parallels, 

be Of all theſe axioms, the firit is preferable, becauſe it can be 
demonſtrated without the others, aud the 29th may be proved 
from it with the greateſt eaſe. The {ccond can only be uſed to 


ion demonſtrate the firſt ; and the third cannot be proved, without 
nade Wick proving the firit or ſecond, or elſe the 12th axtom. The 
ſcu Wick is indeed a particular cafe of the 29th, or of the £2 axiom; 


but, as was obſerved, it is better to aſſume a particular caſe, than 
the general propaſition, ani its truth is much more probable : 
It is likewiſe inferior to the fecond, if experience be the proper 
judge of ohviouſneſs ; but this is counterbalanced by the eaſe 
with which parallels are demonſtrated by it; for they would 
mus be made as ſimple as it is poilible to make then. 


y de 
Ways 


Aels, 


hus: Of the 35th a more general demonſtration is now given, by 


an- Nuſing a method of ſubtraction, which was introduced into this 
nect, propoſition, by Dr Simſon, from M. Clairault's Geometry ; and 
hare s one of the moſt general and uteful applications of the third 


com. axiom. 


nd 1 The conſtructions of the 35th and 38ch are a little altered, to 
meet, reid proving that the ſtraighe lings drawn parallel to the ſides 
mut et the triangles muſt meet the line jorning their vertices, 


eral 
»7 the 
Mon- 


nich was neceſſary, according to che former conſtructions. 

in the 39th, it is now proved, by the 12th axiom, that the 
ſraight line drawn through the vertex of one of the triangles, 
parallel to the baſe, muſt meet a ſide of the other triangle, 
ps was neceſſary here, becauſe this is the firit propoſition in 
s to ich it is required that the lines ſhould mect. In the Greek, 
s wilde demonſtration is omitted the firſt fix times, viz. in the 
e for- Wt, 33th, 39th, 40th, 42d, and 44th; but is given folly in 


of the 


«ding; We ſeventh time, in the ſame 44th, after which it is omitted 
17 the Wbroughout the Elements, except in the 10th of the ſecond 


e pte · ook and the 4th of the ſixth, where it is as obvious as in 
pimſon takes notice of the omiſſion in one place, and con- 
ludes from it, that the demonſtration has been ſpoiled, and 
ne ſame may be ſaid of the reſt : To remove this irregularity, 
mt embarraſſing the demonſtrations, a corollary is added to 
Oo this 
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my of the numerous places in which it is omitted. Dr 
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NOT E S. 


Book I. this propoſition, on which the meeting of a line with patabe; 


Bock II. 
WY YS 


depends more unmediately than on the 12th axiom. 

In the conſtruction of the 45th, it was required, that the 
parallelogram GM have an angle equal to E, from which it 
is proved, that KH is in the ſame ſtraight line with HM: By 
this is eaſier done by producing KH to M; and then it is ol 
neceſſary that the parallelogram GM have an angle equal tq 
GHM, or have GHM for one of 1ts angles. 


BOOQOK--TIL 


HERE are corollaries added to the 4th, the 5th, the d, 

the 8th, and the loch propolitions, which are chic; is. 

tended to expreſs the enunciations of theſe propoſitions in à more 
general way, as is done by the moderns. 

The demonſtration of the 8th is made ſhorter, by proving DA 
to be equal to KR, and BN together with PL to be equal u 
each of the rectangles AK, MR, KF. | 

The conſtruction of the 1cth is now made fimilar to that ct 
the gth, by which means they may both be demon{trated in 
the ſame words, and therefore it was necdleſs to repcat the de- 
monſtration. In the Greek, it is firſt aſſumed, that DF nies 
a parallel to AD; and then it is demonſirated, that EB meets : 
parallel! to EC. They are caſes that have often occurred, and 
therefore their demonſtration might have been omitted, fine 
it ought to have been given before; bat if either of them be 
demonſtrated, it ought undoubtedly to have been the ficit men- 
tioned. : 

Dr Simſon has divided the 13th into three caſes ; but the tu 
firlt can be demonſt rated in the ſame words: and the demon{tr 
tion of the third is unneceſſary, becauſe it is manifeſt from tlie 


47th of the firſt book. 


There are three propoſitions added to this book, becauſe they 
are very often uſed by geomete:s, and are connected wich this 
part of the ſubjeR. | 


BOOK 


any more than their properties. 
| © plaue, a ſtraight line, and a circle; but before he ſuppoſes any 
| thing elſe to be poſſible, he either exhibits it in a conſtruction, or 
| makes it evident by an example, which is generally given in the 
| moſt ſimple caſe. 
| conſequently of an angle in the firſt propoſition, and cf a perpen- 
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DEFINITIONS. 


but a theorem, as Dr Simſon has ſhown. 
The th, which is the angle of a ſegment, is left out, be- 


eauſe it can be of no uſe, and has done much miſchief. 


And the definitions of an arch, and of a chord, are inſerted, 


| becauſe they are continually uſed by geometers. 


PROPOSILION.S. 


In the 29, the ſuppcſition by which the demonſtration was 


made indirect, is now left cut; and it is then direct and com- 


plete; for it follows immediately from the definition of a circle, 


that a point between the centre and the circumference is within 
the circle; and this is directly proved in the demonſtration, when 
it is ſhown, that DE is lets than DF, or that E is between D 
end F. And it is certainly as cvident, that the paint E in the 
radius DF is within the circle, as it is that a point without the 
circle is in the radius produced, v hich is aſſumed in the indirect 
| demonſtration. 


The 5th and 6th have the ſame conſt rugion and demonſtration, 


| Beſides, it is aſſumed in the 6th, that two circles can touch one 
| mother, which is not evident, until the 9th has been demon- 


ſtrated. Ihe poſſible exiitence ot things is not to be aſſumed, 
Euclid aſſumes the cxiſtence of 


Thus, he gives an example of a triangle, and 


dicular in the rith, and of parallels in the 25th, and of a paralle- 


logram in the 33d, and of a ſquare, and couſcquently of a rect- 
angle, in the 46th, and this alwiys before he aflume them in an 
| hypotheſis. This is the general rule which reguiates the ar- 
rangement of the whole Elements, and it is in a great meaſure to 
[1t that they are indebted for their ſuperior beauty and elegance ; 


and wherever it is departed from, it is owing eicher to the inſer- 


dion of a propoſition which is not Euclid's, or to a change in his 
arrangement: Which ever of theſe be the caſe with this propoſi- 
uon, and the fourth of the fifth bock, which are the only places 


O00 2 UN 


HE firſt definition is left out, becauſe it is not a definition, Boox III. 
— > 


3 —ů — — 
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Book III. in which the rule is tranſgreſſed, it is proper to remove the hjs, 
\LYSS miſh: and this is now done here by putting the word “ meg 


NOTE s. 


inſtead of „ cut,” into the enunciation of the 5th, and b 
throwing out the 6th, becauſe it is then included in the 5th, 

There ſeems to have been a ſeries of alterations introduces 
into the Elements, from the gth to the 13th, by ſome dig; 
who intended either to change Euclid's arrangement, or to ex. 
clude the 7th end $th from the Elements, on account of tle! 
length; and who did not perceive that the hy potheſis of the 11th, 
72th, and 12th, depended on the 5th and Sth, as wel! as their 
demon? ritions, The firſt demonſtrations of the gih and 1cth, 
are generally al!owed not to be Euclid's, tor they depend upon 4 
principle which he no where makes ute of; and he could hare 
demoniirated them eaſier, even without the 5th and 8th, by tl; 
nelp of the 24th of the firſt book: and it the author of thee 
two demonſtrations gave allo a demonſtration of the 11th, ue 
may concinde, that he would have placed it before that of Eu. 
elid: But the ſecond demonſtratiou of the 11th is very mu 
vitiated, for part of it is omitted, and part of the firſt demos. 
ilratiou is tranſcribed into it. This, however, is probably 
owing to the careleſſneſs of tranicribers, who have made the 
9th to depend upon the firſt part of the 5th, inſtead of the lait 
part of it, and left out the word © circumference” in the 10th: 
and the {hortneis of the firſt demonſtration of the 11th, might 
have made tic corruptions of the ſecond to be leſs attended to, 
This ſecond demutration bas two caſes ; one when the centre 
of the greater circle is within the lefs, and the other when it is 
without it: and this diſtinct ien of caſes can be of no uſe, unlels 
the demonRration depend upon the 7th or &th : conſequently, we 
are led by this clauſe to the following demonſtration. Firſt, Let 
F be within the circle ADE: ard becauſe F is a point in the 
diameter of the circle ADE, which is-not the centre, FD which 
paſſes through the centre is greater than FA: but FH is equal 
to FA; therefore FD is greater than FH; which is abſurd. In 
like manner, it may be proved, by Prop. 8. that the ſame ab. 
ſurdity would follow, if the point F be without the circle ADE. 
Therefore, &c. This appears to be Euchd's demonſtration; 
and if we uſe the point G, inſtead of F, to avoid the diſtinQion 
of caſes, it is the moſt natural, eaſy, and elegant demonſtration, 
that can well be conceived, And the 12th can be demonſtrate? 
in the ſame way. All theſe corre&ions are now made: and the 
ſecond cafe of the 13th is rejected, becauſe Dr Simſon's demon. 
ſtration of the firſt caſe is general, whether the circles touch 09 
the inſide or the outſide. 

A direct demonſtration is given of the 16th, for the tes 


ſons given in the notes on the ſecond, It is evident, 1 
e 


N OT ES. 


e. WH the ſecond part is not Euclid's, but is put in by ſome Boox III. 
„(aitor, probably the ſame that introduced what we find in this X 


by 2nd the 31ſt, about the angle of a ſegment; becauſe its only 
aſe is to ſhew, that but one ſtraight line can touch the circle in 
ed the fame point: and this 1s alſo the only uſe of the 18th and 
&, 19th ; for perpendiculars being fully determined in the firſt 
-. WW book, it cannot be ſuppoſed, if Euelid had proved in the 16th, 
cir WT that the perpendicular to the radius at its extremity is the only 
1h, WF line that touches the circle there, that he would alſo have pro- 
cir ved, in the 18th, that this radius is perpendicular to the tan- 
oth, cent. 
MN 3 A more general demonſtration is given of the 21ſt, ſimilar to 
what Dr Simſon gives of the ſecond caſe, for that given in tlie 
Greek is applicable only to angles in a ſegment greater than a 
ſemicircle. 
A very uſeful corollary is added to the 22d, and another to 


Lu- the 35th. 

wh There are four propofitions added to this book, of which the 
nor. WT two firſt and their corollaries contain the converſes of the moſt 
ally WM uſeful propoſitions in this book, Which are as often uſed as the 


| propoſitions themſelves : and the other two contain very uſeful 
| properties, the firſt of the circle, and the other of the triangle. 


BOOK IV. 


7, We 
„Let 
n the one another, ſo as to form the triangle LMN about the 
vic) circle in the zd propoſition ; and that the perpendiculars DF, EF 
equil Win the 5th meet one another; and that the ſtraight lines touch- 
. I ung the circle in the 12th meet one another; becauſe theſe cates 
e ab- are not fimilar to that for which the corollary to the 3ytih of the 
WD. urſt book was given. | 

tion; It is likewiſe demonſtrated in the third, that the point L in 
action rhich LM, LN meet falls above A, C; for if they were to 
atio”, meet below MN, the triangle thus conſtructed would not be 
trate! deſcribed about the circle ABC, according to the fourth defini- 
2a " lon: Nor would it be equiangular to DEF. 

-mon- 

ch BOOK 
e res- 

that 

* 


Ik is now demonſtrated by the 12th axiom, that the ſides meet 
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Boox V. 
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NOTE S. 


GOK. 


DEFINITION. 


HE 3d and 8th are rejected, becauſe they are unneceſſuy 
and uſeleſs; and the gth is included in definition D. 

And there are ſix new definitions introduced; the fieſt of 

which relates to the preſent method of expreſſing the zh aud 

and 7th definitions: but the reſt ought to have been in the Lu. 

ments before; and the want of them is one of the cauſes of the 

obſcurity in which the ſubjec of proportion has been hithert9 
in vol ved. 

Ia order to underſiand the 5th and 5th definitions, it is necal. 


fary to confider in what way we acquire our ideas of r+tins 


Some geometers ſeem to think, that our ideas cf the py r. 
tion of magnitudes are derived from our ideas of the n tne of 
abſtract numbers. But we certainly acquire our firit ideas of 
proportion from external chjects, in the fame manner that we 
4cquire our ideas of numbers. By oblerving one magnitude to 
be double of another, we acquire the idea of a particular ratio, 
or relat:on, that. the greater has to the leſs : and when we attcr. 
wards find two magnitudes, one of which is alſo double of the 
other, we ſay, that they have the ſame ratio which the two fer 
mer have to one another, or that the four are proporttona's, 
In like manner, by obſerving one magnitude to be triple, qus- 
eruple, or any multiple of another, we acquire 1deas of other 
r2tios : ard by proceeiny in this way, we obtain ideas of 80 the 
ratios belonging to the fit clas of commenſurable magnituces ; 
that is, when the grcater is a multiple of the leſs. So that all 
theſe zatios are obtained by conceiving the lefler magnitudes to be 
added to themſelves ſome number of times. Nor is it more 
difficult to conceive how we may obtain ideas of all tue ratics 
belonging to the ſecond claſs of commenlurable magnitudes j 
thit is, thete of which the greater is not itſelf a multiple of the 
Far lx, but of which ſome multiple of the greater is allo a mu- 
11:0 of the leſs. It is only by conceiving the 8 to be ac 
ed to itſelf continually, until the multiple contain the leſs ex its 
ly ; and then the ratio of the greater to the leſs is obtained. 
For the ratio of A to B is determined, by ſay ing, that four 
times A is equal to ſeven times B, as properly as by faying, tHe 
A is greater than B, by three fourths of B. In this m. 
ner, We may acquire ideas of the ratios of all magnitudes Wl < 
have common multiples. The method may zppcar to be tedious, 
but it is imple and obvious. 
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Hence it appears, that a ra'to is determined when 2 eertain Book V. 
multiple of the greater is found to be a multiple of the leſ \ao 


and that this ratio is diſtinguiſhed from every other ratio, by 
the magnitudes to which it belongs, having thef2 mul-iples equal; 
and therefore we conciude, that the ratio of two magnitudes is 
the ſame with the ratio of two other magnitudes, when ſome 
equimultiples of their antecedeats are alſo <quimultipies of their 
conſequents: But that if one of the equimaltiples of the ante. 
cedents be a multiple of its conſequent, and the other not the 
ſame multiple of its confequent; in that cafe, the ratios are not 
the ſame. 

Again, whenever we find that there are ſome equimultiples 
of the antecedents, ſuch that one of them is lets than a multiple 
of its conſequent, bat the other not leſs than the ſame multiple 
of its conſequent ; we need not inquire for equal multiples of 
the antecedents and coaſ quents, but may conclude, that though 
we ſhould find equi multiples of the antecedents, ſuch that one of 
them is a multiple of its conſequent, the other would not be the 
ſame multiple of its conſequent. 

Let twice A be leſs than three times B, but twice C not leſs 
than three times D; then, although we ſtould find that three 
times A is equal to four times B, three times C 1s not equal to 
four times D. For twice C not being lefs than three times D; 
by tripling them, fix times C is not leſs than nine times D; it is 
therefore greater than eight times D; and taking their halves, 
three times C 1s greater than four times D. In the ſune man- 
ner, if four times C were found to be equal to ſeven times D, 
it may be proved, that four times A is leſs than ſeven times B. 

Oa the contrary, if three times A be equal to four times B, 
dut three times C not equal to four times D; equimultiples of 
Aand C can be found, ſuch that one of then is leſs, and the 
other not leſs, than equimultiples of B and D. If three times 
© be leſs than four times D, this is evident, for three times A 
is not leſs than four times B. But let three times C be greater 
than four times D by the magnitude E; then ſome number of 
times E. ſhall exceed C; let this be three times E,; and becauſe 
three times C is equal to four times D, together with E; by 
tripling them, nine times C is equal to twelve times D, toge- 
ther with three times E: and three times E is greater than C; 
therefore eight times C is greater than twelve times D: and 
three times A being equal to four times B; by tripling them, 
nine times A is equal to twelve times B; therefore eight times 
Alis leſs than twelve times B; and eight times C is not lets 
than twelve times D: Wherefore eight times A and eiglit times 
Care equimultiples of A and C, ſuch that one of them is 2 
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Book V. and the other not leſs, than twelve times B and twelve times h 
WY which are equimultiples of B and D. 


NO TE So. 


U 


Hence it is manifeſt, that if there he not ſome equimultiple; 
of the antecedents, ſuch that one of them is leſs than a multiple 
of its conſequent ; and the other not leſs than tne ſame multiple 
of its conſequent, the magnitudes are ſo related to one another, 
that 1f one of the equimultiples of the antecedents be a multiple 
of its conſequent, the other is the ſame multiple of its con. 
ſequent : and therefore the magnitudes have the {ame ratio. 

There is therefore only one caſe in which the ratios are not 
the ſame, viz. when one of the equimultiples of the antece. 
dents is leſs than a multiple of its conſequent, and the other nt 
leſs than the ſame multiple of its conſequent : and in this case, 
we ſay, that one of them is greater than the other; that is, we 
ay, that the antecedent of which the multiple is not lefs than 
mat of its conſequent, has a greater ratio to its conſcquent than 
the other antecedent has to its conſequent: Or, becauſe tis 
multiple of the former antecedent contains its conſequent oftener 
than the ſame multiple of the other antecedent contains its con. 
{equent; we (ay, that the firſt ratio is greater than the other, 
when ſome multiple of the firſt antecedent contains its conſe. 
quent oftener than the ſame multiple of the other antecedent 
contains its conſequent, 

And becauſe this is the only caſe in which the ratios are not 
the ſame, we conclude, that two ratios are the fame, When 
taking any equimultiples whatſoever of the antecedents, they 
are either both leſs, or elſe both not leſs, thin any equimoltiple, 
of their conſequents: Or, becauſe in this caſe the cquimul- 
tiples of the antecedents contain their conſequents the ſame nut- 
ber of times, we ſay, that two ratios are the ſame, when al 
the equimultiples of the antecedents contain their confequer!s 
equally, 

This is 2 more fimple expreſſion of the definition of sq 
ratios, than that given by Dr Simſon; tor the literal travtiation 
from the Greek, though ſhorter than his, is very obſcure : But 
the meaning is very nearly the ſame. In the Greek, the £qui- 
multiples of the antecedents are required to be both leſs, or 
both equal, or both greater, than the equimultiples of the con- 
t2quents; but here they are required to be both leis, or both 
not leſs. It was, however, ſhewn before, that unleſs one of 
them be leſs, and the other not leſs, it will always happen, that 
if one of them be a multiple of its conſequent, the other is the 
lame multiple of its conſequent; and therefore the definitions 
are the ſame: the generality of the multiples making all parti- 
cular differences to vaniſh, For it is to be obſerved, that the 


multiples taken, either according to the definition now given, 
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or according to that in the Greek, muſt be general, repreſenting Boox V. ll 
any multiples whatſoever, nd | 
But, beſides fimplicity of expreſſion, the definition now given "= 
has the advantage of the other, in its being, in moſt caſes, more 4 1 
eaſily applied to the purpoſe of demonſtration, as will be mani- 9 
feſt to any one who chuſes to compare the demonitrations of the | i 
175th and 18th, or even of thoſe from the jth to the 13th in this ' 
edition, with thoſe in the other editions. The demonſt: ations 0 
depend on the ſame principles, and are conducted in the fame "i 
manner, with thoſe in the former editions; but the ſimplicity of 4 
the conſtruQions often renders fewer fleps neccflary in the de- 7 
monſt rations. 4 


PROPOSITIONS. £ 


Tux 1ſt, zd, and 6th, are made more general than they are 
in Euclid, They belong to all magnitudes which contain others 
equally, as well as to cquimultiples of them, 

That beginners have the 4th for the firit propofition that 
they read about proportionals, is one of the caufes why they 
find this book fo difficult to be underſtood by them. The words 
multiple and equimultiples are new to them, and it is with ſome 
difficulty that they can bring themſelves to believe, that theſe 
ſtrange words are expreſſions of ideas with which they are fami- 
larly acquainted. But they begin to get over this difficulty, 
and to be reconciled to thefe words, when they ſee the uſe that 
is made of them in the axioms, and the three firſt propoſitions. 
In this propoſition, however, a new difficulty ariſes from the 
uſe that is made in it of the fifth definition. In order to expreſs 
that definition intelligibly in the Engliſh language, a good deal | 
of eircumlocution is neceilary ; and this renders it difficult for 1 4 
the reader, to connect the ſeveral parts of it, and to form a | 
angle, complete, and juſt idea of the whole: and this difficulty 

is increaſed, rather than removed, by the abrupt way in which 
it is introduced into this demonſtration, Whatever idea the 
reader may have formed of the 5th definition itſelf, he muſt be 
allowed to be altogether unacquainted with the method of ap- 
vlying it to the purpoſe of demonſt ration, for he has not yet 
nad an opportunity of ſeeing it nized that way. He mult alſo be 
allowed to doubt the exiſtence of ſuch magnitudes as have all 
the properties mentioned in that definition, for this ought not 
to be taken for a poſtulate; and there are abundance of ex- 

| amples by which their poſſibility may be ſhewn, one of which 
is given in the 7th, and another in Prop. C. But they are not 
given before this propoſition; and until chey be given, the miud 
muſt be allowed to doubt. Beſides, the reader's mind is pre- 
| P p occupied 
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Book. V. occupied with the vulgar notion of proportion, which, digung 
\FYV obſcure, is familiar, and attracts the attention whenever pro. 


portionals are mentioned. Now, the writer who would demon. 
{trate this propoſition as it ſtands, muſt overcome all theie dif}. 
culties. He muſt ſhew, that the magnitudes aſſumed in the hy. 
potheſis, are poſſible, and muſt place the dependence of every 
{tep of the demonſtration upon the 5th definition, in the clearei 
point of view, ſo as to call the reader's attention from the vulza; 
to the accurate notion of proportionals, contained in that defni. 
tion, and to compel his mind, upon admitting that definition, to 
admit the ſeveral concluſions drawn from it. Inſtead of this, 
Euclid aſſumes the poſſible exiſtence of four proporttonals, 2 
thing inconſiſtent with accuracy, and quite contrary to his 


method in all ſimilar caſes; and he draws his concluficn; 


as implicitly as if his readers had been perſectly acquainted 
with the ſubje&: It is therefore evident, that this is not the 
firſt time that he has uſed the fifth definition, and that the 
place in which this propoſition ſtands at preſent, is not the 
place which he had allotted to it. Beſides, it is placed at 
a diſtance from all the propoſitions about ratios, in the midf 
of propoſitions about multiples; and that without any neceſlity, 
for the firſt reference to it is in the 22d, and therefore the proper 
place of it is between the 19th and 2oth : and the propoſition 
which is made a corollary to it in the Greek, appcars to have 
been originally in the ſame place, for it is not uſed before th: 
2Cth ; though, if it had been given before, ſcveral of the for. 
mer demonſtrations could have been ſhortened by it. It weul! 
be proper, therefore, to reſtore theſe propoſitions to their ori- 
ginal ſituation ; but this cannot be conveniently done with the 
fourth, becauſe geometers very often cite the propoſitions of th: 
fifth book; and therefore the order 1s ſtill preſerved, but the 
demonſtration is rendered as full, and its dependence on the fi 
definition as plain as poſſible. 

Likewiſe, particular equimultiples are taken of the ſecord 
and fouith, becauſe it is thought, that the reader will better 
percetve the force of the demonſtration, when he ſecs the equi 
multiples of the ſecond and fourth, which contain them the 
ſame number of times that the equimultiples of the firſt and 
third contain them. And the ſame particularity is uſed in al 
the following propoſitions, where the demonſtrations require 
equimultiples of the ſecond and fourth to be taken. But the 
demonſtrations could have been made in the ſame way, though 
any equimultiples had been taken of them: and Euclid's do- 
monſtrations could have been conducted the ſame way, if he 
had taken equimultiples in the manner that is now done, and 
they would have been as general as when general equimuluples 
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| zre taken, for the generality of the demonſtration depends wholly Book V. 

upon the general equimultiples of the firit and third. 2 
ne 5th would have anſwered the purpoſe better, if it had 

| beeu made more general: Thus, © If the firit of four magnitudes 

| be equal to ihe third, and the ſecond to the fourth ; the firſt 

is to the ſecond, as the third to the fourth :? and we find 

that Euchd underſtood it in this general ſenſe, for the firſt ap- 

| plication of it which he makes, is to four magnitudes in the 15th 

| of this book. But however it be exprefled, it is evident, from 4: 

| the nature of equal things, that in all cafes relating to their . 

magnitude only, one of chem may be ſubſtituted for ancther. * 
There are ſix propolitions added to this book, of which the Ly 

firſt five are placed between the 19th and 20th, becauſe ſome of | 

them are neceſſary to the following propoſitions. It was ſhewn, 4 

in the notes ou the ꝗth, that this is the proper place of the ſe- oy 

cond of them, and it is evidently the proper place of the fifth; 5 

and it was thought to be the beſt way to place chem altogether. 
The ſixth of them is one of thote relating to compoun ratio, 

which Dr Simſon placed at the end of this bock, and it is 

thought to be ſufficient for ſhewing, that what 1s {aid of com- 

pound ratio by geometers, may be underſtood from the 22d and 

23d of this book. 
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BOOR VI. 


HE 2d definition is made more general and accurate, than Boo VI. 
I in the former editions of Euclid. — | 
tn the enunciation of the ch propoſition, the limitation is 1 
altered, fo as to agree with what is proved in the demonſtration 
to be the caſe, when the triangles are not equiangular, by which 
means a diſtinction of cafcs is avoided, But it is as eafily 
enoun, when the preſent exception does not take place, as when 
the former does not take place. k 
Dr $Simſcn obſerves, that the 18th is viciated, for it is only ef 
demonſtrated of quadrilaterals: and there certainly is but one | 
cale mentioned id the Greek, which is conſt ructed and demon- 
ſtrated in a manner very different from Euclid's. But when a 
| perfon, acquainted with Euclid's manner, attempts to reſtore it, 
he naturally falls into two caſes, that of a triangle, and that of a 
quadrilateral ; for in the Greck, the caſe of the triangle 1s firit 
conſtructed and demonſtrated, and then the quadrilateral is con- 
Uructed from it. Theſe two caſes are now diſtinguiſhed ; aud = 7 
from them it appears how to extend it to figures of five or 4% | 
more fides, as Dr Sim:{on has done. | 's 
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BOOK XI. 


NO T E S. 


Boox VI. Many complaints have been made of the 25th, 28th, and 29h, 
I but they are not in reality more difficult than the 25th, of which 


there are no complaints. The enunciations, however, are very 
obſcurely expreſſed ; and the conſtructions of the 28th ang 
29th are not ſufficiently full, for it is taken for granted, tha: 
the reader can make a parallelogram ſimilar to one given, and 
equal to the ſum or difference of two rectilineal figures, though 
the method of finding their ſum or difference has not been par. 
ticularly pointed out. Theſe are defects which ought undouht. 
edly to be removed; eſpecially as theſe two problems are the 
moſt uſeful of all in the Elements. It is therefore thought 
proper to alter the enunciations, fo as to preſerve the ſame 
meaning, and to conſtruct the 28th and 29th more fully, in 
conſequence of which the demonſtrations are a little ſhortened, 
In the 28th, the parallelogram AP is ſaid by the ancients, to be 
applied to AB, deficient by the paraliclogram PB, which is evi. 
dently ſimilar to the given parallelogram EF. And in the 28th, 
the parallelogram AX is ſaid to be applied to AB, excceding 
by the parall-logram BX, which 's ſimilar to the given one EL, 

The caſe of Prop. D, which was omitted in the former edi. 
tions, is now inferted. And Prop. E. is added on account of it. 
great ule in geometry. 


BOOK XI. 


DEF. VI, 


T is impoſſible to demonſtrate ihe properties and relations 0: 
ſolids contained by plane figures, without taking into con- 
ſideration the angles which theſe planes make with one another; 
becauſe their magnitude depends upon the angles made by their 
planes, as well as upon the magnitude of their plane figures: 
But in the propoſitions concerning ſolids, in this bock, there! 
no mention made of theſe angles. In the 25th, parallelopipec: 
are ſaid to be equal, when they are contained by equal and fimi- 
lar parallelograms: and in the 28th the priſms are ſaid to be- 
equal, becauſe they are contained by the ſame number of equi! 
and fimilar planes. But ſolids may be contained by the lame 
number of equal and fimilar plane figures, and not be equal tc 


one another, as ſhall be made manifeit in the notes on tlie xctl 
definition. 
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| definition, from Dr Simſon: It is alſo neceſſary to their equali- Boos XI. 
ty, that their equal and fimilar planes make equal angles with Www 


one another : and the acknowledged accuracy of Euclid obliges 
vs to believe, that this laſt condition was not overlooked by him. 
And the 6th and 7th definitions muſt have been inſerted for this 
| very purpoſe, for they are of no other uſe in this book. But 
in the Gth definition, the inclination of two planes is ſaid to be 
an acute angle, whereas theſe angles may be right or obtuſe 
angles; and therefore the word inclination, according to this de- 
| fintion, is too limited to denote theſe angles. In the caſe of 
obtuſe angles, we may produce one of the fides of the obtuſe 
| 2ogle, and thus obtain an acute angle on the other fide of one of 
| the planes: but this would oblige us to introduce a condition 
into the propoſitions where the term is uſed, which is not other. 
| wiſe neceflary ; and would very much embarraſs the demonſt ra- 
tions: as will be evident, if we confider what would be the caſe 
in plane figures, if by the word angle were meant only an acute 
| angle. Thus, in the fourth propolition of the firſt book, not 
| only muſt the angles contained by the equal fides be equal, but 
theſe equal acute angles muſt be either both within the tri- 
angles, or elſe both without them, otherwiſe the propoſition is 
not true; and the ſame or greater embarraſſments muſt be iu- 
troduced into the other propoſitions in which angles are con- 
cerned; and therefore the term angle, cannot be uſed in this li- 
mited ſente ; but either its meaning muſt be extended, or a new 
term invented. For the fame reafon, ve cannot uſe the word 
inclination in the limited ſenſe given to it in this definition: nor 
can it be eaſily believed, that Euclid defined the inclination of 
planes, by an acute angle, for he uſes the word ie in as ex- 
tenſive a meaning as the word yew, in the 8th definition of the 
firſt book; and there is the fame neceſſity for doing to in this de- 
nition, It is therefore certain, that the word acute ought not 
to be in this definition; and as it might very readily have been 
inſerted in it, from the preceding definition, through the inat- 
tention of ſome tranſcriber, this 1s probably the way that it has 
come to be in it. It is therefore now thrown out, by which 
means the term inclination is rendered as extenſively uſeful in 
lolids, as the term angle is in plane figures, 


. 


| Thats definition has fewer conditions than what are neceſſary, 
| for ſolids may be contained by the ſame number of ſimilar planes, 
and not be fimilar, as Dr Simſon obſerves. The fimilarity of 
| plane figures is defined from the proportionality of their fides, 
| and the equality of the angles contuined by them; and in the 
| lame 
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Book XI. ſame manner, the ſimilarity of ſolids ſhould be defined from ths 


NO TE $ 


YI fimilarity of their containing planes, and the equality of th 


4 12. 11. 


b 4. 1. 


. 


Def. 6. 


angles made by heſe planes To this laſt condition we ar 
naturally led by the order of the definitions; for Euclid muſt 
have inſerted the 6th and 7th definitions, for the very purpo;: 
of determining the ſimilarity of ſolids, becauſe they can he gf 
no other uſe in the doctrine of folids, and he certainly would 
not have given them without ſome defign of uſing them Dr 
Himſon thought that the condition wanting was the equality of 
their ſolid angles, and therefore he changed the order of the de. 
fiaitions: but we have not ſufficient reafon for thinking this; 
and the equality of folid angles cannot be proved, without going: 
far away from the text of Euclid, unleſs the plane angles cou- 
taining them be diſpoſed in the {ame order and fituation ; Which 
is a condition not neceſſary to the ſimilarity of ſolids. Bclide, 
the equality of the ſolid angles is of no uſe in this matter, but 
for determining the like inclinations of the planes, which can be 
better done without it, as ſhall be thown in the notes on Prop. 
A, B, and C, and the 26th propoſition of this book. The 
order of the definitions and the condition wanting are now 1c. 
ſtored. 


NEFF. No 


Tars definition is, that © Similar and equal ſolids are thoſ: 
that are contained by the ſame number of ſimilar and equal 
planes.” Now this is not a definition, but a theorem, and it is 
not always true, as Dr Simſon has ſhown by the following 
example, | 

„Let there be any plane rectilineal figure, as the triangle 
ABC, and from a point D within it, draw * DE at right angles 
to the plane ABC; take DE, DF equal to one another, upon 
oppoſite tides of the plane; and let G be any point in EF; join 
DA, DB, DC; EA, EB, EC; FA, FB, FC; GA, GB, GC: 
Becauſe the ſtraiglit line EDF is at right angles to the plane 
ABC, it makes right angles with DA, DB, DC, which i 
mects in that plane; and in the triangles EDB, FDB, ED an 
DB are cqual to FD and DB, each to each, and they contain 
right angles; therefore the baſe EB is equal ® to the baſe FB: 
In the ſame manner, EA is equal to FA, and EC to FC: and 


in the triangles EBA, FBA, EB, BA are equal to FB, BA, and 
the baie EA is equal to FA; wherefore the angle EBA is equal 
© to FBA, and the triangle EBA equal ® to the triangle FBA, 
and the other angles equal to the other angles ; theretore thels 
d 4.6.% 1, triangles are ſimilar d. In the ſame manner, the triangle EBC 


is fin:ilar to FBC, and EAC to FAC; therefore there are tue 
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| {olid figures, cach of which is contained by fix tr:angles ; one of Book XI. . i 
| them by three triangles, the common vertex of which is G, wr Ye 1 | 
and their baſes the ſtraight lines AB, BC, CA; and by three 5 I 
| other triangles, the common vertex of which is the point E, and 7" 
| their baſes the ſame lines AB, | ly 
| BC, CA : the other ſolid is con- i 
tamed by the ſame three tri- G 9 


angles, the common vertex of \ '\ 
EF which is Gr, and their baſes 1 
| AB, BC. CA, and by three NY 
other triangles of which the EK. 
common vertex is F, and their \ 

| haſes the ſame ſtraight lines AB, 

BC, CA: Now the three tri- N 
angles GAB, GBC, GCA are , 
common to both ſolids, and the Fg / 
| three others EAB, EBC, ECA Bi —— |D; 
of the firſt ſolid, have been — C 
| ſhewn equal and fimilar to the 
three others FAB, FBC, FCA 

ol the other ſolid, each to each; J 

therefore theſe two ſolids are 

contained by the ſame number of equal and fimilar planes: But 
| that they are not equal, is manifeſt, becauſe the firſt of them is 

contained in the other; therefore it is not univerſally true, that 

ſolids are equal which are contained by the ſame number of 

equal and ſimilar planes.” It is likewiſe manifeſt, that theſe 

ſolids are not ſimilar, fince their ſimilar planes have not the 

ſame inclination to one another, 


— 


ere eee 


.. 


| It is neceſſary to add a condition to this definition, becauſe 
Euclid underitocd his ſolid angles to be ſuch as had the incli- 
nations of all the planes containing them inward, or towards 
the angle, as is manifeſt from the 21ſt prop. of this book: tor 
it is there proved, that every ſolid angle is contained by pine 
angles, which together are leſs than four right angles, which 
would not always be the cafe, if the inclinations of ſome of the 
| planes were inwards, and thoſe of others outwards; as was 
| ſhewn by M. le Sage, in a paper given in to the Academy of 
ceiences at Paris, in the year 1756. 
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NO T E 8. 


PROP. VII. XIII. XXX VIII. 


— Dx srusov ſhows, that the firſt and laſt of theſe propoſitions 


have been put into the Elements, by ſome unſkilful editor, he. 
cauſe they are evident from the definitions of the 1 and 11th 
books. And the 13th is fully as evident, for it was demon{lra. 


ted in the 6th of this book, that the ſtra ight lines mentioned in 


this 15th, as perpendiculars to the ſame plane, muſt be parallel, 
and therefore they cannot pals through the ſame point. Thelz 
propoſitions are retained for no other reaſon, but to preſerye 
the number of the propofitions : and ſhort demonſtratious are 
given of them. 


FRN 
Ir is proved, that the angles ABD, ADE are right angles in 


the ſame words, both in this and the fixth propoſitions: This 
repetition is now left out of the 8th, and aſſumed from tlie 
ſixth, 


FRO II. 


In the Greek, this propoſition is demonſtrated indirccth; 
but a direct demonſtrat ion is now given on the ſame principles, 
which makes it ſomething ſhorter, 


PR OP,:: XXIII. 


Turs propoſition is much ſhortened, by firſt demonflrating, 
that AP 1s greater than the greateſt fide of the triangle LMN; 
after which, the demonſtration is nearly as in the firſt cafe d 
the former editions. This and the 22d, on which it depends, 
are of no uſe in the preſent ſtate ct the Elements, either tor 
underſtanding the nature of ſolid angles, or for conſtructing 
any of the following propoſitions; they may therefore be 
omitted without any loſs. 

Beſides, unleſs the given angles be equal, there may be two 
different ſolid angles couſtructed as in the propoſition, each of 
them contained by plane angles, equal to the given ones ; but 
placed in a different order. Thus, if MN be not equal to LV, 
and another triangle be deſcribed on the ſame fide of ML, witl 
the triangle LMN, ſo that the fide of it terminated at M bk 
equal to LN, and the fide terminated at L equal to MN; and 
from its third angle, a ſtraight line be drawn to R; there wil 
be another ſolid angle deſcribed at R, contatned by threc "i 
ang 
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angles, equal to the given ones: But though theſe two ſolid Book XI. 
| angles have the angle LRM common, and the remaining angles 
equal, each to each ; they cannot be made to coincide, becauſe 
their plane angles are placed in a contraty order; and therefore 
they cannot be proved to be equal by the help of any of the pro- 
poſitious at preſent in the Elements. And this obſtacle prevents 
us from receiving any aſſiſtance from this propoſition in filling 
up the chaſm which 1s evident 1n this part of the Elements : for 
tha propoſitions before the 25th are not ſufficient for demouſtra- 


ting thoſe that follow; and therefore it is neceflary to inſert other 11 
rropoſitions for that pur poſe. 1 

PROP. A. / 

— 4. 

Tuts propoſition of Dr Simſon is very uſeful for enabling vs it 


to reaſon about ſolid angles: but his demonſtration can only be 
applied, when the plane angles which contain the ſolid ones, are 
none of them right angles; for if one of them, as CAD, be a 
light angle, the ſtraight line LK, which is at right angles to 
AC, does not meet AD, in which caſe his demonſtration fails: 
and this is a caſe that occurs very frequently; it is therefore 
neceſſary to change his demonſtration into a more genera! one. 

A corollary is alſo added, which is as uſeful as the propcii:ion, 
Land is neceſſary to the demonſtration which is now given CE the: 


23th. 


THEN: 


PROF. B. & ©. 


Dx Siuisox has proved in his Prop. B, that fold angles arc 
equal, which are contained by three plane angles, equz! to one 
another, each to each, and diſpoſed in the ſame fituztion aud 
torder, But if they be in a contrary order, his demonttration 
Cannot be applied: and this is a caſe that occurs as frequently as 
me other. But if he had demonſtrated both caf.s, it would wot 
have anſwered the purpoſe he intended by it, undes he had allo 
proved, that whenever two ſolid angles, contained by the tame 
number of plane angles equal each to each, are equal to one 
another, the plane angles have the lane inclination to one ano - 
ther; for the ſimilarity and equality of ſolids do not depend 
upon the equality of their ſolid angles, but upon the Ike incli- 1 
ustion of their planes: and thus, Dr Simſon, in demonſtrating 5 
his Prop. C. is obliged to conclude, that the ſolid angle at A, 
coineidles with the ſolid angle at K, beczule they are equal, which 
Ps not a legitimate inference, for ſolid angles may be equal, 
1 hough they cannot be made to coincide : But though it were, it 
Pught not to have been Humed without proof. So that, though 
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tion, it is to be obſerved, that there is 


a limitation in it, expie zie by the Wort: "ax al'kc ſituated, which 
conines it to the haf of the f ids contained by equal 1 ſimi- 
lar Pines Laving Vie forme inclination to one another. When 
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N Jp thus, Ur Simſcn explains the words alike fituated, 
25 e planes being Auggen in the 2 tame ſituation and order,“ 


N notes on the 2500 and 26th of this book. 

But with this limiteticn, the propoſition is not confined to 

tolids. wiach have 1 me of their ſolid angles contained by more 

man three planc eng E , but it is applicable to all ſolids ot which 
f 


the equal and fimilar planes have the fame inclimation to one 


| : and as this ir'p tenſtion of the propefition is necellary, 
in order is demonſtrate the equality of ſolids which have nct 
their equal and fiinilar planes alike fituated, the enunclation 1; 
ow expreiſed more geuera ly thau before. 

That which is now 145 Prop. C, is required in the demop- 
tration of the 28m: it way be impror ed ſo as to demon- 
:trate the equality of fach ſolids es are exciuded by the limita- 


ion of Pr. VD. B. 


' 
* 
1 


PROP, XVI. 


Ir was net eflar * 10 change the envriciation of this prop oſition ', 
ſo as to agree with the demonſtration. In the former enuncis> 
tion, it was propoſed to make a ſolid angle equal to a given one; 
but in the demonſtration, the plane angles only which contain 


the ſolid angles, are prov ed to be equal; and this is not always 


ſufficient for determining the ſolid angles to be equa), as Pr 
Simſon has proved : and 1t 1s certain, that Euchd introduced 
this propcſition only for the purpoſe 'of ecuſtructing the 2719 
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and the 36th by it; and 1 both theſe, the plane angles only are 
required to be made equal, though BY Greek editor calls this 
making the ſolid angles NT Dr. Sunſon ch: anged the ex- 
preſſion in the 36th, and Co: umancline changed it in the 27th, 
m the ſame mamer that the enunc lation of the 26th is now 
changed. Shorter demonſtrations are now given -f the 36t! 

and che 35th, by the help of: Pro *. which is 2 pro, 2 on 


ot the mot Ca tenth ve ils 11 11S coateme lat LON Oz 10 id anwJes. 
£.4 
PROP. XXVIII 
— 27 1 „ * 4 4412 
* ; . 1 * . 1 1 * 27 PP 
IN this book, ve have I 2144 21! — 1912 111 AaDee, 175 Fry 7 11417 
! * 


eren the greateſt geometers may be Uncvived in geometrie“ 
3 . 

matters, and how liable 2 We age to take things for granted, ups“: 

5 1 4 . F | 4 ; 

the authority of others. Fon 'theon's time . 


U 
Fim . 515 4 8 1 1 8 
dimſon, all the propoitions concerning the equality of foll.t; 
* . . ' * 5 ® 77 4 — 4» 
were inſufficiently demonſtrated: infl ad” of the folids beine 


proved equal or ſimilar, it was only proved, that the plane; 
containing them were equal or ſimilir. Dr Simfon reſtored i; 
in a pre: at meaſure to its original par! ity; uch ine doct rine of 
parallelopipeds has ſince cod upon a Arm baſis, except in fo fa. 
[25 it was made to depend upon his Pop. a, 141 he inade 
vertently overiooke this 22th propotttion, and did not take 
notice, that the planes of the two priſinz to be proved cqu Aal, 
are not alike ſituated: and thu us, tlie doclrine of priſms, py 
mids, cylinders, 2 and tpheres, ſtand upon the Came inde: 
foundation as before, 57 all theſe 42 — 
p.nd upon this 25th, anc are connected 5 13 
| with the docteine of para lelopipeds, by „„ 
means of it, and the corollary CCC 
32d, which depends upon it. But the 
28th is not ſufficiently demonſtrated by 
the help of Prop. B, or what Dr Sim- 
fon calls Prop. C, for it is required 1 in 
oy propoſition, that the planes of te 
ſolids be alike tituated, in repeck k 
one another, and have the fame inclination to ene 2nother; Bat 
in the 28th, the triangles Cr. CFB, Which ure proved to be 
| equal and ſimilar, are not alike ſituated, in reſpect of the equal 
and fimilar parallelog: ams GE, 1870 when they are not rect 
angles: For the angle CE1 is equal to GFE, becauſe CB, EH 
are parallel to GF, FE; and the e de BCD is equal to VGA, 
becauſe BC, CD are paratl. 1 to FG, GA: Bat the angle at B 
of the triangle BCF is not equal to the angle CFG of the tri- 
angle GCF; therefore the triercles are not alike fituated in re- 
lpect of the parallelograms; and on that account, they cannot 
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Book. XI. be made to coincide; for if the parallelogram CH be applied t) 

[ E, ſo that B be on F, and BC on FG, the trizngles BCF, Cop 
fall on different ſides of the common plane GE: and the fame ;; 
the caſe when B is applied to A, and BC to AE; for if the patal. 
lelograms be thus made to coincide, the triancles BCF, AD. 
fall on different ſides of the common plane GE. In order i 
prove the priſms to be equal by Prop. B, it is neceffary that the 
angle CBH be equal to the angle AGF, and FBH to CGA, which 
can never happen, except each of them be a right angle; to 
AGF, GFE, that is, AGF, CBH are together equal to two right 
angles, and therefore, if one of them be leſs, the other mul 
be greater than a right angle: Wherefore this propoſition is rot 
ſufficiently demonſtrated in the former editions. A new demon. 
ſt ration is now given by the help of Prop. C, by which men; 
we are enabled to compare together all ſolids, though contaire! 
by planes not alike ſituated in reſpect of one another, 


PROP. XXIX. XXXI. XXXIII. 


A Mok general demonſtration is given of the 2gth : and the 
figures of the ziſt and 33d are made more ſimple, by means of 
which the demonſtration of the latter is ſhortened. Profeſſot 
Play fair, in his demonſtration of this 33d, ſuppoſes, that ſimilar 
parallelopipeds have to one another the ratio which is com. 
pounded of the ratios of their baſes, and of their inſiſting lines: 
but as he has not before proved, that the inſiſting lines are 19 
one another as the altitudes, the ſuppeſition is unwarrantable, 


FRO. XXII. 


THE demonſtrat ion of this is now much ſhortened, by making 
the conſtruction of the whale fimilar to what was before given 
of the ſecond part of the firſt caſe; and by demonſtrating the 
two parts of the propoſition ſeparately, 1 


ELA 


Tn only uſe of this propoſition in the Elements is, to Ct 
monſtrate the foilowing corollary by it; and the corollary 13 
uſed in the following propcſition. Bat it is beſt to demonſt rate 
the corollary firſt, becauſe it is the only part that is uſed, ard 1 
demonſtration 1s ſhorter than the other; and that of the prope- 
ſition may be ealily made from it. This method is now follos- 


ed, and the demonſtration is made ſhorter by the help of Prop: 
8 22 
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BOOK XII. 


N the enunciation of the ſecond propoſition, it is ſuppoſed goox x11. 
poſhble for ſome ſtraight line to be equal to the circumfe- yu, 


renc2 of a circle: and if the axiom be granted, this is alſo evi- 
dent; for it follows from the axiom, that the perimeter of any 
circumſcribed polygon is greater than the circumference, and 
that the perimeter of any inſcribed polygon is leſs than it; 
therefore there muſt be ſome ſtraight line leſs than the former. 
and greater than the latter, that is neither greater nor lets than 
the cireumference, and conſequently is equal to it. 

It is likewiſe ſaid, in the conſt ruction of this 2d, that if Dr 
be greater than the circle, there is ſome rectangle DH equal to 
the circle, It would not alter the demonſtration, though DH 
be taken greater than the circle; and this is ſhown to be poſiibls 
in the frit Prop. For if EF be biſected by a ſtraight line 
parallel to ED, it will cut off the half of the rectangle DF, 
and in the ſame manner may the half of the remainder be cut 
A; and fo on; therefore, if this be done continually, there 
all at length remain a reQangle leſs than the exceſs of DE, 
above the circle: let this be the rectangle HG; therefore the 
rectangle DF is greater than the circle, But it is ſuppoſed, in 
the propotition, that there is ſome rectangle equal to the circle, 
and in the demouitration it is proved, that it can neither be 
greater nor leſs than DF; therefore DH may be taken any rect- 
:ngle whatever leis than DF; and then the import cf the firt: 
part of the demonſtration is to inquire, what would follow from 
ſuppoſing it equal to the circle: and the abſurd conſequence 
which we neceljarily draw from it, obliges us to relinquiſh tie 
ſuppoſition, that auy rectangle leſs than DF is equal to the cis. 
or that DF is greater chan the circle. So that it is not neceſtary 
to accuracy, that we be «ble to determine the magnitude of DH, 
de a conſtruction ; it is {ſufficient if its being equal to the circie, 
be a ſuppoſition that is evidently poſſible. And the like is to 
be obſerved in the following propoſitions. In indirect de- 
moaſtrations, actual conftrutions may be often ſpared, in cal: 
vere they are neceſſary in direct ones. Thus, in the Gth o! 
ne Iſt Book, it evidently follows, from our ſuppoling AB 
greater than AC, that ſome part of AB is equal to AC; ang 
this part, whatever be its magnitude in reſpe& of AB, nay 
be called BD. And it ſeems to be uſeleſs labour to attemp: 
the conftraQtion of a line or figure which we intend to prove im- 
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Sccants are ſhewn, as well as their conſtruction. 


LOGARITHAMS, 


IN Trigonometry, the principles are explained fully, and th 
nature and uſe of the Tables of Natural Sines, Tangents, aut 
8 But as it 15 
uſual to perform the operations by Logarithm:, thelt natute 
hall be explained here. 
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LOGARITH MS. 


ASrfiks of numbers, which increaſe by the ſame diſtorete,, 
is called an Arithmetical Progrefiion : and a ſ:ries of number, 
which increaſe by a common multiplier, is called a Geometrical 
Progtcinon. 

Let the ſiiſt term of an acithmetfcal progreſſion be placed 
above the firit of a geometriea one, and the ret in order, thus. 


* * * * * - 
Krithmetical progreſſion, o, 1, 2, 3, 4, 3, 6, te. 
Gcometrical progreſſlon, I, 4, 10, 64, 250, 1024, 4096, &c. 


Then it is evident, that if we are to multiply any term of th: 
geometrical ſeries, as 64, by another term, as 16, the product 
can be found by adding the correſponding terms of the arithme- 
tical ſeries, viz. 2 and 3, for the ſum 5 is the term correſpond. 
ing to the product 1024: Thue, the uſe of a Table of arithme. 
tical progrefſ.onals correſponding to a geometrical proprefiion, !; 
evident; but in order to this, the terms muſt be increased in 
both, ſo that the geometrical may contain all the natural num- 
bers of arithmetic, This may be done, by finding geometrice] 
mean proportionals between the terms of the geometrical pre- 
rreſion, and as many arithmetical means between the terins of 
the arithmetical one. Now, an arithmetical mean is half the 
{um of the adjacent terms, and a geometrical mean is the {quatt- 
root of the product of the adjacent terms. If this be done, 
the ſeries will contain twice as many terms as before, and will 
become 


Arithm. prog. o, 4, 1, 14, 2, 24, 3, 33» 4» 41, 5, 8, 6, S. 
Geom. prog. 1, 2, 4, 5, 16, 32, 64, 128, 256, $12, 1024, 2048, 4296, && 


Theſe progreſſions may be interpolated in the ſame menner, 
by new terms; and the operation may be continued until 2 
the natural numbers occur in the geometrical progreſſion. Aut 
then the terms of the arithmetical ſeries correſponding to theic 
numbers, are called the Logarithms of them. ; 

Hence, Logarithms are artificial numbers, by the aſſiſi ance 0. 
which, addition ſupplies the place of multiplication, and ſub- 
tract ion of diviſion. 
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LOGANITHMS. 


ln the common tables of logarichms, the progreſſions are 
Arithmetical. RE 4, . 
Geometric. 1, IC, 1c, 1329, 10,009, 100,009, &c. 
Laving terms interpolated continnally, as was ſhewn in the for- 
mer ſeries, until all the natural] numbers are in the geometrical 
ſeries, and the numbers in the table of logarithms are thoſe of 
the arithmetical ſeries, which correſpond with the natural num- 
bers in the geometrical ſeries. 

Hence, the logarithms of all numbers between 1 and 10, are 
ſractions; the logarithms of all numbers between 10 and 1cc, 
are mixed numbers that have 1 for the integer, and thoſe ar 
numbers between 100 and 1079, have 2 for the integer; and {4 

on: That is, the units in the integer are always leſs, by one 
| than the places in the correſponding number. The integer i 
| called the Index, becauſe it ſhews the number of figures ia the 
| anſwering nubert. 


TO find the Logarithm of any Number from the 
Tables. 


Loox for the three higheſt figures in the margin on the leſt 
| fide, and in that line, in the column which 528 the fourth figure 
et the top, you w ill find the Jogarichm for theſe four ſigures. 
lf the bo have more fipures in it, take the difference be- 
tween this Iogarithm, and the next greater, and multiply it by 
me remaining figures, and from the product cut off as man 

figures as are in the multiplier, the reſt added to the loga: ĩthin 
for the firſt four figures, give the logarithm required. The 


index is always one leſs than the aber of 1 integers. 


10 find t the Number for a given Logarithm 


| IF the logarithm be ſound in the table, the three firſt figures 
are on the ſame line in the margin, and the fourth is at the to 
[ot the column. But if the logarithm be not in the table, take 
tie number anſwering the next leſs logarithm, and ſubtract this 
leſs logarithm from the given one, and alſo from the next great- 
er; then annexing cyphers to the firſt remainder, divide it by the 
| other, to get the fifth, ſixth, &c, figures. The integers muſt 
be one more than the index, and the reſt are decimals. 

Thus, To find the logarithm of 73284, on the line that has 


132 in the margin, and in the column that has 8 at the top. 


there is found 864985, the logarithm of 7328, and the diff 
pence between it and the next logerithm is Go, which, multi- 


plied 
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Loc AR. plied by 45 gives 240; therefore, adding 24 to . 864955, we ns 
rw 4.365009 for the logarithm of 53254, wich 4 for aa index, be. 


cauſe the number has five places. 10 

Again, To find the number anſwering to the logatihg 
4.597179. Look for the next leſs logarithm, and tlic Wende Let 
anſwering to it is 3955, and the difference between it and tl, at A, 
given logarithm is 33, and the difference between it and t. feet, 
next greater in the table is 110; therefore divide 330 by 11: hides 4 
and the quotient 3, annexed to 3055, gives 39553 for the num. By 
ber anſwering the given logarithm. 1 | 

y, fr: 
by MY 
OF the Tables of Sines, Tangents, aud yecants, | 5 

Tuksk tables have the degrees at the top, and tlie Wia „om 
the left fide of the page, when the degrees are not above And ii 
but if they be greater than 45, the degrees are at the loot, 4 * 
the minutes on the right fide. 

If the logarichms of the numbers in theſe tables be taken, Is the 
and arranged in the ſame manner in tables, they form the tables WF To fin. 
of Artificial Sines, Tangents, and Secants, which ſupply the sis ! 
place of the natural ones, in the ſame manner that logarithin; 
iapply the place of natural numbers. 

TO find the Artificial Sine of 37 23' 12”. o Cs 

Look for the page that has 37 at the top, aud there, on the Wh, 
line that has 23' on the left fide, and in the column titled tine, 1: Iparit 
9.73832922, the fine of 3)“ 23“: and the difference between it No. ar 
and that of 37“ 24', is 1653. Then, as 60% to 12“, ſo is 1653 wh by 
to 331, the proportional difference for 12“, Which, added % Who, an 
9.7832922, gives 9.7833253 for the ſine of 37 23“ 12”. Compl, 

Again, Io find the degrees, and parts of a a degree, of which And 
10.27 38462 is the artificial tangent. its log; 

Look for the neareſt tangent, 10.2737 = and becauſe it Whymbe 
is titled Tang. at the foot, take the degrees at the foot, al To 
the minutes on the right, and it gives 61“ 58. Aud tie ABC b 
difference between this tangent and the one above It is 3246, Wat A be 
and the difference between it and the given one is 1299; W By u 
therefore, as 3046 to 1299, ſo is 6G" to 26“; ſo that 19,2735402 RAC i; 
is the tangent of 619, 58, 26 and its 

nue col! 
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LOGARITH MS. 


TO ſhew the uſe of Logarithms in Trigonometry. 


Let ABC be © plane triangle, right angled C 
at A, of which the hypothenuſe BC is 368 
feet, and the angle at B 42 35", and let the 
ſides AC and AB be ſought. 

By the 2d Cor. to 2d Prop. of Plane Trig. 
R, is to the fin. B, as BC to CA: conſequeat- 13 _ A, 
. from the nature of numbers, CA is found 
| by multiplying BC by the fin. B, and dividing the product b, 
N; and this is done, by adding the logarithm of BC, and the 
artificial fine of B together, and ſubtr acting the artificial radius 
from the ſum, for the remainder will be the logarithm of CA. 
And in the fame manner may BA be found. 


To find CA. | To find BA. 
\s the radius 10.0002000 As R. I 0.0000000 
Lo ſin. B 42% 35' 9.8303 717 || To cos. B. 42% 3; 98672512 
50 is BC 368 f. 2. 5658478 90 is CB. 368 2.5658478 


— — - 


12 12.332899 
I0.0000900 19.009000Ca 


K | — 4 —— 
— — ” 


flo CA 249.21Tf. 2.3y02195 || To BA. 270. 96 2.4328999 


When the firſt term is not radius, inſtead of ſubtracting its 
logarithm, we often add what it wants of the radius to the other 
two, and take 10 from the index of the ſum ; this want is eaſily 

| I by ſubtracting the right-hand bgure of the logarithm from 
i, and all the reſt from 9; and it is called the Ar:thmetical 
Complement of the Logarithm. 

And becauſe the ſquare of a number is obtained by adding 
its logarithm to itſelf, or by doubling it; the ſquare root of a 
bumber will be got by dividing its logarithm by 2. 
| To illuſtrate this, let the three fides of a plane triangle 
ABC be, AB 228, AC 136, and BC 318 feet; and let the angle 
kt A be required. 
| By the 8th Prop. of Plane Trig. the rectangle conteined by AB, 
FC is to the rectangle e by æ the ſum of the three Giles 
and its exceſs above BC, as the ſquare of R to the ſquare of 
De coſine of 4 A. And the rectangles are got by adding their 
pPgarithms, and the ſquares by doubling them. Therefore, add 
bee three ſides together, and from 4 the ſum ſubtract BC. 
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Then add into one ſum the Arithmetical complements of AB 
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314 LOGARITHMS. 


Locar, and AC, and the logarithms of the ſum and remainder, 
tue ſum of theſe four will be the coſine of 4 the angle A. 


AB 223 Arith. comp. 7.64 20652 
AC 136 Aruh. comp. 7.866461 
BC 318 X 


: | 682 


Half ſum 341 Logarithm. 2.5327544 
318 


— — 


Remainder 23 Logarithm. 13617278 


219.4030083 


Half the angle A 59 43' 22 coline 9.715042 
2 


—— — 
— — 


The angle A 118 36 44 
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N order to determine the magnitudes of any kind of quantities, Paar T. 


there is ſome quantity of the ſame kind aſſumed, as ſuffi- ARS 
ciently known, and the others are ſaid to be known, when their 


r:1:tion to it is known, 


To avoid fractions, this aſſumed quantity is commonly among 
| the leaſt that are in common uſe. But after it is aſſumed, any 


multiple or part of it may be aſſumed for the ſame purpoſe. 
Quantities thus aſſumed, are called Meaſures of other Quan- 
tities. 
As meaſures are of general utility, it is often neceſſary to 
dctermine their form, or other circumitances, by means of which 
their magnitude may be known. 
This Treatiſe is divided into three parts. The ſirſt treats of 


| Lines and Angles ; the ſecond of Superficies ; and the third o- 
lic 
11ds. 


2 — 


PN NT I. 
OF LINES AND ANGLES, 


Tur leaſt meaſure of lines with us, is an inch, 12 of whic!: 
make a foot; and 3 feet make a yard. But diſtances are often 

meaſured by a chain of 22 yards, of which 80 make a mile, 
If the length of a pendulum, vibrating ſeconds at London, be 


| divided into 313 equal Parts, eiglit of theſe parts will make an 
nnch. 
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PART I. 


PRACTICAL 
a 


The Scots inch is a little longer than the Engliſh inch, ſor 


i, Scots inches make 186 Engliſh inches. There are 37 Scot; 


Plate I. 


Fig. 1. 


Fig. 2. 


PI. I. 


inches in an ell, and 24 ells in a Scots chain, 80 of which mak: 
a Scots mile; ſo that 5 5 Scots miles are equal to 62 Eygliſu. 


PROB; I. Fig. 1. 


O deſeribe the conſtruction and ule of the inſtru. 
ments uſed for taking angles. 


The Quadrant is the fourth part of a circle divided inte 
ninety degrees, and, if the limb be large enough, each degree 
ſubdivided into quarters or minutes. To the radius which 
paſſes through the ninetieth degree, two fights are adapted; and 
a thread with a plummet is hung from the centre. The uſe & 
it is to take angles in a vertical plane. 

The Theodolite is a circle divided into 360 degrees, with ons 
or more indices fixed on its centre; theſe indices are fitted with 
Nonuis's diviſions, for finding the parts of a degree. The uf: 
of it is to take angles in an horizontal plane. It has a great 
deal of apparatus, in order to adjuſt it, ſuch as three ſtaffs, with 
Joints and ſcrews, and a level, for ſupporting it and placing it 
horizontally ; it has alſo a teleſcope for obſerving objects; and 
befides theſe, it has a vertical arch for ſhewing the inclination of 
lines to the horizon, and a compaſs for ſhewing their inclination 
to the meridian, 


PROB. II. 


O deſcribe the conſtruction of the Geometrical 
Square. 


Fis. z. 


This 1s a ſquare with a line and plummet hanging from one of it: 
angles A, and each of the ſides BE, and ED is divided into 1c9 
equal parts: and there are two fights C and F fixed on tle 
tide AD. 

There is alſo an index GH, with fights, which, when there is 
orcalicn, can be joined to the inſtrument, and made to mor* 
about the centre A. 


RO B. III. 


O deſcribe the conſtruction and uſe of a line of 
chords, and of a line of equal parts, 
jt 
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It is often neceſſary to lay down a figure on paper, like to Pazr J. 


The line of chords is made thus: Let BAC be a quarter of a 
circle, and join BC, and divide the arch BC into go degrees : 


| Then from C transfer the diſtances of the divitions to the ſtraight 
| line CB. and mark them with the degrees in the correſponding 
arch. The chord of 60 degrees being the fide of an inſerihed 


«& © 


hexagon, is equal to the radius of the circle, by cor. to the 


| 35th of 4th B. o El. 


f now the angle EDF is to be meaſured, take the chord of 
= 


1 © Tp 
{tance the 


1 
44 


arch FG. Then, if the diſtance FQ applied on the line of 


4414859 


| chords, from C towards B, gives 259, this all be the meaſure 
of the angle propoſed. 


Wheu an obtuſe angle KDE is to bz meaſured, produce KD 
to F, and meaſure its ſupplement F DE, and then KDE will be 


But if an angle of 50% is to be made at a given point M, in 


the line KL, from the centre M, wiih the diſtance MN, equal to 
| the chord of 60, deſcribe the arch NR. Take 5e from che 
| line of chords, and make NR equal to it, and join MR,; and 


it is plain, that NMR is an angle of 58. 
The line of equal parts is made by taking any convenient 


| diſtance for one of the parts, and laying it on the line, from one 
end to the other; after which, one of the parts is uſuully ſub- 


divided into 10 equal parts. From ſuch a ſcale, any number 


| leſs than 100, may be taken, by calling each of the greate: 
diviſions 10, and each of the lefs divitons one, 


If upon one fide of the line, thus divided, there be drawn 


| ten others, at equal diſtances from one another, perpendiculars 


to the divided line, through the larger dis iſions, will divide 
them all; and if one of the ſpaces between the perpendiculars 
of the two outermoſt lines, be each divided into ten equal parts, 
and from the end of one of them a line be drawn to the fir 


| diviſion of the other, and the reſt of the diviſions be joined in 


their order, a diagonal ſcale will be made, from which any 
number leſs than a thouſand may be taken. 

Theſe lines, with ſeveral others, as lines of fines, tangents, 
and ſecants, are uſually marked on the ſcales uſed by artiſts. 


But they are moſt convenient for uſe, when placed on a ſector, 


which is a jointed ſcale, like a carpenter's rule; for by means o! 


u, an arch may be made of a given number of degrees to any 


radius, and diſtances may be taken greater or Jeſs, without 
altering their ratios ; this is done, by opening the ſector, and ex- 
ding the compaſles from the number on one of the legs, to the 
ume number on the other, 


PROB, 


another figure, for which purpoſe, theſe lines are required, i 
order to make their angles equal, and their ſides proportionals. 


Fig- 4+ 


Fig. 5. 
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| 318 PRACTICAL 


PR O B. Iv. 


CES 10 lay down on paper, a recilineal figure fine 
pl. J. to a given rectilineal figure. 
Fig. 8. 


For example, ſuppoſe the given fgure a quadrilateral, 9 
which one ſide is 23; feet, and the angle which it makas with 
the f:cond fide 849, aud the ſecond fide 2 BY feet, and the a; 
contained by it and the third ſide 529, and the third fide 291 fee 

me part repreſenting a foot, is to be ben greater or lets, 

cording as you would have your figure greater or leſs. In ting 
figure the ech part of an inch is taken for a foot. Draw ay 
Araight line AB, and take 235 feet from the ſcale, and place 2 it 
from A to B, which determines its length ; at B make, by Prob. 
3. an angle ABC of 849, and make BC 288 parts, in the {me 
manner with AB. 1225 make the angle BCD 729, and the 61+ 
D 204 parts, and join AD, and it will complete the ſiguce. 
And the angles at A and D can be meatured as in the laſt problet m, 
and the fide AD by the line of equal parts. In the fame mas. 
ner may a figure be drawn fimilar to any given figure. 

Cok. Hence, any problem in Plane Trigonometry may be re- 
ſolved by delineating the figure, as in this problem, K then 
meaſuring the unknown ſides and angles. 


ROB. V. 


. 1. 1 deſcribe the manner in wlich angles are mes- 


Fig. 5. 


tured by the Quadrant, 


Let the angle RAI, in a vertical plane, contained by the line 
AH Parallel to the horizon, and AR coming from ſome c- 
markable point of a tower or hill, or from the ſun, moon, or a 
ttar, be the angle to be meaſured. Hold the quadrant with the 
Ib DCB downward, ſo that the eye at D may fee the 77. 
R through the fiyhts in the fide AD, and the degrees a:.d 1 
nutes in the arch BG between the law and plummet, and * the 
fartheſt end of the limb will mezfure the angle RAII. For 
from the make of the quadr ant, DAB is a right angle, cherefoic 
BAR is a right angle; and CAH is a right angle, for AC is 
nerpendicnlar to the horizon; therefore, ta King away the common 
angle BAH, the rt maini: ig angle HAR 1s equal to rhe remaining 
angle BAC, of which the meaſure is BC. Hence the argle 
DAG is e equal to the angle RZ. 

To take an angle of depretfion, as EAF, With the eye at A 


the c-ntre of the quairant, lock through the lights on the fide AU 
£0 


3 
1 
J 
J 
N 


GEOMETRY; 319 


te the object F. Then the arch BC is the meaſure of the angie Parr I. 
EAF; for each of the angles CAE, BAF being right ang les, — 
take away the angle DAC, which is common, and the angle 


BAC is equal to EAF, 


F 
To meaſure an acceſſible height AB, by the f Pl. . 


Lig. 20 
. P 8 0 
Let the inſtrument lean on a ſupport of a known Ry and 


be directed towards A, fo that the ſummet A may be feen 
through the fights, in one of the fides, as KL, and the plummer 
hanging freely, let it cut the fide KN neareit to the eye in N. 
Then, becauſe LN is parallel to AC, the angles KL, K AC are 
equal , and LKN, ACK are right angles; therefore the triaugles a 29. t. E. 
LEN, ACK are equiangular; and NK is to KL, as * KC to CA. b 4. 6. I. 
Suppoſe the diſtance CK 96 feet, and KN 80 parts, then, as So is 
10 100, ſo is 96 to 120; which the rc ſore is CA. 
But if the obſerver be at G, ſuch a diſtance, that the plum- 
met line paſſes through the angle P, oppoſite to H the centre; 
then, becauſe PG is equal to GH, GC 1s alfo equal to CA, 
But let the diſtance BF or LY. be 300 feet, and let the plum- 
line cut off 40 parts from the fide Sl oppoſite to the iights. 
Then the angle SIZ. is equal * to QZ, that is, to QA C: and à 29. 1. E. 
ZI, QCA are right angles, aig re the triangles ZS], 0 
are equiangular ©; and VA js to Sl, as QC to GA; j that i is, as c 3 2. 1. E. 
100 to 40, io is 309 o 128653 wiuch therefore is the height of 
the object. 
Note, If the heiglit of a tower to be meaſured end in a I N Fig. 11. 
as fig. 11, half the brezdth or thickneſs BD of the tower i 165 
be added ro CD the diſtance of the obſerver from the tower, 
to get his diſtance from the foot of the perpendicular AE. 


r 


To meaſure an acceſſible height by the quadranc. F. I. 
> 


Find the angle C by the quadrant, às was directed in the 4th 
Prob. and meaſure CB, Then in the triangle ACB, right 
angled at B, are given CB, and the angle ai C, to find BA: 
Wherefore, as R is to the tang. C, fo is CB to BA. 
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P NO B. VIII. 
Parr I. O meaſure an acceſſible height AB by means of x 
ir tt plane mirror. 
Fig. 13. Let the mirror be at C, in the horizontal plane BD; and let 


the obſerver go back to D, till he ſee the image of the ſummit 
in the mirror, at a certain point of it, which he muſt carefully 
mark; and let DE be the height of the obſerver's eye; then the 
angles DCE, ACB of incidence and reflection are equal, as i; 
demonſtrated in opties; and CDE, CBA are right angles; 
a 4. 6. E. wherefore, as CD to DE, ſo a is CB to BA. 
Note, Initzad of a mirror, the ſurface of water may be uſed, 


P RO B. IX. 


Fl. 1. 
Fig. 14. two ſtaffs. 

Let the longer aff DE be ſixed perpendicularly in the ground, 
and move the ſhorter one FG backward, until the ſummit be 
ſeen over the ends F, I of the two ſtaffs : and let DC, FH be 
parallel to the horizon, or to GB. Then the angle DEF ;; 
2 29. 1. E. equal * to ADC; and DHF, ACD are right angles; theretore 
b 4.6. E. FH is to HD, asd DC to CA; to which, if DE be added, the 
ſum 15 AB. 

Note, Many other methods might have been mentioned. For 
example, let EC be a ſtaff erected perpendicular to the horizon, 
and EF its ſhadow, and let BD be the ſhadow of the height AB: 
Then, AD, CF being parallel, the angle CFE is equal * to ADE; 
and CEF, ABD are right angles; therefore, as FE to EC, ſo is 
DB to BA®. And this is the caſe, if BD, EF be equally in- 
clined to the horizon, as well as when they are parallel to it. 


Fig. 15, 


PROB. X. 


# Ys meaſure an inacceſſible height AB by the Qua- 
1 drant. ; 


Chuſe the plane DC parallel to the horizon, and meaſure any 

diſtance DC in a ſtraight line with the perpendicular AB; and 

at C take the angle ACB, and at D take the angle ADC: and 

2 32. 3, F. hecauſe the angle ACB is equal to the angles CDA, DAC“, 
the angle DAC is given; therefore, by the 3d Prop. of Pl. 
Trig. as the fin. DAC to the fin, ADC, ſo is DC to CA, which 


Can 


O meaiure an acceſible height AB by means ol 
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:an therefore be found. And in the triangle ACB, right angled Parr I. 


at B, by the 1ſt Propoſition of Plane Trigonometry, as as R to 
ſin. ACB, ſo is CA to AB. 


NO. AL 


O meaſure an inacceſſible height AB, by means Pl. 1. | 'q 
of two itails, Fig. 17. 


Let the obſervation be firſt made with the two ſtaffs DE and 14 
FG, as in Prob. 8. then go off in a ſtraight line from the height | 
and firſt ſtation, to a ſecond tation, and there place the longer We 
ſtaff perpendicularly at RN, and then the ſhorter ſtaff at KO, 
ſo that the ſummit A may be ſeen along their tops: Join RF, 
ND, and draw NP parallel to AF; therefore the angle KNP 1s 
equal * toKAF; and AKF 1s common to the triangles NKP, a 29. 1. E. 
AKF; therefore, as KP: PN:: KF: FA but 3 the tri- b 4. 6. E. 
angles PNL, Fs are ſimilar, PN: NIL. FA: AS; therefore, 
by equality ©, KP: NL: : KF : AS; therefore AS is found, to c 22. 5. E. 
which add 88 the heiglit of the ſhorter ſtaff, and the ſum is the 
inacceſſible height AB. 

Note, In the ſame manner may an inacceſſible height he found 
by the ſquare, or a ſpeculum, or by the geometrical crols. 


TIT SETS - 


PROB. XII. 


ROM the top of a given height AB, to meaſure Pl. I. 
the diſtance BC. Fig. 18. 


Let the angle of depreſſion DAC be taken, as in Prob. 4. 
and becauſe AD is parallel to BC, the angle ACB is equal * to a 29. 1. E. 
DAC; therefore, in the triangle ABC, right angled at B, are 
given AB, and the angle C, to find BC; wherefore, as the tan- 
gent C: R:: AB: BC. 

To do the ſame by the ſquare, place it ſo that C may be ſeen Pl. II. 
through the fights, and obſerve how many parts are cut off by Fig. 19- 
the perpendicular : then the triangles AEF, ABC are ſimilar; 
therefore, as EF: EA:: AB: BC b, b 4. 6. E. 


P RO B. XIII. 


O meaſure the diſtance of two places A and B, 15 II. 
one of which A is acceſſible, 1g. 20. 


Ss Take 
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Pau r I, 
WW VS meaſure AC. Place the theodolite at A, and direct the fi, ht. 


Fig. 21. 


a 4. 6. E. 


Fig. 


22. 


. 23. 


24. 


P RAC TIC A L 
Take any ſtation C, from which both A and B are ſeen, / 


B, and then to C, and mark the degrees and parts of a dey 
on the limb between them, and they will be the meaſure of 
angle BAC : take, in the ſame manner, the angle ACB; t 
the angle at B is known ; therefore, by Prop. 3. Pi. 1. 
fin. B: fin. C:: CA: AB, which will therefore be found. 

To do the ſame by the ſquare, place the ſquare horizont: 
at A, with the index on it, and direct the fights of the {qu 
along AB, and the ſights of the index along the other (id; 
the {quare, and Wers ve through them ſome acceſſible mark 
then meaſure AC; ; and placing the ſquare at C, direct its fi, 
to A, and the fights of the index to B. If the index cut 
fide RK adjacent to the lights, as at K, then CR: RK: : C 
AB. But if the inden cut the ſide SL parallel to the ſi, 
as at L, then LS: SC: : CA: AG, the diſtance ſought, wi 
will therefore be found. 

To do the ſame by four ſtaffs. Fix a ſtaff C, in the [ 
ſtraight line with A and B, and dra the lines AH, CE pa 
lel to one another, or perpendicular to CB; and plage a 
at any point H of AH, and fiad the point K of CK, hig 
in a ſtraight line with II and B, there fix a ſtaff, and meu 
AH, CK; and if TG be paralle el to CA, the triangles :{ 
HAB are fimilar ; therefore KG : GH or CA: 3 AB 

Note, A Uraight line may be drawn 1a the geld, perpe nd 
lar to another Cil, from the point A, by making AB 45 
AD, and fixing the ends ct a line at B and D, the middle 
of which has been previouſly marked; then let the line 
ſtretched by the middle E, until both parts cf it are equ 
ſtretched, and fix a ſtaff at E: and the firaight line Al 
perpendicular to CH. In a manner fmilar to this, may 
problem that can be reſolved upon paper, by a ſcale and c 
paſſes, be done by ropes cr cords in the field. 

A ſhort diſtance may be meaſured thus: Draw AC per 
dicular to AB; and from C draw CD perpendicular to 
meeting BA in D: Then DA: AC:: AC: AB. Or 
may be a ſtaff ereced at A, and a maſon's ſquare being 
on C, direct one of the fides towards B, and mark the poir 
of the ground to which the other fide is directed. 


PROB. XIV. 


O meaſure the diitance of two places, A anc 
neither of which is acceſſible. 
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GEOMETRY. 


Chuſe two ations C and D, from each of which, the places 
A and B may be ſeen ; and let the angles ACB, BCD, and BDA, 
ADC be taken with the theodolite, and meaſure the diſtance CD, 
or find it by ſome of the preceding problems. Then, 1n the tri- 
angle ACD, are given the angles, and the fide CD, to find 
AD, therefore fin. CAD : fin. ACD : : CD: DA. In like 
manner, in the triangle BCD, all the angles are given, and the 
ide CD, to find DB; therefore ſin. CBD : fin. BCD : : CD 
DB. Then in the triangle ADB, are given AD and DB, and 
the angle ADB; therefore, by Prop. 4. Pl. Trig. the ſum of 
AD, DB is to their difference, as the tangent of 4 the ſum of 
DAB, DBA to the tangent of + their difference; whence theſe 
angles may be found, by Lem. 4. of Pl. Trig. and then fin, 
ABD: fin. ADB :: DA: AB, the diftance to be found. 

Note, It is not neceſſary that the points A, B. C, and D, be 


in one plane, but if they be not, tue angles AC, CDE mult 
be taken with the theodolite, 


FRO. B. XV. 


O meaſure a height AF placed on a fteep, fo that 


one can neither: go near it, on a horizontal plane, 
nor recede from it. 


Chuſe any two ſtations C and D, and find the angles ACD. 
and ADC, by the theodolite, and meaſure the diſtance CD 
alſo with the quadrant, find the angles ACB and FCB. Then 
in the triangle AC, the auler are known, and the fide CD; 
therefore tin. CAD : fin. ADU De: CA: and becauſe AGB 
is KNOWN, its complement CAB is known; and FCB is known, 
therefore ACF is known: Wherefore, all the angles of the tr: 
angle ACF are given, and 1 fide CA, to find AF; and fin. 
AFC : in. ACF : : CA: AF, the height required. 


. 


O find how much one place is more clevated than 
another. 


Here a level and pcles ore nſed. Let the poles ab, cd, ef be 
erected perpendicular to the horizon. Then let the level be 
placed horiz zontally between he poles ab, and ca, aud mark the 
points b and c of the a which are ſeen in a ſtraight line 
through t the fight s of the 12. NP3: Y!2ce in the fame manner the 
level bety een the poles cd, and ef, and mark the points d and e 
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Fig. 28. 
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upon them; and ſo on, until you arrive at the top A, Thc; 
meaſure ab, cd, ef, and add them together, and the ſum is the 
elevation of A above the place a; that is, it is equal to the 
height AB. Likewiſe the diſtances be, de, fA, added together, 
* the horizontal diſtance of A from a; that is, they give 
E _ 

Cor. Hence the angle of elevation BaA, and the hypotenuſe 
2A may be found by Trigonometry. | 

Note 1. Sometimes the angles of elevation are taken from 
ſtation to ſtation, and the diſtances meaſured on the ground, by 
which means, between each {tation there is formed a triangle, 
of which the hypotenuſe and the angle at the baſe are given, to 
find the baſe and perpendicular by Trigonometry. 

Note 2. The level ought to be very accurate, and the fight; 
ſitted with a teleſcope: and if the diitance be great, an allow. 
ance muſt be made for the rotundity of the earth, at the rate of 
7.99 inches for every mile mcafured on the earth; that is, the 
level at à mile's diſtance is 7.96 inches lower than what is found 
by the level. 

Note 3. It is not neceſſary to go in a ſtraight line from one 
of the places to the other, but every two ſucceffive ilations may 
be taken in the moſt convenient direction. 


PRO B. . 


0 find the diameter of the earth, from one ob- 
ſervation. 


Let a high hill AB be choſen near the ſea; and let the height 
of it be found as exactly as poſſible, by ſome of the foregoing 
methods. Then with a very exact quadrant, that can take a: 
angle to ſeconds, find the angle ABE contained by the perpendi- 
cuiar AB, and the viſual line BE, which touches the earth at 
E: and let AF be perpendicular to AB. Then, in the triangle 
ABF. right angled at A, are given AB, and the angle ABE, t9 
find AF and FB; and R: tan. B:: BA: AF, and R: ſec. B: 
AR : BF; therefore AF and FB are found: and AF is equal * 
to FE, therefore BE is known. But the ſquare of BE is equal 
to the rectangle AB, BD; and AB is given, therefore BD can 
be found; from which, ſubtracting BA, the remainder AD :: 
the diameter of the earth, 

Note, There are many other methods of meaſuring the diame- 
ter of the earth, but they do not belong to this place: the late! 
attempts make the mean diameter to be 7913 Engliſh mules, 
though it was formerly determined, to be about 7970 miles. 


Or 
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iN ſurveying land, we uſe the chain for meaſuring lines ; and Pant 
in uling 1t, there are 10 arrows, or long pins ; and when the \ AAS 


chain is ſtretched, the follower directs the leader into the 
ſtraight line which is to be meaſured, and there the leader 
fixes an arrow in the ground, and goes forward, and when 
the follower comes to the arrow, he again directs the leader 
into the ſtraight line to be meaſured, who then fixes another 
arrow in the ground, and procceds, by which means they are 
enabled to meaſure any dittance, without danger of miſtaking 
the number cf chains. There is alſo an offsct-ſtaff, 10 links 
long, and divided into 16 equal parts, for mealuring the di- 
ſtances of the hedges, and other things from the ſtraight line 
meaſured by the chain; but care muſt be taken, to enter theſe 
{mall diſtances: in the fidld-book, with ſuch remarks as halt 
readily point out their ſituation, and diſtinguiſh them from 
one another. 

The angles are to be taken with the theodolite; and like- 
wife the elevation of the lines meaſured, when they are not 
parallel to the horizon, and then they ought to be reduced 
to horizontal lines, before they be entered in the fie!3-Look ; 
or elle their elevations ought to be {9 entered, that they may b 


enſily known, and reduced afterwards, by the tollowing 


. 


For reducing Incliued Lines to Horizontal ones, 


Deg. o:]Lin Deg. oh Lin Deg. Lm. Deg. ol Lm. (Deg. Lis. 
elev. ub. eiev. Sub. er.. Lev. uh elev. Sub 
4-05 4 14.0 3 13.0 29.84 3 34.01 13 

8.73 + 16.26 4 | 24.50 | 9 | 30.68 [1435.90 [19 
7.02 4 | 18.20 5 25.84 10 J 31.79 15 20.37 280 
8.11 | 1 19.95 6 | 27.13 [11 32.86 16 37.81 
11.48 | 2 | 21.56 | 7 28.36 [12 33.90 | 17 | 338.74 | 22 


Suppoſe the inclined line really to meaſure 1107 links, and the 
angle of elevation to be 19% 95. Then looking in the Table 
avainſt 19%. 95, I find 6 links, which multipl:ed by 11, is 66; 
and this ſubtracted from 1107, leaves 1041, the true horizontal 


length to be laid down in the plan. 
| After 
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PRACTICAL 
After this, the field is to be delineated on paper, by a line of 


Anv- chords, and a line of equal parts: and the arca is to be found 


1 
Fig. 29 


by the problems in the ſecond part. 

Small fields are very eaſily ſurveyed by the help of a plane 
table, which is a rectangular board, ſapported by a fulcrum, { 
as to turn every way, by means of a ball and ſocket. It has x 
moveadie frame "ſurrounding it, for keeping the paper laid on i: 
tiglit to it: one fids of the frame is divided into equal parts, all 
round it, and the other ſide is divided into 360 degrees, by 
ines Cirected to a point in the middle of the board. The board 
has alſo a cumpals, and a large index, with either teleſcopic cr 
open ſights. 


PRO B... XVIII. 


110 delincate a fcid, by the help of a plane table, 
from one Ration fo taken, that all the angles 
may be ſeen from it, and their diſtances meaſured. 


Let the field be ABC DT. Let the table be erected at any 


convenient place, and ſix the paper on it, in which let ſome 


point F be taken near the middle, to reprefent the ſtation. 


Ihen applying the inden to this point, direct it to one of the 
angles, as A, and from F draw a faint line along the edge of 
the. index. Then meature. the diſt ance ot that angle from the 


eee, parts, and at its end 5 a niark to repreſent the angle 
A of the field, The ſame is to be done with the reſt of the 
angles, 24 with every rcmarkable point necetlary to be put o. 
the plan. And if the marks repreſenting the angles be joined, 
the ſigure on the table will be ſimilar to the field, by the 5th 
Prop. B. 6. of Euclid. 

Con, It is evident, that the ſame thing may be done by tie 
theodolite; for having taken all the angles at the point F, anc 
meaſured the lines from the ation to the angles of the fiele, 
draw triangles fiinilar to theſe on the paper, and the figure thy; 
made will repreſent the field. But the orgies muſt he examine, 
for they ſhould be together 360?, by the 32d. B. I. of Eucl. 

Note, 'The ſurveyer ſhould have a field- bock ruled in colum!s*, 
in which he is to place diſtinctly all the angles and fides, and tl 
oſtaets, croſs-hedges, houſes, ponds, ſtiles, brooks, &c. 


PR.OB, 


GEOME TRT. 


PN. 


O lay down a field, by means of two ſtations, 
from each of which all the angles can be ſeen. 


Place the inſtrument at the ſtation F, and having choſen a 
point on the paper upon the table, to repreſent it, apply the 
index to it, and direct it ſucceſſively to all the angles, and draw 
lines along its edge: Then direct the index to the other ſtation 
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Par I. 
5 


Fig. zo. 
Pl. II. 


G, and draw a line, on which tet off the diſtance of the ſtations. 


from a line of equal parts. Next remove the inſtrument to the 
ſtation G, and applying the index to the line joining F and G, 
turn the inſtrument until the firit ſtation is ſeen through the 
lights; there fix the inſtrument, and applying the index to G, 
direct it to all the angles, and draw lines as before: and the in- 
ter ſlection of the lines drawn to the fame angle will repreſent 
that angle: and lines joining theſe interſections will form a 
tirure like the field. 

Cok. It is evident, that the fame may he eaſily done by the 
theodolite, by taking the angles which the line between the ſt1 
tions makes with the nearelt angles of the field, and the angle; 
at the {tations ſubtended by the tides of the field; and this is the 
common way, eſpecially in laying down large fields, farms, or 
eſtates. 

Note, Great care ſhould be taken in chuſing the ſtations; 
their diſtance ſhould not be too imall, nor the angles ſubtendee 
by it, at the corners of the ſieid, very acute, or very obtuſe. 


PRO B. XX. 
4 
O lay down a field by going round it. 


Let ABCEDHG be the field. In going round 35, meaſure its 
ſides, and take its angles with the thecdelite. Then let a figure, 
fmilar to it, be drawn upon paper. If there be a mountain or 
hollow in any ſide, its horizontal diſtance is to be taken, and the 
place of the mountain is to be ſhaled. If any place within the 
field, as F, is to be laid down, take the angles BF and ABF, 
or rather meaſure Aff and BY, and lay down the triangle AFB. 

Note 1. Be careful to diſtinguiſh exterior angles, as E and 
G, that they may be made ſuch on the plan. And to know it 
the angles be right, ſubtract each of the exterior angles from 
360 degrees, and add the remainders to the other angles and 

208 
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Paar I. 360 degrees; the ſum divided by go degrees, gives twice tl; 
number of ſides *. 


a Cor. 32. 
1. E 


PI. II. 
Fig. 32. 


FRO B. XI. 


Þo lay down a plane field with the chain. 


Meaſure round it, and likewiſe meaſure lines acrofs, fron 
corner to corner, fo as to divide it into triangles. Or after 
meaſuring round it, meaſure the diſtance of ſome ſtation C, 
from its ſeveral angles, then lay dowa one of the triangles, as 
AB, and upon BC deſcribe the next triangle BCD, and ſo 
on ; then, becauſe each triangle on the paper is ſimilar to that in 
the field, the whole is like the whole. 


SCHOLIUM:; 


F the field be ſmall, and all its angles can be ſeen from one 
Ration, it is to be meaſured by Prob, 18. If it be large, 
and great exactneſs is not required, it may be meaſured by 
Prob. 19. of this. But in fields that are irregular, or moun- 
tainous, we are to proceed as in Prob. 21. of this, and the 20th 
Problem may be ſometimes of uſe, for we can truſt more to the 
meaſuring of ſides, than to the obſerving of angles. 

It is neceffary to take the bearing of ſome line in the field, 
by the compaſs, in order to give it its true ſituation on the 
paper, and to connect it properly with the adjacent fields. 

After the figure is drawn upon paper, with the ſcale and 
compaſſes, it is to be transferred to clean paper, by laying the 
draught upon the clean paper, and marking the angles, and 
remarkable points, with the point of a ſmall needle, by mean: 
of which points it can be drawn anew ; and then Jet the Whole 
be illuminated, by colours proper to each part, and make 3 
compaſs in ſome convenient part of it, and a ſcale in the 
margin, 
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3 tf Cortina lionel aſur 1th un 12 r fans. > * 
8. 19 a}: lt 122 1a mea ure WL. LS. wt 13 11.5 Lia bin, Een is 
ade of which is an inch in length; 144 fg. a 
nf _— * * i g 7 a , 2 * . 0 . "ES . — — þ 2 0:21 - 
ſquare foot; g !quare Jeet make a ſquare yard; 304 [quare yarcs 
« pole; 49 poles a 100d; and 4 roods an acre. 


1 


in Scotland, they meaſure land by the ſquare ei, which con- 
tains 1369 of the Scots ſquare inches, or 13 ;33. 84 Lagliſa ſquare 


4 4 


inches: 30 ſquare ells make a fall; — falls a rod, and 4 a 
an acre. But ſurveyers in Scotland often make the Scots ell to 
tonſiſt of 37 Englith inches; and thus make the acre too little, 
by 593-6 Engli h ſquare feet ; for the Scots acre is to the Eugliln, 
as 10, Oo to 78, 694. 6 actes. arable land, make a huſband- land . 


13 acres an oxgate; 4 oxgate a pound-land, and 5 oxgate a forty- 4 
it) ullin g land. 4 

In meafuring land by the chain, the dimenſions are expreſicd 4 
in links, and the contents in ſquare links. Now, the chain being « 
100 links, a ſquare cinain is 10,000 ſquare links, and 159 ons 7 
chains, or 10, oco ſquare links make an acre ; therefore, to: j 


duce? Iquare links to acres, cut off 5 decimal places, and the re! 
Ace acres: and the decimals may be reduced to roods, by multi- 
plying by 4, and cutting off the ſame number of decimals fr. 
the product; and ſo on. 

The French Aer contains 32, 400 ſquare ſeet of Paris, and 
is equal to 3.37 Eugliſh roods. 


= 
1 — 


— * 


K 0 B. 1. 


To find the area of a rectangle ABCD. l. Hf. 


Let the fide AB, for example, be 5 ſeet, and let it be divided 
into 5 equal parts, one of which 1s AG; and let AE be equal ty 
AG, and complete the parallelograms GE, EB. Then the rect- 
angle EG: EB:: AG: AB , that is, as 1 to 5; therefore EB a 1. 6. L 
's 5 times EG. Let AD be three feet; then, becauſe BE : 
BD: : AE: AD, that is, as 1 to 3 BD is 3 times BE, and 
BE is 5 times EG; therefore BD is 15 times EG. Thera- 
ore the area is found, by multiplying the length by the breadth. 
Cor. If the parallelogr am be not a rectangle, it is equal to a 
rectangle, on the ſame baſe, and between the lame parallels e; *;b3t 1.3, 
T | therefore, 
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ParTII. therefore, multiply its baſe AB into its perpendicular height 
Abd, (not into its fide AH), and the product is the area, 


F-R Q B. II. 


Pl. III. | 
Fig. 2. 'To find the area of a triangle. 


a 41. 1. E. A triangle being the half * of a rectangle upon the ſame batc 
with it, and between the ſame parallels: Therefore, from the 
angle A, draw AD, perpendicular to the oppoſite fide BC, ard 
meaſure BU and AD. Then multiply one of them by the halt 
of the other, or multiply the two together, and take the half 
of the product. Thus, if BC be 9g feet long, and AD 6 feet, 

the area of the triangle will be 27 ſquare feet. 

When the three ſides are given, the perpendicular may be 
found, by protracting the triangle, and meaſuring the perpendi- 
cular upon the fame ſcale, or it may be found by the 12th and 
13th 2. Eucl. or by Trigonometry. | 


. 


FL III. II ſides of a triangle being given to find the 
8.3 area, without finding the perpendicular. 


Let ABC ve the triangle, and make AD equal to AC, and 

2 10. 1. E. AE to AB, and join DC, BE, and aifct “ DOC in F, and join 
b ;3r. 1. E. AF, meeting BE in G, and draw © F- L parallel to BC, meet? 
u 34. 1. E. AB, BE in K, I.; and LB is equal ® to VG or DF: and becauſ: 
c 2. 6. E. AD is equal to AC, and DB to CT., BJ is parallel to DC ©: 
d D. 3. E. and becaule DC is double ot DF, DB is double of DK ©, and 
BC or LF double of FK, and BE, of BG: and becauſe BA, AG 

are equal to EA, AG, and the baſe BG 1s equal to GE; the 

e 8. t. E. angle BAG is equal © to GAE, and the angle BGA to 
1 4. 1. E. EGA; therefore they are right angles, and the circle defcri- 
bed from the centre K, at the diſtance KF, ſhall paſs through 

g 2. Cor, Gs; let this be the circle FGL, meeting AB in H, M; there- 
A. 3. E. fore BM is equal to FL, or BC the baſe: and becauſe AD is equal 
to AC, and DK to KB, AK is half the ſum of AB, AC; and 

KH 1s the half of BC; therefore AH is half the perimeter, and 

AM 1s its exceſs above EM or BC: alſo, becauſe HK is equal to 

KM, and ED to KB, BM is equal to HD the exceſs of AH 

above AD or AC, and HB is its exceſs above AB: But the 

TD rectangle 


* 
* 


ic 
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rectangle HB, BM is equal * to the rectangle GB, BL, or GB, Parr II. 
DF; and the rectangle HA, AM 1s equal to the reQangle GA, LYN 
AF !: and becauſe BG is equal to GE, the triangle ABE is of 5 3. E. 
equal u to the rectangle BG, GA, and the triangle CBE to the | 21 30s 
rectangle BG, GF; therefore the triangle ABC is equal to the m1. 1. E. 
rectangle BG, AF: and becauſe BG is to GA, as DF to FA ®",n.s.E. 
the rectangle BG, AF is equal ® to the rectangle AG, DF: But, 6. 6. E. 
as the rectangle GA, AF to BG, AF, ſo is AG to GB p, and ſop 1.6, E, 
is AG, DF or BG, AF to BG, DF: and the rectangle GA, 

AF is equal to HA, AM; and BG, AF to the triangle ABC; 

and BG, DF to HB, BM; that is, the triangle is a mean pro- 
portional between the rectangle contained by half the perimeter, 

and its exceſs above the baſe, and the rectangle contained hy the 

exceſſes of half the perimeter above the other two ſides. MWhere- 

fore, add tlie three ſides together, and from half the ſum, ſub- 

tract the ſides ſeparately; then multiply the half ſum, and the 

three differences into one another, and the ſquare-root of the pro- 

duct is the area of the triangle. For example, let the ſides be 

10, 17, and 21; the half of their fum is 24, and its exceſſes 

above the files are 14, 7, and 3; and 24 multiplied by 3, and the 

product by 7, and this laſt product by 14, gives 7056; tae 
{quare-root of which 84 is the area. 


. 


1 O find the area ONS 1 rectilineal figure. 


Yar 


find the area of each of the triangles, by the 2d or 3d Prob. and 
the ſum of theſe areas will be the area of the figure. 

If the figure be quadrilateral, and have two files parallel Fig. s. 
to one another, multiply half the ſum of the parallel des by 
the perpendicular drawn from one of them to the ciher, and 
the product is the avea, For example, let the parallel fides be 
14 and 12, . the perpendicular 15, then 15 multiplicd by 13, 
which is half the ſum of 14 and 12, gives 195 for it; area, 

Note, It a 8000 is to be meaſured, let it fit be laid down 
on paper, and divided into triangles ; then eny line, or the di- 
ſtance of two points of it, may be mealured, by bh ing it to 
the ſcale from which the figure 1 drawn. Bat the ſcale gives 
the horizontal line, or the neareſt diſtance between two points, 
and not their diſtance in the field, which is commonly uneven; 
if this be wanted, it muſt be meaſured in the field. But the 
horizontel plane, on which an uneven or hilly ſield ſtands, is 

Tt2 has 


Divide the figure into triangles, by joining its angles; and 
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Parc If, chat upon Which buildings are erected, and is that alone which 
ASS occunicd by trees or corn. 


p R O B. V. . 
Pl. III. T . 
Fig. 6. O fad the area of a regular polygon ABEFGET, 


7 
et C be the centre of the circle deſcribed about the phly gor, 5 
] and it is evident, from 12. 4. E, that all the perpendicnizr 
drawn from C to the fides are equal; therefore, it lines be - 
| drawn from C to the angles, the polygon will be reſolved in:“ 5 
as many equal triangles as it has ſides; and ſince the product o. 5 
the perpendicular into the half of one of the {ide is the are 8 
| of one of the triangles, the product of the perpendicular into tt 
| nalf the ſum of the lides, will be the fum of tie triangles; that 
| is, the polygon. Vierefore, multiply half the perimeter, by . 
f the perpendicular from the centre to one of the nides; the pro- _ 
duct 15 tie area. 5 
| Gon. Since 90 Cegrees, multiplied by the number of <4: | 
2 Cor. 32. wanting wo, 15 alf the ſum of the augles ot the ſigure ?, it this FS 
. E. product be divided by the rumber of fides, the quotient is cu 75 
| of the angles at the baſe of the triangles, as CAB: and, ty ” 
| Prigonometry, R: tan. CAB:: 1 AB: perpendicular CD. 8 
| By tis corollary, and the problem, the following table was con- 
| ſtructed, when tlie fide is unit: and by it the area may be 2 
| ound, by multiplying the tzaalar number by the ſquare ct S 
the f15e. b 
| . | | SEE | | th 
| Names. 4 po ie ane Ak jferpendiculars Areas. 22 
Equilat. triang.| 3 120% [389 C. 2886752 [0.433027 
| Square, 2 90 45 | 09-5c99coo | 1.050000: 
| [Pentagon, 5 8 72 540.6881910 1.720477 4 
{ Hexagon. 6 60 | Go | ©c.8660254 | 2.5980762 
[Heptagon, 7 515 647 1.836260 | 3.63391 24 ; 
F | 8 45 91% 3 4.828427 15 
| Nonag on, 9 40 78 1.373738 6.181824 fo 
j Decagon. 19 36 72 [1.538848 76942088 di 
| {Undecagon. II 3271 7355 1-7025439 | 9.3656399 Fe 
Dodecagon. | 12 | 30 | 75 | 1.8660252 11.196132. 7, 
| | 18 
Let the fide of a regular hexagon be 14; the ſquare of the 
| fide is 196, which, multiplied by 2.920762, gives 509.2229337 ut 


| for the area of the hezagon, 
| PROB. 
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by 
10 find the area of a circle, 


Let ADCE be the circle, of which the radius AB is 7, and 
the circumference 44. Multiply 22, the half of the circumfe- 
rence, by 7, and the product 154 is the area of the circle“ 

Cor. 1. Becauſe the radius is to the half of the circumfe- 
rence, as I to 2.1416, as was ſhewn at the end of Plane Trigo- 
nometry; it is manifeſt, that the * of the radius is to the 
area of the circle, as r to 3.1416, and therefore the area is 
equal © to the ſquare of the radius, multiplied by 3.1416, or to 
the ſquare of the diameter, multiplied by .q9854 the fourth 
part of 3.1416, becauſe the ſquare of the diameter is four 
times d the ſquare of the radius. Thus, if the diameter be 14, 
its ſquare 196, multiplied by. 7854, gives 153.9384 for the 
area of the circle. 

Note, When the diameter is 1, the circumference has been 
found to be 3.141 5, 26535, 89793, 23846, 26433, 83279, 50288, 
41971, 69399, 37510, 58209, 74944, 59230. 1864, 06286, 20899. 
86289, 34825, 3421, f Ke. And therefore, if very great 
accuracy is required, ule this number inſtead of 3.1416. 

Cor. 2. Hence, it appears, that the area of any ſeQor of a 
circle, as ABC, is found, by multiplymg the half of the arch, 
by the redius; and that the area of the ſegment ADC is gor 
by ſubtracting the area of the triangle ABC, from the area 6: 
the ſector. 


il. 
To find the arca of an ellipſe. 


It is proved, by the writers on Come Sections, that an ep? 
is a mean proportional between the circles, which have its axcs 
for their diameters. Therefore, multiply the product of the 
diameters by .7354, and the product is the area of the ellipſe. 
For example, let the greater axis BD be 10, and the lefler AQ 
q, their product 70, multiplied by. 7854, gives 54.978, which 
is the area of the ellipſe. 

Cor. Hence, as one of the axes is to the other, ſo is the circle 
upon that axis to the ellipſe ; and ſo is any ſegment of the circle 
cut off by a perpendicular to that axis, to the ſegment of the el- 
lipſe cut off by the ſame line. 
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PROB. VIII. 
20 find the area of an offset. 


Offzets are parts of a field which he between a crooked hedge 
and the ftraight line which is meaſured for the fide of the field, 
and theſe ſpaces are meaſured, by taking the perpendicular di. 
itanccs of the hedge from the meaſured line, at a great number 
of places, ſo that the hedge between theſe places may be nearly 
a firaight line; and then the ſpaces between the perpendicula:s 
are found by the rule for ſinding the area of a quadrilateral, 
-iven in Prob. 4. of this Part. Or if the meaſured fide be di- 

Ba :d into equal parts by the perpendiculars, and meet the hedge 
at both its ends, add the perpendiculars together, and divide the 
ſum by the number of parts into which they divide the baſe, 
and the quotient is a mean perpendicular, which, multiplied by 
the baſe, gives the area. If there be perpendiculars at the ends 
of the baſe, halt their ſam ſhould be added to the other perpen- 
diculars before diviſion. But the common rule is to add all the 
perpendiculars together, and divide by the number of them, for 
2 mean perpendicular to be multiphed by the baſe. This ruh, 
however, gives the area too great, when there are not perpe::- 
diculars at the ends of the baſe, and too little when there arc. 
Let the baſe be 44, and the perpendiculars at its ends 8 and 16, 
and the other perpendiculars 14, 16, and 17, the ſum of th-{- 
three is 47, which, added to 12 half the ſum of 16 and 8, gives 
59, which, divided by 4 the number of parts of the baſe, gives 
143 for the mean perpendicular; and this, multiplied by che baſc 
44, gives the area 649. 

But the ſum of all the perpendiculars 71, divided 5 thei: 
number, gives 143 for the mean perpendicular, and this, mul- 
tiplied by 44, makes the area 633.6 only. 


PROB. IX. 
10 find the ſuperficies of any priſm. 


The baſes, if they are regula igures, are meaſured by Prob. 
J. of this Part; or if they are irregular, they are meaſured by 
Prob. 4. and the ſides being parallelograms, are meaſured by 
Prob. 1. of this Part: and the ſum of theſe is the ſuperficics of 
the priſm, 


PROB- 
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10 meaſure the ſuperficics of a pyramid. Parr If 
TY — 
The baſe is meaſured by Prob. 5. if it be regular, or by Prob. 
4. if it be irregular; and the ſides being triangles, ace meaſured 
by Prob. 2. or 3. of this Part. 


FPNO ZB. 


To meaſure the ſuperficies of any regular body. 


Regular bodies are thoſe bounded by equilateral and equian- 
gular figures. The ſuperficies of the tetrahedron conſiſts of 
tour equal and equilateral triangles ; the hexahedron, or cube, of 1 
ix equal ſquares; the octahedron, of eight equal equilateral tri- | 
angles; the dodecahedron, of twelve equal regular pcntagons ; "W.; 
and the ſuperficies of the icoſahedron, c twenty equal equilate- 
ral triangles. Therefore it will be eafy to meaſure them from 
what has been ſhown. And in the ſame manner may the ſuper- 
ficies of any ſolid contained by planes, be meaſured. 


P ROB. XII. 


To meaſure the ſuperficies of a cylinder ABCD. 5 III. 
ig. 10. | 
Let AE. be equal to the circumference of the baſe, and com- 
plete the rectangle DE ; it is equal to the ſuperficies of the cy- 
linder. Let AF be any line leſs than AE, and in the baſe, let a 
polygon be inſcribed, greater than the rectangle contained b 
FA, and the radius AO, and at its angles, let perpendiculars to 
the baſe be erected, which will conſtitute a priſm within the cy. 
linder, of which the ſuperſicies is leſs than that of the cylinder: 
but by the gth of this part, the ſuperficies of the priſm is equal 
to the rectangle contained by DA, and the perimeter of the po- 
lygon, which is greater than AF, becauſe the rectangle contain- 
ed by AO, and that perimeter, is greater * than the polygon, „ „ii, 
and therefore greater than the rectangle FA, AO; much more, 
therefore, is the ſuperficies of the cylinder greater than the rect- 
angle DA, AF, that is, than any reQangle leſs than AE. And 
in the ſame manner, it may be proved, that it is leſs than any 


rectangle greater than AE,; wherzefore, it is equal to AE : 


Therefore, 
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Parr II. Therefore, multiply the circumference of the baſe by the alt, 
9 tude, and the product is the ſuperficies of the cylinder, ex. 


. 


=» 11. 


cluding the baſes, which, being circles, are meaſured by Prob. 6. 
Note, It is evident, that if the ſuperfictes of che cylinder E. 
pread out, it will coincide with DE. 


P-R'O. B. XIII. 
To meaſure the ſuperficies of a cone ABC. 


Let BE be at right angles to AB, and equal to the circumto- 
rence of the baſe, and join AE; and the triangle ABE is equal 
to the ſuperficies of the cone: let BF be © any line leſs than BE, 
and join AF, and in the baſe, let a poly gon be inſcribed 3 
than the rectangle FB, BO, and draw lines from A, to all it 
angles, which will conſtitute a pyramid within the cone: 10 
UK be a fide of the polygon, biſected by BC in G, and join 


2 2 2. 6. E. AG; and as OG to Ga, fo make BG to GL; therefore Gl. 
b A. 5. E. is greater “ than GB, and AL greater than AB; alſo OG :5 to 
C 12. f. L. GA, as © OB to AL; and therefore the rectangle contamed by 


0G, and the perimeter of the polygon, is to the reQangle con- 


# 1.6, E. tained by AG, and the fame perimeter, as © the rectangle OB, 
Se. of this. BF to the reAangle AL, BF; that is, the polygon © 1s to twice 


f to. of 
this. 


& 


the ſuperſicies of the pyramid, as OB, BF to AL, BF: but 
the polygon is greater than the reQtangle OB, BF; therefore 


© 14. 5. E. twice the ſuperficies of the Pyramid is greater 5 than the rect- 


angle AL, BF, and therefore much greater than the rectangle 
AB, BF: Wherefore, the ſuperficies of the pyramid 1s greater 
than the triangle ABF, and much more is the ſuperficies of the 
cone greater than any. triangle ABF, that is, leſs than ABE. 
ju the ſame manner, it may be proved, that it is leſs than uy 
triangle greater than ABE. Therefore, the ſuperficics of the 
cone is equal to the triangle ABE ; and therefore its area is got 
by multiplying the half of the circumference of the bafe, by 
the flant fide AB. This is alſo proved, by ſuppoling the ſuper— 
iicies to be ſpread out on a plane, for it will then be a ſector, 
of which AB is the radius, and the circumference of the baſe !- 
the arch, 

Cor. It is evident, that if the cone be cut by a plane at 
M parallel to the baſe, and MN is parallel to BE, the ſuperfictcz 
of the fruſtum is equal to the quadrilateral BENM, of which 
BE and NM are parallel fides, and BM their diſtance. 


PROBE, 
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Let ABC be a ſemicircle, of which the diameter is AC and I, 1. 
the centre D; and let HE L be any regular poly gon deſcribed Fig 


1 O meaſure the ſuperſicies of a ſphere. y 


— 4 


z bout it; and draw ? MO, I rift 2 NP, KR, p rpenciculars tr. AC, : 1 1 


21d HS parallel to it“; and jorn D? X. DN, zud complete the 3% 1. K. 
parallelogram CE. And becauſe the triangles GMD, GON, 
right angled at M, Q, er equiangular , GM: MD :: : OL; : © 22. 1. E. 
OH N and, alternately ©, GM: GQ:: MD : QI, that is, as d 4. 6. f 
the circumference of - Rich MD is the radius to the circumfe- e. 8 l. 
rence. of which O is the radius SY therefore the rectangle i Cor. ;. 
contained by GM and the latter circun Porn 
rectangle contained by Gad the former 5; But the ſoperſi- g 16. 6. E. 
cies of the cone, deſcribe. by the revulution of the triangle 
GOQH about GQ, is equal * to the rectan Tis contained by M, h 13. of 
and the circumference of Which QH is raaiis; therefore, alſo, this. 
it is equal to the rectangle contained by C: Tand the eircumfe- 
rence ABC of which DÞI 1s radius. As aun, becauſe 
SKH, KHS are equal to the right angle IND, and SKH is c 32. 1. k. 
equal * to HNP, the angle KIS is equal END; the rack the k 29. 1. E. 
right angled triangles KS, DPN are camman gular , „ ͤ and DN 
is to NP, as 4 KH to Is, or QR; and therefore, it * be d 4. 6. E 
proved, as before, that the ſuperßcigs deferibed 1 by the revolu- 
tion of HKRQ about OR, which is equal to the rectangle 
contained by HK, and the circumierence ot NP, half the lum of 
QH and RK, is alfo equal to the zectangle contruncd by QR 
and the circumference of the micribed circle ABC; and 1» on: 
WREredore, the whole ſuperficic s Ceſcribed by the revolution c£ 
the polygon, is equal to the rectangle continued by the axis C —— 
and the circumference of the inſcribed circle ABC: but the 
circle ABC is equal to tlie b, ſe of the cylinder, deſcribed by tie 
revolution of the rectangle EC, and the axis GL is greater than 
the height AC; therefore the ſuperficies deicribed by the poly- 
gon GKL is greater than the ſuperſictes of the cylinder defcr:- 
bed by CE, Let, in the fame manver, any polygon be inſcribed 
in the ſemicircle ABC, and it may be proved, as before, that the 
ſuperficies deſcribed by its revolution is equal to the recta mgle 
contained by its axis AC, ard the circumference of the circle 
inſcribed in it: but this circle is leſs than the baſe of the cylinder, 
and AC is the keight of the cylinder; therefore the ſuperficies 
deſeribed by the polygon is less than that of the cylinder. 
Wherefore, the ſuperſicies of the cylinder is leſs than any cuper- 
Un teles 
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Parr III. ficies greater than that of the ſphere, and greater than any lef 
nan that of the ſphere; it is therefore equal to the ſuperficies 


NC. 3. B. 


of the ſphere. And likewiſe any ſegment of the cylindric ſu- 
perficies is equal to the ſuperficies of the correſponding ſegment 
of che ſphere, cut off by the ſame plane. 

Co. 1. The ſurface of the ſphere is four times a great circle 
of it, for a great circle is equal to the rectangle contained by 
half the circumference and half the diameter. 

Cor. 2. Becauſe the rectangle CA, AP is equal ® to the 
ſquare of the chord AN, if each of them be multiplied ©; 


n4.ofthis. 2.1416, the circle of which AN is the radius is equal * to t!, 


rectangle contained by AP, and the circumference of the circle 
ABC; that is, it is equal to the ſuperficies of the ſegment mad- 
by the revolution of AMN about AP, 


UF SOLID FIGURES, 


AS an inch is the ſmolleit meaſure in length, and the iqus 
upon it the ſmalleſt ſuperficial meaſure, ſo the cube deſcribe ed 
from an inch is the ſmalleſt ſolid meaſure; and 1728 cubic; 
inches make a 161d Joor. 

The Eughiſu ale-gallon contains 282 cubical inches; a pant i 
the eighth. part of a gallon, and contains 355 cubical inches; in 
the country, 44 gallons make a barrel; bat in London, 32 gal. 
lons make a barrct of ale, and 36 gallons a barrel of beer; ad 
a firkin is the ſourth part of a acre: 

The Engliſh wine-gallon contains 231 cubical inches, ant 
therefore the pint contains 294 cubical inches; there are 63 gal- 
jons in a hoglhead, 84 gallons ina puncheon, 2 hoſheads 1 a 
pipe, and 4 hoſheads .. in a ton; and a tierce is the half of 2 
puncheen. 

Ihe Scots pint contains T031e ; cubic] inches, but is ſuppoſed 
to contain 105 ſuch inches; 2 pints make a quart, and 8 pints 2 
wallon ; and the pint is ſubdivided into 2 chopins, or 4 mntc!.- 
kins, and the mutchkin into 4 gills. 

In dry meaſure, the Wincheſte: gallon contains 2724 cubico: 
:pches; and 8 gallons make a buſhe, which ſhould therefore 


-ontain 2178 cubical inches: but in levzing the malt-tax, the. 


pnſhel is appointed to contain 2159 cubical inches; and the £7 = 
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lon anſwering to it ſhould be 2683 cubical inches; 2 gallons Farr III. 
make a peck, and 32 pecks, or 8 butkels, a quarter. 
The Scots wheat-firlot contains 214 piats, or 2199 cubical 
inches, and the barley-firlot 31 pints, or 3208 cubical inches; 
4 firlots make a boll, and 16 bolls a chalder; a peck 1s the 
fourth part of a firlot, and a lippie the fourth part of a peck. 
A Paris pint is nearly equal to 2 Engliſh pints, and contains 
43 cubical Paris inches, 


NOB. . 
10 find the content of a priſin. 


If it be a rectangular parallelopiped, of which the altitude is 
one inch, it is evident, that there will be as many cubical inches 
in its content, as there are ſquare inches in its baſe ; and if its 
altitude be any number of inches, the content will be as many 
times the number of cubical inches; therefore find the arca of 
the bale, and multiply it by the height, and the product is the 
fold content: and every priſm is <qizai to a rectangular paral- a 2. Cor. 
lelopiped, of the ſame baſe and altitude with it. herefore, if 32. E. 
the baſe found by the 4th or 5ih Probi-m of the 2d Pact be 96 
inches, and the height 11 inches, the content is 1056 ſolid 
inches. 


. 


To find the ſolid content of a pyramid. 


Find the area of the baſe by the 4th or 5th Problem of the 
zd Part, and multiply it by 4 of the height, the product is the 
content, by 4th Prop. 12th Book E. 

Cok. If the ſolid content of a fruſtum of a pyramid be re- 
quired, find the content of the entire pyramid, and of the part 
that is wanting, and their difference is the content of the tru- 
ſtum: or ſind the areas of the baics, and multiply them 7 


correſponding ſides of theſe baſes; then, as tua wh 

theſe ſides to the height of the fruſtum, fo “ is tue dut- enge 4. 5. and 

of the products to the content 19.4 E 
P RO B. III. 


To find the ſolid content of a cylinder. 
Faz Find 
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Find the area of the baſe, by Prob. 6. or 7. of the 2d Part, 


end multiply it by the height, the product is the ſolid content“ 
2 5, 12. E. Thus, if the diameter of the bats be 14, and the height 12 


dad . of inches, the area of the baſe is 153.9334, which, multiplied by 


i 
ui. 


F. HI. 


118. 13. 


8 * 1 00 
4 1. or. 7. 


14. T.. 


H. II. 
Ig. 14. 
0 354+ 34-1, 
— 4. 6, E. 


F. 
Fig. 15. 


Ty. 12. E. 


12, gives 1844. 2608 ſolid inches for the content. 

Cn. If the bung: diameter LF of a caſłk ABCD be not much 
greater than the head-diameter AB; find the areas of the circles 
at the heat! and bung, and take half the tum for a mean baſc, 
which, multiplied by the length, gives the content; only the 
dimenſions are to be taken within the ftaves. 


FER OB. IV. 
u i. 
10 find the ſolid content of a cone. 


Lind the area of the baſe, by Prop. 6. 2d Part, and multiply 
it by z of the height, to get the ſolid content . For example, 
if ihe diameter of the baſe be 8 inches, and the height 9 inch, 
the area of the baſe is 50. 2656, which, mulriplicd by g, gie 
452.39 ſolid inches for the content. 

Cour. I. If the content of the fruſtum of a cone be required. 
let it be ABC D; draw * AC, parallel to DE; then GC : CD 
AC:CE::AH:EF<, the altitude of the complete cone; a 
if the content of the compicte cone ECD, and of the part EABE, 
be found, tliir difference is ABC HD. Which may be done, by 
ſubtracting the product of the diameters CD and AB from the 
ſquare of their ſum, the remamder, multiplicd by .78 54, and 
then by 3 of the height AH, gives the content of the fruſtum. 

Con, 2. Caſts, of which tlie ſtaves are very much bended to- 
wards the middle, and ſtraight towards the ends, as ABEF, 
may be taken for two fruſtums of a cone. 


RO. . 


lo find the folid content of a ſphere. 


Becauſe the ſphere is 3 of its ciremnſcribed cylinder , find 


the area of a great circle of the fphere, and multiply it by 2 of 


the axis, the product is the content: or, which is the ſame 
thing, multiply the cube of the axis by 3 of . 7854, that is, 
5236. For example, let the azis be 9 inches, the cube of it is 
729, which, multiphed by .5236, gives 381.7044 for the ſolid 
content. 

Co. 1. 


GEOMETRY. 241 


Cor. 1. It may be proved, as was done in the gth Propoſition Parr III. 


of the 12th Book, that the ſolid deſcribed by the revolution of SY 
the part BMC of the circle, together 


with the cone deſcribed by the triangle A. RET 3. 
BGP, is equal to the cylinder deſcribed OO * 
by the rectangle BH; and therefore the 1 REL, 

2 NZ, | 


content of the zone deſcribed by BGMC G Noa... 
is got by ſubtrafting 3 of the ſquare of 13 NP 
GP or GB the height, from the ſquare El. 
of BC ®, and multiplying the remainder * „„ ene”; 
by 3.1416, and then by the height BG. 9 —— . 
Cor. 2. Hence the content cf a ſeg- 

ment of the ſphere may be found, by ſubtracting the remaining 
zone from the hemiſphere. 


NOB. VI. 


10 find the ſolid content of a ſpheroid. 


A ſpheroid is a ſolid deſcribed by the revolution of a ſerni- 
ellipſe about one of its axis. 

If ACR be a ſemiellipſe, and the pre- | 
paration be made as in the gth Propoſition 1 


: ! 
of the 2th Book, 1t may be proved, that | Ages — 
ö 


the ſpheroid deſcribed by the ſemicllipſe +; 
ACR, about the axis AR, is 3 of the cir-' (;/ 
cumſcribing cylinder : For, by the nature 
of the ellipſe, the ſquare of EL is to the l. 
rectangle AE, ER, as the ſquare of DA _ 
is to that of AP, that is, as * the ſquare t 
of EO to that of EB; therefore the ſquares 

of EL, EO are to the rectangle AE, ER, 
and the ſquare of EB, as the ſquare of DA 

to that of AB”; but the rectangle AE, b 14. 5 E 
ER, with the ſquare of EB, is equal © to ene 
the ſquare of AB; therefore the ſquares f. g-— 
ILE, EO are equal d to that of AD or LF; d 14. 5. 
and the cylinders deſeribed by the revolution of the rectangles 

BL, BO, are therefore equal © to the cylinder deſcribed by BF. e. Cor, 
From which it may be proved, that the cone deſcribed by BAD, *: *++ +> 
together with the hemiſpheroid deſeribed by AMC, is equal to 

the cylinder deſcribed by AC, as was dc in the gth Prop. of 

the 12th Book. And the cone is a third part of the cylinder ?; f z. Cor. ;- 
| therefore the hemiſpheroid is 3 of it. Therefore, find the ata +: 
of the circle deſcribed by the revolving a ant multiply it by 

3 of the fixed axis, 
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Co. f. In the ſame manner, it may be proved, that the part 
of the ſpheroid deſcribed by the revolution of BGMC, together 
with the cone deſcribed by BG, is equal to the cylinder de. 
ſeribed by BGHC. Now, the circle deſcribed by GP is th: 
exceſs of the circle defcribed by GH or BC, above that deſcr1. 
bed by GM ; therefore, from three times the area of the greater 
baſe, ſubtract the excels of this area above the area of the leſ; 
baſe ; or, which is the ſame thing, to twice the area of the 
greater baſe add the area of the leſs baſe, and the ſum is the 
baſe of a cone, equal * in height and content to the zone of the 
ſpheroid. 

Cok. 2. When the ſtaves of a caſk are much bended, it is 
ſuppoſed to be the middle zone of a ſpheroid : Let the length of 
ſuch a caſk be 40 inches, and its bung-diameter 32 inches, ard 
its head diameter 26 inches; to 2048, twice the ſquare of 32, 
add 676, the ſquare of 26, and multiply the ſum 2724 by 45, 
the length, and then by .2018, 43 of .7854, and the product 
285 25.728 is the ſold content in inches, which, divided by 
282, gives 191 gallons 1 pint of ale; or if it be divided by 
231, the quotient is 123 gallons I pint of wine. 


NO. Vit. 
To find the ſolid content of any regular body. 


The ſolidity of the tetrahedron, which is a pyramid, is found 
by the 24 Problem of this Part. The hexahedron, or cube, is 
found, Prob. 1. of this. The octahedron, being two pyramids 
of equal heights, upon the fame ſquare for a baſe, is meaſure 
by Prob. 2. The dodecahedron conſiſts of 12 equal pyrauils, 
upon regular pentagons for their baſes, and may be meaſure! 
by Prob. 2. of this. The icofahedron confiſts of twenty equal 
pyramids, upon triangular bates, and may be meaſured by i: 
fame problem. The baſes and heighits of theſe pyramids may 


be either meaſured, or elſe found by Trigonometry. 


PRO B. VIII. 


. 
To 8nd the ſolidity of any body, however irregular. 


Let the body be immerſed in water, in a veſſel of the figure 
of a priſm, and take notice how much the water is raifed by 
che immerſion of the body: for it is plain, that the ſpace which 
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the water fills, after immerſing the body, exceeds the ſpace it Parr III. 


occupied before, by a ſpace equal to the ſolid content of the 


body; and this exceſs may be found, by Prob. 1. by multiplying 
the area of the mouth of the vell-l, by the difference between the 
elevations of the water before and aftcr immerſion. In the 
ſame manner, the ſolidity of a part of a body may be found, by 
immerſiug that part only. 


PRO B. IX. 


O find how much is contained in a caſt, that is Pl. III. 
in part empty, of which the axis is parallel to pt ge 
the horizon. 


Let AGBH be the circle made by cutting the caſk at the bung, 
þy a plane perpendicular to the axis, AB the bung-diameter, 
_ GBH the ſegment of it, filled with liquor, of which the 

lepth EB may be found by the guaging rod; and the diameter 
AB, being allo known, the area of the ſegment GBH may be 
found, by "the zd Cor. to Prob. 6. Part 2. or it may be found, 
tom a table of ſegments, ſuch as that at the end of guaging. 

Find the mean baſe of the caſk, which, if ihe caſk be not of 
the kind mentioned in Prob. 3. of this Part, may always be 
found, by dividing the content of the caik by its length ; let this 
be the circle CKDL, and let the ſegment of it, familar to GBH, 
be KDL; this ſegment may be found, for the circle AGBH 1 15 
to CKDL, as the ſegment GBH to the ſegment KDL.; and tis 
i egment, multiplied by the length of the caſk, gives the quan- 

tit y of liquor in it. 


OF GUA GING. 


FFVO guage a veſſel, is to find its content in the meaſures of 
any country ; and this may be done, by incaus of the pre- 
ceding problems, by firſt finding the ſolid content in inches, and 
then div ding it by the number of inches in the meafure requi- 
red: but the work may be ſhortened, by finding multipliers, 
which will give the content in that me aſure, inſtead of inches, 
For example, if the veſſel be contained by planes, initead of di- 
viding by 231, multiply by the decimal. 0043 29, and the pro- 
duct Will be the content in wine gallons; and inſtead of dividing 
by 282, multiply by. o03 546, to get the content expreſſed in 
gallons of ale: But thoſe multipliers are {ſeldom uſed, becauſe 
ſhey do not abridge the operation; they are found by annexing 
cyphers 
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PaxTIIL. cyphers to unity, and dividing by the number of inches in the 
wine or ale gallon. The multipliers for round veſlels are got, 
by dividing .9853952 by the number of inches in the ſeveral 
meaſures in which rt is required that the contents ſhould be 
expreſſed. For example, . 7853982, divided by 282 the num. 
ber of inches in an ale-gallon, gives .0029851, the multiplier 
for ale-gallons ; therefore, inſtead of multiplying by +7354, It 
finding the content, multiply by. 0 27851, and the content 
be found in ale-gallons. In the ſame manner, . 0034 is Grand 0 
be the multiplier for wine-gallons : and ſince theſe multipliers 
are to one another, nearly as 9 to 11, it follows, that ꝙ ale- ga- 
lons are nearly equal to 11 wine. gallons. And as there 1 
21 50 ſolid inches in a malt. buſhel, the muitipher in this c 
will be . 093653: and if the Scots pint be 103.4 n the 
multiplier for it will be . 076; and for the Scots wheat-iiri5t 
of 214 1 pints, or 2197 inches, the multiplier is .0c0358 ; or tor 
the barley-ficlot,, of 31 pints, it is. 000 245; ſo that 107. wheat. 
firlots are nearly equal to 110 malt-buſhels; and there are 92 
bolls in 47 quarters of the fame meaſure, or 196 volls nearly 
in 100 quarters. 

By the help of theſe multipliers, the contents of veils may 
be bound by the following rules. 

1. To find the content of a cylindric veſſel; multiply the 
ſquare of the diameter of the baſe, by the he: tght, bath be ing 
expreſſed in inches; then, to ſind the content in Wine-gallons, 
multiply the product by .0:34; or to have it in ale gallons, 
eg by. 027851; or to have it in malt-buſhe!s, multipl/ 
t by .co03653; or again, to have the content in Scots pints, 
multiply the laid product by. 096; or if it be required in 
Scots wheat ·firlots, multiply by .cco358; or in barley-ſirlots, 
by O00 245. 

If the baſe of the veſſel be not a circle, but an ellipſe, ml. 
tiply the product of the greateſt and leaſt diameters, ” the 
hcight, and then by the proper multiplier. 

Let the diameter of the baſe be 48 inches, and the he1ght 
54 inches; the ſquare of 48, viz. 2304, multiplied by 54, 
gives 124410, the common product, which, multiplied by. o, 
gives 423.0144 wine-gallotis for the content; or if it be mul- 
tiplied by. 0 27851, the content will be 3 346.511 ale-gallons. 

2. When the veſſel may be contidered as the fruſtum of a 
cone; from the ſquare of the ſum of the greateſt and leaſt dia. 
meters, ſubtract their product, and multiply 4 of the remainder 
by the length, and then by the multiplier for the meaſure. 

Thus, if the length of ſuch a caſk be 40 inches, and the bung- 
diameter 32 inches, and the head- diameter 26 inches; their ſum 
is 58, from the ſquare of which, 3364, ſubtract their product 
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332, and the eee is 2532; and 4 of it 844, multiplied Parr III. 
by the length 40, gives 33 765, which: "multiplies by 0034, 


) 
gives 114 7154, the content in wine-g allons. 


3. When the veilzl is of the kind mentioned in Prob. z. 
which is called a fruſtum of a parabolic conoid; take the diame- 
ter in the mid ile, between the gre eatelt and le aſt widths, and 
ſquare it; or add the ſquares of the greateti and leaſt diamete Ts, 
and take half of their ſum; then multiply by the length, and 
the multiplier. 

4. If the veſſel be the fruſt um ve a ſohere ; from the — 
of the greateſt diameter, ſubtract +5 of the {quare of the diſtance 
between the greateſt and leatt da wet ers, and multiply the re- 
mainder by the len 2th, and by the multiplier. 

6. If the veſſal "be the fruſtum of a ſpheroid; to twice the 
ſquare of the greateſt Mametei "s add the (qu! are of tne leaſt, 
and mubiply 4 of tie rb by the length, aud the multiplier: but 
if the baſes be unequal, fi. A; a fourth proportionel to the ſquare 

of the axis, the ſquare of conju; 8 axis of the - pic, and I4 of 
the ſquare of the length, an: 


} 


ad d this fourth proportion ON: al to the 
{quires of the greatelt and leaſt diameters, and multiply z the 
Pw by the length, and by the multiplier. 

. When the veſſel is the fruſtum of a h Yperbolie conoid: 
find a fourth proportional to the quare of the axis, the fauars 
of the conjugate axis, and 13 of the ſquare of the . and 
ſubtract it from the ſum of the {quares of the greateſt and leaſt 
diameters; then multiply r of the remainder by tlie len; eh, and. 
by the multiplier, 

7- When the veſſel is the fruſt um of a parabolic ſpindle ; to 
twice the ſquare of the greateſt diameter, add the 29 are of the 
leaſt, and from the ſum ſubtract 2 of the ſquare of the diffe- 
rence of the ſame diameters, alt id multiply 1 of the remainder 
by the length, and by the mult: uy ier for the meaſure required. 

The moſt common forms of caſks contain lefs than what is 
given by the 4th, 5th, cr 7th rule; but more than what is given 
by any of the others. The following method ſcems to agree 
beſt with common caſfs, and is ncarl; 2 mean betwixt the IC 
and 7th rules. 

8. From 12 times the head. diameter, ſubtract 7 times the 
bung-diameter, and multiply the remainder by twice the bung- 
diameter, and ſubtract the product from the ſquare of 5 times 
the ſum of theſe diameters; then multiply the remainder by 
the length, and by. oco 34, and the product, divided by g for 
wine, or by 11 for ale, gives the content in gallons. The di- 
menſions being as in the 2d rule, the content by this rule would 
be 1181 wine-gallons, or 97 alc-gallons, 


9. But the belt way is to take a diameter in the middle, be- 
XX weer 
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Parr III. tween the head and bung, and to add together the ſquares of 
che head and bung diameters, and of twice the middle diameter; 


for & of the ſum reduces the caſt to a cylinder ; that is, when 
multiplied by the length, and the proper multiplier, it gives the 
content, whatever he the form of the caſk. 

10. Large vellals are meaſured by diſtinguiſhing them into 
frullums, and taking the diam deter at the miadle of each fru- 
ſtum, with which the content of the fruſtum is found, as if it 
were a cylinder; Navy the contents of all the fruſtums added to- 
ther give the contenu of the vel]: after which, they form 
tale of wo contents at each inch deep, by ſubtracting ſucceſ- 
Reely the areas of rhe circles belonging to thoſe mean diameters, 
each 23 ofte as there are inches in the altitude of the fruſtum 
to which ic belongs; and from this table it readily appears 
how munch liquor is contained in the veſſel, by only knowing the 
deptli of the liquor. 

11. To meature round timber; find the mean circumference, 
or girth, and multiply its ſquare by. 0795774715, which is the 
area, when the circumference is I, the product is the content, 
Let the mean girth of a tree be 10.3 feet, and the length 24 
leet, then he quatre of 19.3, is 196.29, which, multiplied by 
49, and by 795775, gives 292.017 feet for the content. But 
the common way is to take g of the girth, and to multiply its 
quatre by the length for the content; according to this method, 
the tree, in this example, would be only 159.135 feet, which 
is 43.482 ſeet too little. 

Square timber is meaſured by multiply ing the mean breadt!: 
and thickneſs together, and the product by the length. 

2, To find a thip's tonage; multiply the length of the Kee! 
by the breadth of _ {Nip in the middle, and then multiply the 
product by the depth of the hold, and the product, divided by 
94, giwes tlie tonage ; bat neither this, nor any other rule tha: 

gan be given, will * ve for all forts of ſhips. 
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OF THE SLIDING RULE, 


AND THE DIAGONAL ROD, 


HE cfhcers of the revenue generally find the contents of 
veſſels by the ithding rule, or the diagonal rod. The 

tines on theſe inflruments are divided into parts, proportional to 
the logarithms Of numbers; that is, the diſtance between 1 and 
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10 being divided into 1909 equal parts, the number 2 is placed Parr III. 
at 301 of theſe parts, and the number 3 at 477 of them; and 
fo on; becaufe theſe are the logarithms of 2 and 3, when the 
logarithm of 10 is 1099. The diſtance between 1 and 10, on 
the line marked D, 1s three times as great as that between [ 
and 10 on the line EK, and twice as great as that on any of the 
other lines A, B, C, N, or MD; and therefore the numbers on 
E are the cubes of thoſe oppolite to them on D, and the num- 
bers on the other lines are the ſquares of thoſe on D. Anv 
proportion may be wrought on the flicing rule, by ſetting the 
firſt term on the rule oppoſite to the third on the ſlider; and then, 

oppolite to Fa ſecond term on the rule, will be found clie fourth 
term, or aulwer on the ſlider Or it may be wroughit on tae rod, 
by Tg the compaſs from tlie firſt to the thiid term, and 
th at exten "laid the tame way from the ſecond term, will reach 
to the "ey term. The lines, marked 88, and 81. are uſcd 
for ullaging "anding and lying caſks; ſet the length of a ſtanding 
caſk, or the bu: ag-diameter of a ling caik on Ka, oppoſite to 

1oo on the other lines, and oppolite to the wet inches on N 
take off the number on SS, if it be a a ſanding « caſk, or on IN 
if it be a lying cafk ; then having placed the content of the caſł 
on A, oppolite to 100 on B, lock on E, for the number taken 
eff, and oppoſite to it, on A, is the quantity y of ale-gallons in the 
Cu, In FH ke manner, en the red,” extend the compailes on the 
line of numbers, from the bun: T=(112 [meter to the wet inches; 


9 + FRE 
by 


and that extent will reach on SL, from X06 to a number, and 
the extent on the numbers from 1 to e content of the caik, 


will reach ſrom that number to the quantity of liquor in the 
caſk, in ale-gallons. 

There are alſo lines on the rod, ang on the miide of the {:ders, 
for ſhewing the contents of cylinders, at one inch deep, in ale 
and wine gallons ; and beſides theſe on the ſliding rule there 
are lines marked ſpheroid or 1ſt variety, 2d variety, 34 Varicty, 
and conical variety, on the inſide of the tlider N, for find ing the 
mean Gdiaineters of caſks ; that i, the numbe r belong} ng to the 
variety, and oppoſite to the difference between the bung pg 


2 * - PF 1 1 " * 8 13 * ATE is © > «7 {2 
head diameters, added to the headegiameter, gives the mean dis 


8 
meter, or the diameter ot a cylinder of the ſame length oP 
content with the caſkl, Ihle varieties are the caſks = 
in the 5th, 7th, zd, and 2d rules; but tlie mean diameters found 
by the ſliding rule are not exact, Ihe moſt F le lines 
on the rod, are thelc called Diagonals; fur if the Abe pud 
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into a call 140M the Duft 0.0189 artnet cage or C11e..1 „ Tie 
— J»ö˙ 0 ro bh rn 7711 . 

numbers on tl. 1 mes, NI are cut 25 110 5 WIII Ilie 
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how many ale a. d wine vallons tic caik can hold; aud for com- 
tz 
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mon cas, this metiiga ſcems to give the content mole cKacti) 
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Parr III. than any rule that depends on their forms, and very ncarly the 
WW ſame with the gth rule, which in every caſe gives the true con- 


tent. 


Since on theſe inſt ruments every thing is performed by pro- 
portions, the multipliers mentioned in the firſt rule muſt be 
converted into diviſors, by annexing cyphers to 1, and then di- 
viding it by theſe multipliers, and the quotients will be divitors, 
anſwering the ſame purpoſe ; but in uſing the line D, the ſquare 
Touts ef theſe diviſors are uſcd in the firſt rule, or the ſquare 
roots of 3 times the diviſors, in working any of the varicties, 
or of 6 times th ſame diviſors, in ufing = the g9ih rule; theſe are 
called Guayve-points on D, and for cylinde rs, they are 18.95 
for ale- galions, and 17.15 for wine ; and for any of the varictics, 
except the third, which is the ſane as for the cylinder, they are 
32.5 fcr ale, and 29.7 for wine: and for the och rule, they are 
40.4 for ale, and 42 for wine gallen 

For example, let the depth of a ' veſſel be 56 inches, and the 
mean diameter 42 inches; fer ,6 on C, oppointe to 18.95 on D, 
then oppe fite to 42 on D. is 275 on 8, which is the content in 
ale-gallons; or if 36 on C be ſet to 175.15 on D, then oppoſite 
to 42 on D, 18 335 wine- eall ns on C. 

Again, let the length of a caik of the conical variety be 30 
inches, and the bung-diameter 32 inches, and the head 24 
inches: firſt ſet 24 on C, to 24 on D, and oppchte to 32 on C, 
is 275.7. on D, the ſquare root of the product of 32 and 24; 
therefore, ſet 40 on E to 32.8 o D, and then oppoſite to 56, 
and 27. on D, are 116.5, and 28. 5 on C, of which the diffe- 
rence is 88 ale-gallons, the cont 4 Whenever the baſe ot a 
veſi-} has two diameters, the Gu are ro0t of their product is to 
be found on D, and uſed inſtead of them, in the fame manner as 
27.7 in this exa wple. 

Aur in, 85 the length be 40 inches, the bung- diameter 32, 
the head 26, and the diameter in the middle betw cen the head 
and bung 30 4 inches; and working as in the gth rule, (et 40 
on C, oppoſite. to 42 on D, and then cppciite to 26, and 32, 
and 60.8 on D, there are found on C, 15 3, and 23-2, and 84 I 
which, added .ogether, give 122.3 wine-gellons for the content; 


* 


and 11 the 0 nie manner, a any v other of the above rules be 
wrought On th * lid ine g rule. | 


Some of theſe numbers are marked on the line D, ard are 
called Guage- points, ſuch as W. G at 17.15, and A G at 18.05, 
Which are the guage. points for wine and ale gallons, in finding 
the contents of cylindrical veiicis ; allo M. Rat 52.32, being the 
guage-polot for mali-buſhels in the fame Veiel, and M. S at 
46. 37» the guage-point fer malt-buſhels, in Ending g the contents 
of quae or recla: \gular veſſels: and in the fame x manner, may 


way 
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any of the other guage-points be marked on the line D. And Pax 1II. 
beſides the guage- poi. ats, there are ſeveral other numbers marked 


on the rule, ſuch as M. B at 2150 4, the inches in a malt-buſhel, 
A at 282, the inches in an ale-gallon ; theſe are marked on the 
line A: and on the line B, there are marked W at 231, the 
inches in a wine-gallon, S. I at 507, and S.e at 886, which are 
the fides of ſquares inſcribed, and equal to the circle of which 
the diameter is Ic, and C at 3441.6, the circumference of 
the ſame circle: and on the line C are marked OG at 0796, 
the area of a circle of which the circumference is 1, and Od 
at 78 4, the area of a circle of which the diameter is 1. The 
uſe of theſz is obvious; for if the area of a circle be required 
of which the diameter is 8, place i on D, oppoſite to .9854, or 
Od on C, then, oppoſite to 8 on D, there will be found 52.3 on 
C, the area required, 

The uſe of the line MD, is for guaging reQangular veſſels, 
or floors of malt: fer the length on B, oppoſite to tne breadth on 
MD, and then oppoſite to the depth on A, there will be found 
the content iu malt-buſhels on B. Thom: if the length of a 
floor of malt be 270 inches, its breadih 56 inches, and is mean 
depth 5 inches; ſet 270 on B, oppoſite to 56 on MD, counted 
towards the left hand, then cproſite to 5 on A, there is found 35 
on B, the number cf buſhels in the floor. 

By the line E, the contents of ſimilar veſſels may be found 
from one another, ard the dimenſions of ſimilar veltls ma7 be 
found from rad contents. Su; Pole the depth of a velicl con- 
tain ng 100 gallons to be 49 inches; what is the content of a 
fmilar vellcl, "of which the depth is 30 inches? ſet 40 on D, 
againſt 1co on E, then, oppofite to 36 on D, there will be found 
72.9 on E, which is the content. Again, let the depth of a 
veſſel be 30 inches, and that It is required to find the deptn of a 
ſimilar veſlel that thall contain twiee as much; ſet 30 on D, to x 
on L, and againft 2 on E, there will be found 37.8 on D, which 
is the depth required. Su Pp ole, again, that the Baek a 


caſk contuiming a hoglhead, is 31 inches, and that it is required 
to find the diagonal of a ſimilar caſk that thall hold a a püncheen; 


ſet 31 on D, to 125 (Runs ON 25 and againſt 54 gailons on E, 
there will be found 34.1 inches on D, which is the diagonal re- 
quired. 

It is evident, that the fame rules will give the contents of 
veſſels in the meaſures of foreign countries, if proper multi- 
pliers or guige- points be found for theſe mealures; and theſe 
multipliers and guage- points are found from the number of 
inches in auy menlurg exactly in the lame manner vi! n thoſe for 
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Engltth meafares. For ex2 mple, the ſextier of Paris contains 
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384 cubical Paris inches; theretore, if 785308 be divided b, 
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Paxr III. 384, the quotient . oo204 53 is 2 multiplier for giving the con- 


tents in ſextiers; or if 384 be divided by. 785398, the quotient 
488.924, will be a diviior for the ſame purpoſe, and the ſquare 
root 22.1 of this diviſor will give the guage- point for cylinders 
to be uſed on the line D: Theſe numbers tuppoſe that the veſſel 
is guaged in Paris inches, but if the veſſel be guaged in Engiiih 
inches, the ſextier contains 404.8 en inches ; and therefore the 
multiplier in this caſe will be. 0016 bg. and the guage— 8 — 
D will be 24.3. In like manner, there being 10a cubic 
Engliſh inches in a ſtechan of Amiterdam, ot in n adds 6 of 
Portugal, numbers may be found for fiading the contents in the 
meaſures of theſe countries; and ſo on. 

When a caſk, not full, is ly ing with its axis parallel to the 
horizon, it was ſhown i in prob 9. of this Part, how to find the 
content of the full or empty part; bu it 1equired the area of 
the ſegment of a circle to be found, hien being tedious, is 
uſually done by means of a table of ciiculat legments, of which 
the following 1s a ſpecimen, 


— — —— . 


A TABLE 
Cf the Areas of Segments. 


— — — — — — 
Iv. e V7 -:& 
5. ei V. 1 * 


| Ot 5 85 75 
| 


l3+*, V. 8. Setem. ” 8. | Ze 4 
31 7 41 30319 


52 32 21667, 43 (31304 
©3 687 33 22603 43 32293 
4 Pied 3423547 44 33284 
| ©5 1468 15 35 244980 45 34278 
6 21924 16 36 25455 46 35274 
27 P2417 17 37 26418 47 30272 
C 22944 18 38 27386 48 37270 
og og5el 19 39 [28359] 49 38270 
j 10 [04058) 20 40 29337, 50 39270 


o ullage a lying caſk by the table of ſegments, divide the wet 
inches by the bung- diameter, and find the quotient in the table, 


in one of the columns marked V. S. and the area of the leg- 


ment neareſt to it on the right ſide, is to be taken cut of the table, 
and multiphed by the whole content of the cats ; divide the pro- 
ciuẽt by 8, and from the quotient cut off four Favs es for a deci- 
mal, the reſt of the figures ſhew the quantity of ale-gallons in 
the caſk. 
Suppoſe the content of a caſt to be 92 


gallons, the bung-dia- 
meter 32 inches, and the wet inches 8; 


divide b.co by 32, the 
quotient 
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quotient is .25, oppoſite to which in the table is found 15355, Part III. 


which, multip! ied by g2, and four figures cut off from the pro- 
duct, gives 141. 3660; and this, divided by 8, gives 18 alc-gal- 


lons nearly for the quantity of liqnor in it. 


If the caſk be above half full, divide the dry inches inſtead of 
the wet inches, and thus find the content of the empty part, 
which, ſubtracted from the whole cont 


liquor i in it. 
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| 2 | Inches, = | inches} 
Paris toot 12.792 aune 46.680 
- 
zune 60 
Lyons 13.458 77884 
| cane 77.220 
Leyden 12.396 auue 27-120 
Amiterdam 11.304 27.228 
[Antwer 2 1 4 27.270 
Bruffels 10.828 27.260 
Hamburgh 11.376 22.860 
Lubeck I 1.448 22.896 
Denmaik 12.504 25.008 
Zweden 11.733 23.466 
[Dantzick 11.328 22.836 
Riga 10.986 21.972 
bg : 7 
Kotha arſheen 9.990 
F brace mer. 34.2 
— pal. mere.] 9.791 05 1124278 
One 1 "vis 3 brace arch. 20.730 
pal. arch. | 8.779 ; 3973 
ban. 81. 900 
Venice foot 13.944 brace 26.460 
Leghorn palm 9.482 brace 22.950 
Genoa palm 9.960 | cane 88.290 
| Yo 5 
'AT 4 Fa «| are 25.200 
Naples palm 10.332 * 92.60 
| palm 9.0127 Fa 
Madrid 5s e Vara 30.040 
foot 12.0125 | 
Toledo foot 10.788] vara 32.220 
Gibraltar 11.039] vara 33.120 
Liſbon cavido 20.122] var 33-000 
Conſtantinople] th. pize |25.576| gr. Pile 27-920 
Peria | ariſh 38.364 
bog d Greek foot 12.087| cubit 18.132 
ld Roman foot 11.604] cubit 17.490 
Scriptur palm 2.048] cupbit 21.888 
F 1 1 
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